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THEOEY AND USE 


OP 

ASTRONOMICAL INSTRUMENTS, 


CHAPTEE I. 

THE TELESCOPE. 

1. The complete theory of the telescope considered simply as 
an optical instruinent is too extensive a subject to be condensed 
into a chapter of the present work : it must be sought for in the 
larger works on optics * I shall, therefore, confine myself to 
such points as appear to be immediately needed by the observer 
for the intelligent use of his instruments. The following expla- 
nations, at once elementaiy and practical, some of which are 
not to be found in optical works, are chiefly derived from 
SAWITSCH.f 

2. The simple astronomical telescope — The astronomical telescope, 
?n its simplest form, consists of two bi-convex lenses ; the larger, 

A Fig 1- 

S A 



B 

AB (Fig. 1), which is turned towards the object, is called the 

* See Hbesohhi’b Treatue on Light, Prbohtbl’s Practuche Dioptrik, Biot’s 
tronomu Physique, Vols I. and II , Potter’s Optics, ConDiNOTON’s Opiics\ Lloyd’s 
Treatise on Light and Vision, Littrow’s Analytisehe Dioptnh, Pearson’s Practical 
Astronomy, 

^ Ahrisa der practischmAstronomie, von Lv. A Sawitboh, aus dem Russisckenuhersetst 
von Dr W. C Ocbtzb Hamburg, 1860 

a 



lU 


TSLESCOPS. 


objecfir e, or, more commonly, the object glass; and the smaller, gg'. 
through "which the observer looks, is called the ocular, or, more 
commonly, the eye glass or eyepiece. The two surfaces of both 
these lenses are segments of sphencal surfaces of different radii. 
The optical axis of a lens is the straight line which passes through 
the centres of the two spherical snrfaces which bound the 
lens. The optical axis of the telescope is coincident with that 
of the object glass. "Wlien the telescope is well constructed, the 
optical axis of the ocular should always be parallel to that of 
the objective, even when (as is usual in the larger msti’uments) 
the ocular is movable, this motion being in a plane at right 
angles to the axis of the telescope. "Where tiie ocular has no 
motion, its axis should coincide with that of the objective, and, 
consequently, with that of the telescope. 

8 Let us now suppose that our telescope, or rather its optical 
axis, is directed towards a star S. Then, on account of the great 
distance of the star, we can assume that all the rays from it to 
various points of the object glass, as SA, SC, SB, are parallel to 
each other. The ray SC, which passes along the optica? axis 
itself, suffers no deviation from the refractive power of the lens, 
since it enters and leaves the lens at light angles to the refracting 
surfaces ; but all other rays, as SA and SB, are refracted both 
when entering the lens and when leaving it, and, when the lens 
is small in proportion to the radii of curvature of its surfaces, 
these rays will all converge to a common point F in the axis of 
the telescope. This common point in which a system of parallel 
rays meet is the pa’incipal focus, usually called simply the focus, 
of the lens, and the distance FC from the centre G of the lens 
is called the /oca? length of the lens. If the radiant point S is so 
near to the telescope that the lines SA, SB are sensibly divergent, 
the lens will not bring them together at the principd focus, but 
at a point more remote ; that is, the actual focus will be farther 
from the lens than F. If the radiant point is at a distance from 
the lens equal to the principal focal distance, the divergent rays 
from this point will simply be rendered parallel by the lens, or 
the actual focus will be removed' to an infinite distance. For all 
nstroaomical purposes we need consider only the principal focus, 
regarding the rays, even from the nearest celestial body, the 
moon, as sensibly parallel. The telescopes used in surveying 
Instruments (where the terrestrial objects observed are at various 
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distances from the lens, and these distances all small) are pro- 
vided with a ready means of adjusting the position of the object- 
ive, by sliding the part of the telescope tube containing it out 
and in : so that the actual focus may always occupy the same 
absolute position in the opiical axis, and, consequently, always 
be at the same distance from the ocular The same result is 
also obtained by giving the portion of the tube containing the 
ocular a sliding motion. 

4. All the parallel rays from a distant radiant point, as a s ar 
/S', which are converged to the focus form an image of the 
star in that focus. Conversely, if the radiant point be placed at 
jp, all the divergent rays SBj kc. will emerge from the lens 
in parallel lines AS, jBS, &c. We shall hereafter have occasion 
to make several important applications of this property of a lens : 
here we shall apply it at once to show how a distinct view of 
the image of a star ati^is obtained The eye lensyy', being 
placed in the Ime CF produced, at a distance Fc equal to its o\vt 
principal focal distance, it follows, from the property of a lent 
just stated, that the divergent rays Fg^ Fg^ wall emerge in 
parallel lines gk, and will, consequently, enter the eye of the 
observer in parallel lines, thus givmg a distinct view of the star; 
for the eye, in persons who are neither far-sighted nor near- 
sighted, IS naturally adapted for distinct vision when the rays 
entering it are parallel Without the telescope we should see 
only those rays from the star which fall upon tlie pupil of the 
eye ; but when we look at the image of the star at the focus of 
a telescope, we see it wdth greater distinctness, because we then 
receive into the eye all the rays w^hich have entered the object 
glass and have been united at the focus. In this consists the 
jirsi great advantage in the use of the telescope. 

5. Let a very fine thread be stretched in the focus F of the 
telescope at right angles to the optical axis. This thread will 
be visible through the ocular when the latter is so placed that 
its focus coincides with F: consequently, when the telescope 
is directed towards a star, we shall have distinct vision of 
both the star and this thread at the same time. If two threads 
are placed at the focus at right angles to each other, their inter 
section will determine a fixed point in the field of view, which 
by moving the telescope may be brought upon the ohj*^ct to be 
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observed. By bringing this point successively upon different 
celestial objects, their relative positions can be naeasured with 
the greatest precision ; and in this consists the second great ad- 
vantage in the use of the telescope. Since the apparent thick- 
ness of these threads is increased by the magnifying power of 
the ocular it is necessary to use a very j5.ne material : the spider’s 
web is that which is almost universally used. 

The line of sight is the straight line drawn from the thread 
through the optical centi'e of the objective ; for this line repre- 
sents the direction of a distant point (as a stai’), when the tele- 
scope is so directed that an image of the point is formed at the 
thread. This line is also called the line of collimaiion ; but we 
shall hereafter, for the sake of brevity, call it the sight-line, 

6. The spider lines, or threads, ai'e usually stretched across a 
ring, or diaphragm, which is placed in a tube which slides in the 
principal tube of the telescope. The oculai* also slides without 
affecting the threads: so that by means of these two motions we 
can bring the threads exactly into the common focus of the ob- 
jective and ocular. It is to be observed that the motion of 
the ocular is necessary merely for adaptation to the eyes of 
different observers. The threads, being once accurately placed 
in the focus of the objective, must not be disturbed; but the 
ocular may be drawn out or pushed in by each observer until 
he obtains a distinct view of the threads. To ascertain whether 
the threads are accurately placed in the focus of the objective, 
first adjust the ocular for distinct vision of the threads, then, 
bringing a thread upon a very distinct point, as a slow moving 
star, observe whether a motion of the eye in any direction 
towards the edge of the eye lens causes the star to leave the thread ; 
for, if the image of the star is exactly on the thread, it ought to be 
seen on it even from a side view ; but, if it is before or behind 
the thread, it will be seen on it only from a direct front view. 

7. Magnifying power . — ^Let us suppose the telescope to be 
directed towards a very distant object DL (Fig. 2) From its 
upper extremity D a multitude of rays proceed which fall upon 
all parts of the objective ABj and which (in conseq[uence of the 
great distance of the object) may all be regarded as parallel to the 
line DCd which passes through the middle point of the lens. All 
these ravs are brought to a focus in this line CoJ at a pointd whose 
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distance from tfie lens is equal to the focal length of the loiiH. Thoro 
exists then at the point d a distinct image of the point -£>. In a 


Fig 2. 



similar manner an image of every point of the object is found at 
the same distance behind the object glass . so that there will exist 
at the focus of the lens a complete, though very small, image of the 
object. This image will be inverted, for, while the image of the 
upper point D is formed at dy that of the lowest point L is formed 
at ly tlie axes of the systems of rays from the several points of the 
object crossing at the middle point C of the lens. If the focus of 
the ocular is coincident with tliat of tlie objective, and, con- 
sequently, also with the image dly the rays which diverge from 
a point d of the image and fall upon the ocular gg^ will emerge 
from the latter in lines parallel to each other and to the line 
dek which is drawn from d through the centre of the ocular; 
and, the same being true of rays from eveiy point of the image, 
those from the extreme point I emerge in lines parallel to the 
line Icn. Hence the rays Irom the two extreme points d and I 
of the image enter the eye of the observer at an angle with each 
other equal to nek or led; and this angle is the apparent avffulav 
magnitude of the image to the eye. But without the telescope 
the apparent angular magnitude of the object, the eye being at 
Oy would be DCL = dCl; which angle may be assumed to be 
the same as that under which 
the object is seen from the 
actual position of the eye be- 
hind the oculai', the length ^ 
of the telescope being in- 
considerable in relation to 
the distance of the object. ^ 

How, the apparent linear 
magnitudes of the object v 
and its image seen thus under different angles can be com- 
pared by referring them to the same absolute distance. Thus^ 
referring the image dL (Fig. 3) to the actual distance of the 
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object -DZ, by the lines Ecld^^ ElU drawn from the ey< 
have 

d'V i DL = d'M : DM = tan J dM • Ian i DEL 
Hence, denoting the magnifying power by 6r, we have 

_ tan i dEl 
DL tan i DEL 

whence the proposition, (A), The magnifying power of i. 
is equal to the tangent of half the a2)parent angular magnii 
image seen through the ocular^ divided hy the tangent of h 
parent angular magnitude of the object seen without the teles 

Referring again to Fig. 2, we have the apparent mag 
the image as seen through the ocular = Icd^ and th 
object as seen by the naked eye = ICd^ and 

tan } Icdxioxi i ICd = — == mCimc 

me mC 

or 

^ tan ^Icd mG 

tuniWd me 

whence the proposition, (B), The magnifying poioer of ti 
is equal to the quotient of the focal length of the objeciiic div 
focal length of the ocular. 

This principle serves for the calculation of the m 
power when the focal lengths of the glasses arc knowi 
for the simple astronomical telescope here considered, 
of obtaining the magnifying power of any telescope 
observation will be given below. 

We see then that with the same objective we can hat 
magnifying powers by simply varying the ocular ; au< 
the focal length of the ocular, the greater will he th 
fying power. The more tlio telescope magnifies, the 7 , 
the object appear to us, and, consequently, the more 
will its several ports be seen. Heroin consists the third 
advantage in the employment of the telescope. 


8. The field of vieiv , — ^By 

Pig. 4. 



B 


the field of view is meant 1 
which can be viewed with 
scope at one and tlie same ti 
magnitude of the field dope 
the angle gCg* (Fig, 4), whh 
tained by two rays from tl 
of the objective to the ex 
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of a diameter of the ocular; and consequently it depends upon 
the magnitude of the ocular and its distance from the objective. 
Most telescopes have duiphragmSy or opaque rings, placed within 
the tube to cut off rays from the extreme edges of the objective, 
as well as stray light falling down the tube. If the inner edge 
of any diaphragm trenches upon the lines Cg^ Cg\ the magni- 
tude of the field will be diminished, and will then depend upon 
i\iQfree aperture of the diaphragm, or upon that portion of the 
ocular upon which rays from the centre of the objective can fall. 

As it is difficult to construct large eye pieces which shall give 
as perfect images near their edges as in the centre, it is usual to 
obtain a large field with a small eye piece by giving the latter 
a sliding motion at right angles to the axis of the telescope In 
this case the whole available field depends also upon the quantity 
of motion possessed by the eye piece. Usually this motion can 
be given only in one direction, in which case the whole available 
field is oblong, its breadth being limited by the dimensions of 
the eye piece, and its length by the quantity of motion. Some- 
times, however, two motions are provided, at right angles to each 
other, and then the whole of the free circular aperture of the 
diaphragm becomes available for the field. 

9. Brightness of images produced by the telescope^ and the intensity 
of their light The image which the telescope gives of an object 
must possess a sufficient degree of brightness to make an impres- 
sion upon our eye. Let us suppose two telescopes, the object 
glasses of which are of different diameters, to have the same mag- 
nif3'ing power. Then the brightness of the two images formed 
will be proportional to the quantity of light which falls on tlie 
surface of the two objectives respectively, but these surfaces are 
proportional to the squares of the diametem of the objectives, 
and hence the brightness of the images is proportional to the 
square of these diameters. On the other hand, let us suppose 
two telescopes, with object glasses of equal diameters, to have 
different magnifying powers ; then one and the same quantity of 
light is distributed over the larger and over the smaller image, 
and, consequently, in this case the biughtness of the image is 
inversely proportional to the square of the magnifying powers. 

It is to be observed, however, that not all the rays which fall 
upon the object glass reach the eye, partly on account of the 
want of absolute transparency of the glass, and still more on 


i 
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account of the reflection of a iiumlun* of myn from the surfucoH 
of the lens. Some li}?ht is also lost occusiotmlly, when the 
breadth of the eye ftlass is not Hiiilificnt to ciiibracc all the rays 
which proceed in a cone iVoiu the iiinif^e of a radiant point formed 
at the focus, orwlien the piiidl ot the eye is not, lat^o enouf,di to 
receive tlic Avholo cylinder whi«di tliese rays form after passing' 
through the eye glass, 'riiiis, in Fig. 1, let Nyl /IS he the cylinder 
of rays from a very distant point, falling niton the free opening 
of the object gliuss; il'k'h/, the cylinder of light which emerges 
from the eyeglass, J''’tlie eoiinnon foeus of the two glassi's. On 
account of the similarity of I ho triangles and t/'tfF, wo 

have 

A lit if [f f V-' 


But the maguityuig power 
also, 


(J i.s I Art. 7) eipial to 


<! 


Mi 

'/V 


n-\ 

Fr' 


coiiseipumtly, 


Now, nil the rays whicli fall upon the ohject glass will outer llio 
pupil of our eye only wlien//'f/ is either eipial to tin’ iliaineter li 
of the pupil, oris less than d. In the flr.st case wc .shall have 

in the second, (! • Ihil iff/ we must 

d '! <1 

have yy'> A, oi’ the diameter of the eyliinleruf light emerging 

from tlio eye glass gmatcr llani the diiuneler <if lln* pupil: in 

that case, theroforu, some of the light must he lost to tlie eye. 

Rinco every point of an ohjeid. seen thr«Migh a telcscojic must 

appear as a point, whutevci* may he tlie miignitying power of the 

telosoopo, it follows that the iiihiisitj/ of the ilhiiiiiimtion of the 

several points of tlie image in the telescope depends upon the 

quantity of light which proceeds from eneh point, of the cdiject 

and roadies our eye. We must, therefore, not cotifoniid iolitistfi/ 

with tlie briiilUnm which results from the impression of the whole 

imago upon the eye. Tlie intensity of the light is iiidepoiideiit 

of the magnifying power, while the hrightuess is, as we huvii 

BOOH, inversely proportional to the Hquare of the nmgtiifylag 

power. Aoeoi'ditig to tlicHo principles, the following u.xpluimtiim 

of the working of the tdcRcope, givoii hy tlio distingiushoil 

Olbers, will bo rendily niiderstooil i 

“Let.B bo tho brightness, /tho IntuiiHity of light of an object 

seen through tho toloaeopoi both being HUpjjoaod to ho, for tlio 

naked oyo, equal to unity. Let D ho the diameter of the object 
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glass, d that of the pupil of the eye, Gr the magnifying power 
of the telescope, and 1 ; m the ratio in which the light is dimin 
ished by its passage through all the glasses of the telescope ; 
then we have 


B = 


m* 


D* 



( 3 ) 


I7ow, so long as ^ which, however, occurs only in tele- 

scopes of large objective apertures and low magnifying power, 
the quantity B must remain constant and = m; for, if Gr is less 

than — , the diameter of the cylinder of emergent rays from the 

ocular will be greater than can be received by the pupil , the 
eye then receives no more of the hght than it would if the ob- 
jective had the diameter Gd. Hence, the greatest value of B is 
?n, and can never be greater in the telescope. Since in the best 
achromatic telescopes m = 0.85, we see that the brightness of 
an object is always greatest with the naked eye. As soon as G 

IS greater than the brightness rapidly diminishes as the square 
of G. 

On the other hand, I, or the intensity of the light, is constant 
as soon as (? = or > provided that the field of view always 

includes the whole of the magnified object I can therefore 
become very great when D is great ; and this is the reason why 
exceedingly faint stars can be seen through a telescope with a 
large objective. The diameter d of the pupil (which may be 
assumed to be about 0.2 of an inch) is not only different in 
different observers, but also varies with the absolute intensity of 
the hght of the object viewed, — e.g, it is less when we view the 
moon, greater when we view Saturn; less when we view the 
moon through a telescope of five inches aperture than through 
one of two inches aperture. 

“The sky, or ‘ground of the heavens,’ has a certain degree 
of brightness, not only in daytime, in twilight and moonlight, 
but even at night in the absence of the moon. This brightness 

of the sky also diminishes in the telescope asm and therefore 

the ratio of the brightness of an observed object to the bright- 
ness of the sky remains constant for all magnifying powers. 
This is the reason why for considerable magnifying powers we 

VoL II— 2 
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do not observe a correspondingly great decrease of brightness. 
But, if we call this brightness of the sky b, although the ratio 
B: b remains constant, our eye can, nevertheless, no longer dis- 
tinguish the differmee B — 6 of the brightness of the object and 
the sky when this difference is very small. Hence, faint nebulae, 
tails of comets, &c. become invisible under high magnifying 
powers. The intensity of the light of the jiortion of the sky 
which we see in the telescope varies inveraely as (?*, nearly.* 
This intensity of the light of the field may be so great as 
wholly to prevent our seeing objects of feeble intensity. This 
is the reason why with the comet-seeker (a telescope of large 
aperture and small magnifying power) we cannot see stars, even 
of the first magnitude, in the daytime, when we can see them 
without difficulty with telescopes of much smaller apertures and 
greater magnifying powers. This also explains why with high 
magnifying powers we often discover very faint stars wliich are 
wholly invisible in the same telescope with lower powera." 

The more perfect the telescope is, the more nearly will the 
image of a star resemble a bright point; and, according to the 
above, we may without hesitation always employ for the obser- 
vation of fixed stars the highest magnifying powers. 

10. Spherical arid Chromatie Aberration . — A telescope of the 
simple construction above described would possess serious defects. 
All the parallel rays from an object which fall upon a simple 
spherical lens cannot be brought exactly to a commqn point in 
any case ; and not even approximately unless the lens is small 
or of relatively great focal length The image of a fixed star 
will, therefore, not be a well defined point, but rather an ill defined 
spot of light; and the images of all objects will be the more dis- 
torted the greater the objective is in proportion to the focal 
length. This deviation of the rays from a common point in the 
telescope is called the spherical aherraiion. 

In the simple asti’onomieal telescope, still another difficulty 
exists : for white rays of light, after they are refracted by a simple 
lens, are resolved into the colors of the prismatic spectrum, or 
of the rainbow, and, consequently, the image of any object wiH 
appear surrounded and disfigured by colored light. This arises 

* That IS, the upon th» eyt of the -whole of the light of that portion of the 
sky -which is -nsible under the magnifying power (? Tarios nearly as .^5 as is eti- 
dent, Binoe the field is diminished m this ratio. 
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from the different degrees of refrangibility of the different colors. 
The deviabon of the rays of different colors fi'om a common focus 
is called the chromatic aberration. 

With regard to the means by which the telescope is rendered 
almost wholly free both from spherical and fi’om chromatic 
aberration, that is, rendered both aplanatui and achromatic, it 
must here suffice to state, in general terms, that the result is 
obtained by substituting for the simple lens a compound one of 
which the component lenses are made of glass of different degrees 
of refractive and dispersive powers. There are generally two 
eomponent lenses, as in Fig. 5 ; one of which, AB, is a biconvex 


Fig 5. 



& 


lens of croion glass, and is that which is turned towards the object; 
the other, is a meniscus or concavo-convex lens of jlint 

glass. The latter kind of glass usually contains at least 33 per 
cent, of oxyde of lead, from which crown glass is wholly free; 
and both its refractive and its dispersive powers exceed those of 
crown glass. By giving the four spherical surfaces of the com- 
ponent lenses suitable curvatures, both the spherical and the 
chromatic aberrations produced by the crown glass lens are very 
nearly corrected by the flint glass lens. 

Even in the best telescopes an absolutely perfect compensation 
of the errors has not been reached. Some idea of the relative 
excellence of the instrument may readily be obtained as follows. 
The correction for spherical aberration is well made when the 
image of a star, in favorable states of the atmosphere, is a very 
small, well defined, round disc. Having adjusted the eye piece, 
by sliding it out or in, until this disc is reduced to its least dimen- 
sions and most perfectly defined, the slightest motion of the eye 
piece from this position, either out or in, should disturb the per- 
fection of the image : a telescope in which the character of the 
image remains sensibly the same during a considerable motion 
of the eye piece is imperfectly corrected for the spherical 
ration. The correctness of the general figure of the 
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judged ol: by sliding tlie eye piece in beyond the perfect focus, 
whereby the image becomes enlarged; but if the lens is sjun- 
metrical throughout, the image will remain circular, and in very 
perfect telescopes will present a number of complete concentric 
circular rings of light; a similar result shonkl follow when the 
eye piece is drawn out. An imperfect, unsymmetrical lens, with 
the eye piece out of tocus, will give an image composed of incom- 
plete and distorted rings, or only a confused and irregular mass 
of variously colored light. If the glass of which the lens is com- 
posed is not perfectly homogeneous (one portion having greater 
refractive power than another), the images of bright stars of the 
•first or second magnitudes will have what opticians call a ^omgo^\ 
one side, which no perfection of figure or of adjustment can ro 
move But the defective portion of the glass may be discovered 
by covering up successively different parts of the lens by means 
of caps of variable apertures in various positions; and some im- 
provement in the performance of the lens may be obtained by 
excluding this defective portion, at the expense of light. 

The achromatism is judged of by pointing the telescope to 
some bright object, as the moon or Jupiter, and alternately push- 
ing in and drawing out the eye piece from the place of moat per- 
fect vision : in the former case, if the lens is good, a ring of pni’ple 
will appear round the edge of the image, in the latter, a ring of 
pale green (which is the central color of the prismatic spectrum) , 
for these appearances show that the extreme colors of the spec- 
trum, red and violet, are corrected. 

11. Achrornitie eye pieces . — The eye pieces now most commonly 
used are of two lands : the Huygetiim and the Ramsden. 

The Siiygenian eye piece consists of two plano-convex lenses 

of cro-wn glass, A and B 
(Fig. 6), the convex sur- 
faces of both being turned 
towards the object. The 
first lens A receives the 
converging rays Sa, Sb, 
coming from the object 
glass, before they have 
reached the principal fo- 
cus JF of the object glass, 
and brings them to a focus R' half-way between the two lenses 


Fig 8 
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A and B, The focal length of the lens B being made equal to 
BF\ the image formed at is distinctly visible to an eye be- 
hind B Since this eye piece is adapted to rays already coiiverg'- 
ing, instead of diverging rays, it is commonly called the negaiihe 
eye piece. 

The Ramsden eye piece is shown in connection with the tele - 
scope in Fig. 5 It also consists of twm plano-convex lenses; 
but the plane surface of the lens nearest the object is turned 
towards the object. The diverging rays from an image are 
rendered less divergent by the first lens, and finally jiarallel by 
the second lens ; after emerging from the latter, therefore, they 
are adapted for distinct vision to an eye placed behind it. This 
eye piece being adapted for diverging rays, like the simple double 
convex lens, is called the positive eye piece It is universally 
used wherever spider threads are placed in the focus of the object 
glass for the purposes of measurement, as in the transit instrument, 
&c. ; for the permanency of the position of these threads is of 
the first impoiiance, and this could not be insured unless the 
threads were so placed as to he independent of any motion of 
the eye piece Threads are, however, often placed in the focus 
of a Huygenian eye piece merely to mark the centre of the field, 
as in the eye pieces of the telescopes of a sextant. 

The optical qualities of the Huygenian eye piece are, however, 
superior to those of the Ramsden^ the spherical aberration being 
more perfectly corrected, and it is, therefore, preferred for the 
mere examination of celestial objects when no measurements 
are to be made. 

neither of these eye pieces changes the apparent position of 
the image, which therefore remains inverted. Achromatic eye 
pieces designed to show objects in their erect positions usually 
consist of four lenses They are used chiefly for laud objects, and 
only in small telescopes. The great loss of light from the addi- 
tional lenses is an insuperable objection to them for astronomical 
purposes 

The lenses composing the eye piece are fixed, at the proper 
distance from each other, in a separate tube, which has a sliding 
motion in another tub© fcsed to the telescope, so that it can be 
pushed in or drawn out and thus adapted for different eyes. 
For near-sighted persons it must be pushed in ; for far-sighted 
persons, drawn out 
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12. IXagonal eye 'pieces . — ^When a telescope is directed towards 
an object near the zenith, it is always inconvenient, and often, 
with small instruments, impossible, for the observer to bring 
his eye directly under the telescope. The inconvenience is 
obviated by employing an eye piece which bends the rays at 
right angles to the optical axis of the telescope, 
as in Fig. 7, where the lens A receives the rays 
in the direction of the axis of the telescope and 
paitially refracts them ; they are then reflected 
by the plane surface M (placed at an angle of 
46® with the axis) to the lens J5, by which they 
are rendered parallel and adapted for distinct vision to the eye 
at B looking in the direction BM. The surface M may be either 
a plane metallic mirror, or the interior face of a right prism of 
glass, the section of which is shown in the figure by the dotted 
lines. The prism is usually preferred, as less light is lost by 
reflection from its interior face than from a metallic speculum. 






18. 7b measure ike magrafymg power of a telescope. — First Method . — ■ 
The magnifying power depends upon the focal lengths of the 
object glass and eye piece (Art. Y), and hence for the same tele- 
scope different eye pieces will give different magnifying powers. 
We suppose, then, that the eye piece whose magnifying power 
is to he found is placed upon the telescope and very carefully 
adjusted for distinct vision of very distant objects. If we then 
direct the telescope in daytime towards the open sky, we shall 
see near the eye piece, and a httle way beyond it, a small illumi- 
nated circle, which is nothing more than the image of the 
objective opening of the telescope. Let the diameter of this 
circle be measured by a veiy minutely divided scale of equal 
parts; then the magmfying power is equal to the quotient arising from 
dividing the diameter of the object glass by the diameter of this lUumi- 
mted circle.* For example, let the diameter of the object glass 

* The demonstration of this rule is not osnallj giyan m our optical works. Let 

ANB^ Fig. 8, he the ohjeohye ; 0 the 
ocular, which we con regard as in effect 
a single lens ; Wthe middle of the oh- 
jeotive; n the middle of the smaU il- 
luminated circle and, which iB the image 
of the objeotive opening formed beyond 
the ocular. If we remoye the object 
glass from the telesoope tube, the image anh of the opening will still remain the same 
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be 4 inches, that of the small illuminated circle ^ of an iii^h ; 
the magnifying power is 4 — = 80. 

The chief difficulty in this method lies in the exact measure- 
ment of the diameter of the small illuminated circle. Various 
methods have been contrived for this purpose ; hut the most 
effective is by means of the instrument known as Bamsden's 
Dynameter. 

Second Method (proposed by Gauss). — we reverse the tele- 
scope and direct the ocular towards any distant object, we shall, 
when looking through the objective, see the image of the object 
as many times diminished as we see it magnified when looking 
through the ocular. Select, therefore, two well defined points, 
lying in a horizontal line, and direct the telescope so that, look- 
ing into the objective, these points may appear to lie at about 
equal distances on each side of the optical axis. Then place a 
theodolite in front of the objective, level the horizontal circle, 
and bring the optical axis of its telescope nearly into coincideBC© 
with that of the larger telescope, so that looking into the object- 
ive of the latter, through the telescope of the theodolite, the 
selected points may be distinctly seen. Measure the apparent 
angular distance of the images of the points with the theodolite, 
by bringing the vertical thread successively upon these images 
and taking the difference a of the two readings of the horizontal 
circle. Remove the larger telescope, and measure in the same 
manner with the theodolite the angular distance A of the points 
themselves. Then the magnifying power G is given by the 
formula 

as when the glass is m its place Now, it is known, from the elements of optios, that 
if u IB the distance of a bright object from a oonrex lens, v the distance of the 
image from the lens, / the focal length of the lens, we hare the equation 


net jPbe the focal length of the objective, / that of the ocular, w the distance betwe^ 
them, then we have NO = C^==t>; and, consequently, 

11 1 _ F 

Also, 

AB _NO F + f 

ab nO V f 

F AJB 

But, by Art. 6, — expresses the magnifying power of the telescope : hence, also, — 
y ab 

expresses the magnifying power, as in the method of the text 
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tan J j4 

Ian ^ Ot 




or, if the angles A and a are very small, ^ 

It* the observed points are not very distant, we should in strict- 
ness measure the angle A by placing the theodolite at the point 
first occupied by the ocular; for JL is the angle contained by the 
rays from the two points to the ocular, and a the angle contained 
bj these rays after they have passed through the ocular and have 
been refracted by it. 

If the telescope cannot be removed conveniently, the angle A 
may be obtained by measuring the linear distance D of the middle 
point between the two observed points from the ocular, and tho 
horizontal linear distance d between the points ; then 


tanj.4 = ^ (5) 

"When the latter method is practised, however, it is necessary to 
observe that if the telescope of the theodolite, in measuring the 
angle a, is inclined to the horizon by the angle J, we must employ 
instead of a the angle a' given by the formula 

Bin ia'= sin cob J 


or, with sufficient precision, 

tan io! = tan J cos 7 


a reduction which was unnecessary where both A and a were 
measui'ed by the theodolite, since the factor cos I would enter 
into both numerator and denominator of (4). But the reduction 
may also be neglected here, if by D is understood, not the direct 
distance from the ocular to the observed points, but the projec- 
tion of this distance on the horizontal plane, and then the formula 

Decomes ^ sufficient precision, since a is always 

very small. 

For accuracy, the angular distance of the points observed 
should be as great as con be embraced within the field of the. 
telescope. 


Example 1. — The angles A and a were directly measured with 
a theodohte, in the case of an equatorial telescope with a tjertaio- 
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eye piece, and were A = 5° 10' 80", a = 8' 10". We have, 
therefore, for this eye piece, 


& = 


tan 2° 85' 15" 
tan 0° r 35" 


= 98 12 


Example 2. — For verification of the preceding measure, tee 
angle A was also obtained without the theodolite, for which pur- 
pose there was measured the distance of tlie obseiwed points 
from the ocular, D = 803.2 feet, and the distance between the 
points, d = 26 98 feet. The inclination of the telescope of the 
theodolite was here observed to be J= 10° 40', and as before by 
direct measure a = 3' 10". We have first. 


and hence 


tan ^ A = 


26 98 
606.4 


& = 


26 98 

606 4 tan 1' 35" cos 10° 40' 


= 98.30 


The horizontal distance D was here 298 feet, with which, by the 
last formula above given, we have 


<? = = 98.29 

298 sin 3' 10" 


The maffaifyinff power of this eye piece may therefore be takeu 
at 98 or simply 98 

Third Method (proposed by H B. Valz, in the Astronomische 
Nachnchten^ Vol. vii). This very convenient method consists in 
directing the telescope towards any object of known angular 
diameter, and measuring the angle formed by rays from the 
extremities of a diameter after these rays have emerged fi'om the 
eye piece. The sun, the angular diameter of which is always 
known, is especially adapted for the purpose. The image of the 
sun may be received upon a screen placed in the prolongation 
of the axis of the telescope with its flat surface carefully adj'usted 
at right angles to that axis. The telescope is to remain fixed, 
being properly directed so that the sun shall pass over the centre 
of its field ; and as the image passes over the screen its linear 
iiameter d is to be measured. Also the perpendicular distance 
D from the middle of the eye piece to the screen. Then, if a is 
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the true angular diameter of the auu, A the angular diameter of 
the image on the screen, subtended at the eye piece, we have 

tan iA = ^ 

and the magnifying power (?, as before, is 


tan iA d 

tan 2i7tan ia 


( 6 ) 


Fourth Method . — ^For small instruments, and where great accu- 
racy is not required, the following process will answer. Let a 
stafi' which is very boldly divided into equal parte by heavy linos, 
be placed vertically at any convenient distance from the telescope, 
for example, fifty yai’ds. While one eye is directed towards the 
staff through the telescope, the other eye may observe the staif by 
looking along the outside of the tube. One division of the staff 
will be seen by the eye at the eye piece to be magnified, so as to 
cover a number of divisions of the staff, and this number, which 
is the magnifying power required, may be obseiwed by the other 
eye looking along the tube. The staff here not being very distant, 
the focal adjustment of the telescope is not the same as for stars ; 
the focal length is, in fact, somewhat greater than the “principal" 
focal length (Art. 3), and the magnifying power obtained is pro- 
portionally greater than that which applies to very distant or 
celestial objects, the rays from which are sensibly parallel. If we 
call the magnifynng power obtained from the terrestrial object 
that for a celestial object G, J?’'the focal length employed, jfthe 
principal focal length, we have 

F':F= G':& 

For example, a telescope whose principal focal length was 
24 inches, being directed towards a graduated staff) it was found 
that for distinct vision of the staff it was necessary to draw 
out the eye piece 0.76 inch. Then, one division of the staff 
seen by the eye at the eye piece was observed by means of 
the other eye to cover 40 divisions. Here we have F=^ 
F'= 24.76, 6^' = 40, and hence 
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Instead of using the divisions of a staff, which may not be suffi- 
ciently distinct, a disc of white paper may be placed against a 
black ground, and the size of the magnified image may be marked 
on the same ground by an assistant from signals made by the 
observer at the telescope. 


14. It was shown in Art 7 that the magnifying power is equal 
to -F being the focal length of the objective, and /that of the 

ocular. To apply this rule when the eye piece is composed of 
two lenses, it is necessary to find the focal length,/, of a single 
lens which is equivalent to the two lenses. This is effected by 
the formula of optics 


/ 


rr 

r+r-d 


in which /', /" are the focal lengths of the component lenses, 
and d the distance between them. This formula, however, is but 
approximative (it gives / somewhat too great) : it is better to 
measure the magnifying power directly by one of the methods 
above given. 


15. Beflecting telescopes . — As these are rarely used for the pur- 
poses of meamrement^ we shall content ourselves with merely 
stating the forms of the two kinds which have been in most 
compion use. The simplest, and now most commonly used, is 
the Herschelian telescope, introduced by Sir William Hbrschbl, 
A polished concave speculum, Fig. 9, is placed at the bottom 

Pig fl 

A 


of a tube, ABGD. It is ground to the form of a paraboloid, the 
focus of which is near the mouth of the tube ; it is slightly in- 
clined, so that the focus falls near one side of the tube, as at -D, 
where the reflected rays from the speculum form an image which 
is viewed through an eye piece, j&, of the usual form. The head 
of the observer may intercept a small portion of the rays from 
a celestial object to the speculum; but this is of little conse- 
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quence, as the speculum is usually very large. In Lord Rossb’s 
Herschelian, the diameter of the speculum is six feet. 

The reflecting telescope next in most common use is the Nen>- 
toman, which d^ers from the Herschelian only in receiving the 
reflected rays from the speculum upon a small plane mirror, c. 
Fig. 10, placed in the middle of the tube neai’ its mouth, which 
reflects these rays at right angles to the axis of the tube to an 





eye piece at JS. In this foim, the small p)lane mirror intei’cepts 
a portion of the light from the object ; moreover, light is lost in 
the double reflection ; but a slight advantage is gained in having 
the axis of the speculum coincide in direction with the axis of 
the tube. The reflected rays reach the mirror c before they are 
brought to a focus : tliey converge after reflection to the point/, 
where is produced the image which is examined through an eye 
piece by the eye at 

16. Finding telescopes . — A telescope of gi’eat focal length and 
high magnifying power has a very small field, in consequence 
of which it becomes very difiBicult to find a small object in the 
sky. This inconvenience is obviated by attaching to the outside 
of the tube a smaller telescope, called a finder, of low magnifying 
power and large field, with its axis adjusted parallel to that of 
the larger telescope. The search for the object is made with 
the finder (both telescopes having a common motion)j and, 
when found, it is brought to the middle of the field of the 
finder ; it is then somewhere in the field of the larger telescope. 
The middle of the field of the finder is indicated by the inter- 
section of two coarse threads in the focus ; or, still better, by 
four threads forming a small square, the middle point of which 
is the centre of the field. 
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CHAPTER IL 


OF THE MEASUREMENT OF ANGLES OR ARCS IN GENERAL 

CIRCLES — ^MICROMETERS — LEVEL. 


17. Graduated Circles . — The most obvious mode in which an 
angle may be measured is that in which we employ a circle, or 
portion of a circle (constructed of metal or other durable material , 
the limb of which is mechanically divided into equal parts, as 
degrees, minutes, &c. The centi’e of tlie circle being placed at 
the vertex of the angle to be measured, the arc of the circum- 
ference intercepted between the two radii which coincide in 
direction with the sides of the angle is the required measure.* 
To give this mode precision when the angle is found by lines 
drawn to two distant points, the aid of the telescope is invoked 
This is connected with the circle in various ways, according to 
the nature of the mstru- 
ment of which it forms 
a part; but, in general, 
we may conceive it to be 
essentially as follows. 

To the tube of the tele- 
scope, AB^ Pig. 11, is 
attached a pivot, (7, at 
right angles to the op- 
tical axis, which turns 
in a circular hole in the 
centre of the graduated 
circle MN. An arm aCb^ extending from the centre (7 to the 
graduations on the limb, is permanently attached to the telescope, 
and revolves with it. To measure an angle subtended by two 
distant objects at the point the circle is to be brought into the 
plane of the objects and firmly fixed. Then the telescope is 



* In the sextant and other instruments of “double reflection,*' the vertex of the 
angle to be measured is not in the centre of the arc used to measure it See article 
Sextant 


^^2-7 5i,lo 
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directed successively upon the two objects, and in each case 
the number of degrees indicated by a mark on either extremity 
of the arm ab is to be read off ; the difference of the two readings, 
which is the number of degrees passed over by the arm, and, 
consequently, also by the telescope, will be the required measure 
of the angle. The same result is reached by permanently con- 
necting the circle and telescope, which then revolve together, 
while a fixed mark near the limb of the circle serves to indicate 
the number of degrees through which the telescope revolves. 

In order to point the telescope with ease and accuracy upon 
an object, a damp and tangent screw are commonly employed. 
This contrivance, which may ho seen upon almost eveiy astro- 
nomical instrument, takes a great variety of forms, but in all cases 
the operation of it is as follows . when the telescope is wpproxi- 
mately pointed upon the object by hand, it is clamped in its posi- 
tion by a slight motion of the clamp screw, after which the 
telescope admits of no motion except that which is common to 
it and the clamp : hence, by a fine screw which moves the clamp 
a slow delicate motion can he given to the telescope, whereby the 
sight-line marked by a tliread in the focus is brought accvu'ately 
upon the object. 

The great increase of accuracy in pointing a telescope which is 
obtained by the introduction of the spider threads in its focus 
brings with it the necessity of a corresponding increase of accu- 
racy in reading off the number of degrees and fractions of a degree 
on the divided limb of the circle. A single reference mark upon 
the extremity of an arm, as in Fig. 11, enables us to determine 
only the number of enivre divisions of the limb passed over; but, 
as this mark will generally be found between two divisions, 
some additional means are required for measuring the fraction 
of a division. Two methods aro now exclusively employed. 
The first of these, in the order of invention, is 

THE VERNIBE.* 

18. Let MN, Fig. 12, he a portion of the divided limb of a 
circle; CD the arm which revolves with the telescope about 
the centre of the circle. The extremity of this arm is eiqianded 

* So called after its inventor, Petbr Ybrnieb,, of Eranoe, trho lived about 1680 
By some it is called a nonttia, after the Portuguese NuifEz or Nonxtts ; but the in- 
vention of the latter (who died in 1677) was quite difiFerent. 
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Into an arc ab^ which is con- 
centric with the circle and is 
graduated into a number of 
divisions n which occupy the 
space of — 1 divisions of 
the limb. Thus graduated, 
this small arc receives the 
name of a vernier. The first 
stroke a is the zero of the 
vernier, and the reading is al- 
ways to be determined by the 
position of this zero on the 
limb. Let us put 


Fig 12. 

y 

o 



d = the value of a division of the limb, 
d' = the value of a division of the vernier, 


then we have 
whence 


and 


(n — 1) d = nd' 


n 



0 ) 


The difference d — d' is called the least count of the vernier, which 
is, therefore, —th of a circle division If now the zero a falls 

between the two circle graduations P and P+ 1, the whole 
reading is Pd ;plus the fraction from P to a. To measure this 
fraction, we observe that if the mth division of the vernier is in 
coincidence with a division of the limb, the fraction is m X (d — d') 

or — d. For example, if, as in our figure, the vernier is divided 

into 10 equal parts, occupying the space of 9 divisions of the 
limb, and if the 4th division is m coincidence, the whole reading 

IS Pd + ^d; and if d = W and P corresponds to 20° 20' 
(P being the 122d division from the zero of the limb), then the 
■whole reading is 20° 20' + ^ X 10' = 20° 24'. In this case the 

least count is 1'. In practice, no calculation is necessary to 
obtain the fraction, for this is indicated by proper numbers 
against the graduations of the vernier itself 
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If the least count is given, to find n, we have 


n = 


d 


d — d' 


d and d — d' being, of coarse, expressed in the same unit Foi 
example, if the limb is divided to 10', and the least count is to 
be 10", we have 


whence 


d — 


d = 600" 
d'=: 10 " 


n= 60 


and we must make 60 divisions of the vernier equal to 59 divi^ 
sions of the limb. 

When a large number of divisions are made on the verniei’i 
and the least count is very small, the graduations must bo 
exceedingly delicate, otheiwise, several consecutive divisions 
of the vernier may appear to be m coincidence with divisions of 
the limb. The reading is then to be assisted by a niicroscope, or 
reading glass, placed over the vernier and having a lateral motion, 
whereby its optical axis can be brought immediately over that 
division of the vernier which is iu coincidence. 

To increase the accuracy of a reading still more, two or more 
arms, each carrying a vernier, are employed, and the mean of 
the indications of all is taken The effect of reading off a circle 
at various points, in eliminating errors of the circle, will be 
treated of hereafter. 

The arm carrying a vernier, or the frame bearing several 
verniers, is often called the alidade. Sometimes the several 
verniers are attached to a circle, which tlien receives the name 
of the alidade circle. 

19. We have assumed above that the divisions on the vernier 
are smaller than those on the limb. This is the most common 
arrangement; but we may also have them gi’eater by maldiig n 
divisions of the vernier occupy the space ofn-il divisions of 
the limh ; so that wo have 

(w -4- 1) ^ = nd^ 

whence the least count is, as before, 

d'-.d=id 
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The only difference will be, that when the graduations of the 
limb proceed from right to left, those of the vernier must pro- 
ceed from left to right; that is, the zero of the vernier must be 
the extreme left-hand sti’oke. 

20. In case a v^nier has been used which is found to be too 
long or too short, the reading may be corrected as follows. Let 
the error in its length be denoted by x, then (in the verniers of 
the ordinary form) we have (Art. 18) 

(n — 1) d = nd' + x 

whence 

d — d'=-d + - (8) 

Hence a reading in which the fraction was m{d — d^) becomea 
“ rf -b m — The correction of the reading is, therefore. + ?n — 

3C 

when the vernier is too short by x: and — m-— when it is too 

tit 

long by X. For example, if the limb is divided to 10' and the 
vernier gives 10" (in which case n = 60), and we find that the 
vernier is too short by a; = + 5", then we must add to every 

5" 

reading the correction + m- — ; or, since every 6th graduation 

of the vernier gives one minute, we must add 0".5 for every 
minute read on the vernier. 

The actual length of the vernier is found by bringing its zero 
into coincidence with a division of the limb and observing where 
the next coincidence occurs. If this second coincidence occurs 
at the last division of the vernier, its length is correct ; but if the 
coincidence occurs at dr p divisions from the last, it is too short 
or too long by p times the least count. This should be done 
at various points of the limb, and the mean of all the results 
taken, in order to eliminate the effect of accidental errors in the 
graduations of the limb. 

The vernier is now used chiefly on small circles and portable 
instruments ; but when the highest degree of accuracy is sought 
for in reading off a circle, we have recourse to 

THE READING MIOROSOOPB. 

21. Let us conceive tlie arm which carried the vernier, instead 
^ of lying close to the plane of the circle, to be raised at some 

distance from it, and in place of the vernier let the extremily of 
voL ir— 3 
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the arm carry a microscope A C (Plate II. Pig. 1), the optical axis 
of which is perpendicular to the plane of the circle ilfiVand 
intersects the divisions on the limb. The telescope and circle 
are to be supposed to revolve together, while the microscope 
remains fixed. An image of the divisions is formed at the focus 
D of the object lens 0. Two lenses, 5 and A, constitute a posi- 
tive eye piece through which this image is viewed UQ is a 
micrometer, the interior of which is shown, enlarged, in Plate 11. 
Pig. 2. A fine screw, cc, with a large graduated head, EF^ 
carries the sliding frame aa, across which oi’e sti’etched two inter- 
secting spider threads. These threads lie exactly in the focus 
of the microscope, and are consequently visible at the same time 
with the image of the divisions of the limb. On one side of the 
field is a notched scale of teeth (which does not move with the 
cross-thi’eads), the distance between the teeth being the same as 
that between the threads of the screw. The middle notch is 
distinguished by a hole opposite to it, and every fifth notch is 
cut deeper than the rest. At i (Pig. 1) is an index to which the 
divisions of the micrometer head are referred Since one com- 
plete revolution of the micrometer head must carry the cross- 
threads a distance equal to the thickness of the thread of the 
screw, if the head is graduated into 100 parts we have the means 

of measuring a space equal to of thickness of the thread 

of the screw. Either hy making the screw very fine, or increasing 
the number of graduations on the head, or hy both, and at the 
same time increasing the optical power of the microscope, we 
can carry this subdivision of space to almost an unlimited extent. 

In order to understand the mode of reading the circle hy this 
apparatus, let us conceive the intersection of the cross-threads to 
stand against the central notch, the zero of the micrometer being 
also exactly opposite the index. The point of the field then oc<nir 
pied by the intersection of the cross-ihreads is to be regarded as a fixed 
point of reference, and, as the telescope revolves from one position to 
another^ the number of divisions of the limb which pass by this point 
will be the measure of the angular motion of the telescope. Suppose, 
then, the revolution has brought this point, not upon a graduation 
of the limb, but at a fraction of a division beyond a certain 
graduation P; then, to measure this fraction, we have only to 
move the cross-thread from the point of reference into comcidence 
with the graduation P, and read the number of divisions of the , 
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micrometer head. If more than one revolution of the screw is 
required, the whole number of revolutions will be shown hy the 
number of notches in the field passed over by the cross-threads, 
and the fraction of a revolution by the micrometer head. Then, 
knowing the relation between a division of the micrometer head 
and one of the circle, the value of the required fraction is at 
once found. For example, suppose a division of the circle is 
equal to 5', and that five revolutions of the micrometer screw 
just carry the cross-threads from one circle graduation to the 
next ; and, further, that the micrometer head is divided into 60 
equal paints ; then each revolution of the screw represents 1', and 
each division of the micrometer head represents 1" If then we 
have made three whole revolutions, and the micrometer head 
reads 25.3, the required fraction is S' 25". 3. If the graduation 
P was 289° 35', the whole reading is 289° 38' 25".3. 

The coincidence of the point of intersection of the threads 
with a graduation of the limb is made in the manner shown in 
Fig. 2. In many of the Q-erman instruments, instead of a cross- 
thread, two very close parallel threads are used, the middle 
point between which is the point of reference, and a coincidence 
is made by bringing the circle division to bisect the space 
between them. This bisection is, of course, estimated; but it 
may be effected with very great accuracy where the threads are 
very close. Their distance should he very little gr^eater than 
the breadth of the graduations of the limh. Bessel preferred 
the parallel threads; hut it is, perhaps, doubtful whether they 
afford any advantage in the hands of most observers. 

The spiral springs bb serve to make the screw bear always on 
the same side of the thi*ead, so that in reverse motions of the 
screw there is no lost or dead motion, that is, revolution of the 
screw without a corresponding movement of the cross-threads. 
But, to guard against the possible existence of lost motion, the 
coincidence of the cross-threads with a circle division should 
always be produced by a motion of the micrometer head in one 
and the same direction. 

22. Error of Buns . — ^When a reading microscope is in perfect 
adjustment, a whole number of the revolutions of the screw is 
equal to the distance of two consecutive graduations of the circle. 
To effect this, provision is made for lengthening or shortening 
the microscope tube, and also for moving the whole microscope 
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fartfier from or nearer to the circle. In this way, the magnitude 
of the image of a division as seen in the field can he changed 
until it corresponds exactly to a whole numbei’ of revolutions of 
the screw. For example, if a whole number of revolutions is 
greater than the image of a circle division, the objective lens 
must be brought nearer to the ocular, and at the same time the 
whole microscope brought nearer to the circle. 

But, as changes of temperature and other causes are found to 
produce changes in the value of a division of the microscope, and 
it is not expedient to he always changing the adjustment, it is 
usual, after making one very exact adjustment, to let it stand, and 
then determine from time to time the correction of a reading foi 
any change of value which may appear. The excess of a circle 
division above a whole number of revolutions is called the eiiroT 
of mns^ and a proportional part of this excess must he allowed 
on all readings. This error is to be found by measuring several 
divisions in different pai’ts of the cii'cle and taking the mean of 
all the results, in order to eliminate the effect of errors in the 
circle graduations themselves. For example, if a division exceeds 
five revolutions of the screw by + 2^.2, then for each minute in 

the fraction of a division obtained by the micrometer we must 

2 " 2 

apply to tlie reading the correction or — 0".44. The 

0 

error of runs will take the negative sign, and the correction for 
it the positive sign, when a circle division falls short of a whole 
number of revolutions of the screw. 

23, To increase the accuracy of a reading, several microscopes 
are used, having a fixed position relatively to each other, by 
which the fraction of a division in the reading is measured at 
diflerent points of the circle and the mean of the different mea- 
sures is taken. Two microscopes are placed so as to read at 
opposite points of the circle, that is, the angulai distance of the 
microscopes is 180°, or differa hut little from 180° ; three micro- 
scopes are placed at 120°, four at 90°, &c. ; or, in general, what- 
ever the number of microscope, they are placed so as to divide 
the circle into equal portions. The whole degree's and minutes 
are read only at one of the microscopes. In large instruments, 
where the field of the microscope takes in but a part of a degree, 
the number of degrees and minutes of the nearest circle division 
is read oft* by means of an index outside the microscope, or, 
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indeed, wholly separate from it, the microscope bemg used 
exclusively to measure the fraction of a division. 

24. The probable error of a reading of one microscope being e, 


that of the mean of m 
Method of Least Sqmres) 


microscopes Sg, we have (Appendix, 


- -Vmee = 


yvi 


that is, the probable error of the mean varies inversely as the 
square root of the number of microscopes. For example, if the 

probable error of reading of one microscope is 1'', that of the 
1 " 1 " 

mean of two will be — = 0" 71, that of four, = 0".6 ; that of 

six, — = 0".41, &c. , and the error will decrease but slowly as 

the number of microscopes increases It would require sixteen 
microscopes to reduce the error to 0".25. On this account, the 
advantages of increasing the number of microscopes beyond 
four, except in instruments of the largest class, are usually 
regarded as outweighed by the greater liability of the apparatus 
to derangement. 

The use of a number of microscopes or verniers is, however, 
not solely to increase the accuracy of reading, but also to elimi- 
nate the errors of the circle itself, as will be seen in the following 
articles. 

EOCENTRICITT OF GRADUATED CIRCLES. 

25. The centre of the alidade is seldom, if ever, even in the 


Fig. 13 


best instruments, exactly coincident with the 
centre of tlie graduated arc. To investigate 
the effect of such eccentricity, let C(Fig. 13) 
be the centre of the alidade, (7' that of the 
circle ; GA a straight line joining G and the 
centre of one of the reading microscopes; 

C'A' a parallel to GA, When the micro- 
scope reading is at A, the true reading is at 
A'. Let the diameter drawn through (7 and intersect the 
graduation at J5, and let 0 be the zero of the graduatioD, which 
we will suppose is numbered from 0 towards A, Put 
z = the microscope reading, 
the true reading, 

.fl = the eccentricity 0(7'. 
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It is to be assumed that such care has been bestowed upon the 
centring of the instrument that e is very small, and, therefore, 
that the arc AA* = ^' — z may be regarded as equal to the per- 
pendicular CP: so that we have, since the angle EC' A' = z' + E, 

— 2 = c sin (^r' -f ^7) (9) 

in which e must be expressed in arc. In the factor sin {z' + E) 
we may substitute z for z' without sensible error. 

When z' + E = dz 90®, we have z'—’Z=±:e, so that e is the 
maximum error of a reading, and this maximum occiim when 
the reading is 90° from E. 

26. Now, let J. (7 and A'C' he produced to meet the gradua- 
tion again at the opposite points B and B\ and let the alidade 
carry a second microscope at B. The degrees and minutes may 
be supposed to be obtained from the microscope A, while B is 
used only to give the seconds. Put 

z = the division of the circle under Ay 
A and jB = the readings of the microscopes, 

zf = the true reading corresponding to A 

Then the whole reading given by is ^ and by (9) we have 

z' = z A + e mTi(z E) 

and the microscope B gives 

180° + 2 '= 180° + z + B + e Bin(180° +z+S) 
or 

^=z B — e Bin (z E) 

The mean of the two microscopes is then 
'z^ = z + i(iA + B) 

Hence the eccentricity is fully eliminated hy taking the mean oi 
two microscopes 180° apart. In general, an even number ot 
microscopes are employed, which are arranged in pairs, so tliat 
the mean of each pair, and, consequently, of the whole, will he 
free from the eccentricity. 

27. The eccentricity may also be eliminated by three micro- 
scopes or verniers, whose mutual distance is 120°. If ^ + J., 
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120° + 2 + 5, 240° + ^ -|- (7 are the readings of the three 
microscopes, the true reading corresponding to A will he 

z'= z -j-A — e sin (£r + 

= z S — 6 sin ^120® -|- ^ 

j?' = z G — e sin (240° + ^ 

and since, by PL Trig., we have 

sm (120° + 2 + + shi (240° + 2 ; + ^) = — sin ( 2 ? + J^) 

the mean of these thi^ee equations is 

z'=^z + iCA + B+0) 

Indeed, it will readily be inferred from the discussion in Arts. 
31 and 32 that the eccentricity will be eliminated by taking the 
mean of any number whatever of equidistant microscopes. 


28. To find the eccmtnciiy . — The two opposite microscopes may 
not be perfectly adjusted at the distance of 180°, and hence we 
shall here put 

180° + “ = angular distance of the microscope B from A; 


and then, if we put, as before, 


z = the division under the microscope A, 
A and B = the readings of the two microscopes, 


the true readings will be 


^ z=zz A 6 ^m(z B) 

180° + a + ^ = 180° + + J? + e sin (180° + « + j&) 



for the second of which we take 


/ = 2 + 5 — a — e sin ( 2 f -|- ^) 


If, therefore, we put 


B — A = n 


the difference of the two equations gives the equation of condition 

n = a + 2e sin (^ + (11) 

in which a, c, and JE are unknown. Let the values of n be 
obtained from the readings of both microscopes at four equidistant 
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points of the circle, namely, z^, + 90°j + 180,° and z^-{- 270°, 

and denote these values by n„ Ji^, n„ respectively : then, by 
putting 


we have 


F = Za + JS, 


^0 = » + 2d sin P = a -(- 2c sin P 

», = a + 2 c sin (P -j- 90°) = a 2 e cosP 

n, = o -|- 2 c Bin (P 180°) = o — 2 c sin P 

n8==a + 2e8in(P+ 270°) = a — 2c cosP 

whence 


4e8in P= 

4 c cos P = n, — Jig 



which determine both e and P, after which we have JB= P—z^. 
The value of cl is evidently the mean of the values of w. 


Exauflb. 

The readings of a pair of opposite microscopes of the Repsold 
Meridian Circle of the U. S. S^aval Academy were as follows : 


z 

A 

B 

Values otn-=:B — 

0° 

+ i"0 

— 6".7 

% = ~ 10".7 

90 

4* 6 9 

— 13 .6 

Tij = — 20 .6 

180 

4-6 3 

— 16 6 

Jig = — 21 .8 

270 

— 1 .2 

— 1 2 

Wg = 0 .0 


From these we obtain 

4c sin P = 4- ll".l log 1.0468 

4c cos P = — 20" 5 log al.8118 

P = 151° 34' log tan P n9 7336 

c= 6" 83 log 4 c 1.8676 

Hence, since 05, we have J^=161° 84', and any single 
reading of the microscope A requires the correction for eccen- 
tricity 

-f 6" 83 sin (r -f- 151° 34') 

The mean oi the values of n gives a = — 18".26, an i the angular 
distance of the microscope B from A is 179° 69' 46".T5, 

The same process may be used for any other four equidistant 
points of the circle, and the mean of the various results may be 
taken. 
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29. "With three nearly equidistant microscopes the eccentricity 
can be found from two complete readings at points 180° apart. 
Let the angular distances of the microscopes B and G from A be 
denoted by ^ and /•; and, z being the division under A, put 
B = z Bj then we have, for the true reading at j4, 


^' = ^ + 4-)-e8inP 
y = 2 + P — yJ + esin(P+ 120°) 
/=« + 0 — ;'+esin(P4- 240°) 


Subtracting the first equation from the mean of the other two, 
and putting 


we find 


l(B+G)~A = n 


w = ^ O' + /?) + I e sin P 


and subtracting the second from the third, and putting 
we find 

d = — +il/Secos P 

If we read a second time with the microscope A over the division 
z 4- 180°, and obtain the readings A', B', C', we shall have 


iCJS'+C")— =»' 

and since we shall have 180 + P instead of P, we shall obtain 

sfr + /^) — ^ e 

d'= Kr — /S) — i l/3 e cos P 

Hence 

e sin P = ^ (n — n') 
e cosP = ^ [/? (d — d’') 

which determine e and P. We find also 

/J = K^-^ + -8' — ^') 

y = \(^Q-A^G' -A) 

30. In order to determine the eccenti’icily with greater accu- 
racy, and to elimmate, as far as possible, errors in reading and 
accidental errors of graduation, the circle maybe read at a great 
number of equidistant points. Each reading of a pair of oppo- 
site verniers or microscopes furnishes an equation of condition 
of the form (11), and from all these equations the most probable 
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value of the eccentricity will be deduced by the method of least 
squares. The computation according to this method is rendered 
extremely simple by the application of some theorems relating 
to periodic functions, which, on account of their utility in this 
and similar investigations, will be here demonstrated. 


81. Periodio Functions . — The circumference of a circle being 
denoted by 27r, any commensurable fractional portion of it may be 

expressed by 2?! p and q being whole numbers ; and 

the successive multiples of this fractional portion by m • by 

supposing m to take successively the values 0, 1, 2, 3, &c. If 
now we consider only the multiples from m = 0, tom = y — 1, 
we shall have the following theorems : 


Theorem I . — When is not a muliiple of 
-T sin m . = 0 

2 COB m = 0 

buty when p is a multiple of y, 

-T sin m = 0 

? 

2 cos m = q 

i 


(13) 

(14) 

(16) 

(16) 


where the summation sign I is used to denote the sum of all 
the quantities of the given form betioeen the given limits, namely, 
from m = 0 to m = q — 1. 

To prove this, put 

cos + V — 1 sin = T 
2 

then, by Moivre's formula [PL Trig. (440)], 

2p7r , y IT . 2®7r __ 

. COB m — — h y — 1 sin m. = T 
2 2 

Taking the sum of all the expressions of this form from m =s= 0, 
to m = j — 1, we have 

2pT ^ . 2nr T* — 1 

2! cos wi - + y — 1 -T sm m . ™ 

2 2 T—\ 

But we have again, by Moivrb's formula, 


2’*= oos 2p3r + i/ — 1 sin 2p» = 1 


( 17 ) 
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and, consequently, 2^ — 1 = 0. The second member of the 
above formula, therefore, becomes zero, unless the denominator 
T — 1 is zero, that is, unless T=l, N’ow, we can have T=1 only 

when sin^ = 0 and cos-^ = 1, that is, only when is a mul- 
tiple of q. In all other cases we have, therefore, 

.T cos m • + 1^ — 1 sm m = 0 

and, since the real and the imaginary terms must here be sepa- 
rately equal to zero, the first part of our theorem is established, 

When T= 1, the second member of (17) becomes but is not 

really indeterminate ; for, going back to the geometric progres- 
sion of which this is the sum, we have 

= + = 2 

and hence, when p is a midiiple of we have 

j cos m . + t/— 1 J sin m . = q 

2 2 

which establishes the second part of the theorem. 

Theorem n. — When 2p is not a multiple of q^ 

2'|sinm (18; 

=iq (19) 

but, when 2p is a multiple of q, 

r|smm'^^j = 0 (20) 

I^GOB = q (21) 

l^'or we have, for any angle a;, 

sin* oc = ^ ^ cos 2 a; 

aud, therefore, 

«» — )’= — 3 OOS 

= J2 — i^cosm ^ 
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jrhicli, by Theorem L, gives either (18) or (20). Again 



which gives either (19) or (21) 


Theokem m. — For aU iniegral values of p and q loe have, from 
m = Qtom = q — l, 

T. . 2ryn . . 

S am m • -A— cos m • = 0 (Z2) 

q q 

tor this is the same as the quantity 

^ S sin wi = 0 

q 

82. Wow, let the circle be read off by a pair of opposite micio- 
acopes, A and B, at any number of equidistant points. The circle 
is thus divided into a number of equal parts, each of which may 

27r 

be denoted by ~ If the first reading corresponds to the divi- 
sioa the subsequent readings will correspond to 4- 
«(,+ 2 Zq+B &c. to 2o+(? — Each reading fur- 

nishes an equation of condition of the form (11), giving, therefore, 
the folio wmg system, where P= z„+ E: 

n„ = o 2 e sin P 

«,= » + 2e Bin|p + 

ng=o-(- 2esin|p-|- 

» C{ (C 


It it (C 


2(q-l)qr\ 


n = tt -|- 2 e Bin ( P + 

\ ^ r 

which are all included in the general form 

, _ . / -n , 2m7r\ 

z= a + 2 6 Bin ^ P -| — j 

m being taken from 0 to j — 1. 

Developing the sine in the second member, we have 


n = tt -J- 2 e siu P cos 


2 mi: 


2e COB P sin 


2 WITT 


s 
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In this form, the three unknown quantities are a, e sin P, and 
e cos P. The final equation in each unknown quantity, according 
to tlie method of least squares, is to be found by multiplying 
each equation of condition by the coefficient of the unknown 
quantity in that equation, and adding together the products. 
This process gives, by the aid of the theorems of the preceding 
article (observing that here p = 1), 

„ / 2mic\ f 

ffe sm P = J cos ) 

“ \ '^ q I > ( 23 ) 

^ / 2»l3r\ \ 

gfl COS P= Jt^sm — I 

These formulse embrace, as a particular case, the solution alreacl_'j 
given in Art. 28 for j = 4. 

Examplb. 

The following values of n = J3 — A were obtained from the 
readings of two opposite microscopes of the meridian circle of 
the IJ. S. Kaval Academy: , 


2 

n 


Z 

n 


2 

n 


2 

n 


0° 

- 10" 

.7 

90° 

— 20" 5 

o 
O 
00 
I— 1 

— 21" 

'.8 

270° 

— 0".0 

10 

11 

6 

100 

20 

.7 

190 

18 

.3 

280 

1 

3 

20 

12 

8 

110 

21 

.0 

200 

16 

4 

290 

2 

.4 

30 

14 

7 

120 

21 

2 

210 

11 

8 

300 

4 

5 

40 

16 

.3 

130 

22 

8 

220 

7 

.8 

310 

5 

.1 

50 

17 

3 

140 

24 

7 

230 

4 

3 

320 

7 

4 

60 

18 

6 

150 

23 

4 

240 

1 

9 

330 

9 

4 

70 

18 

1 

ICO 

22 

6 

260 

— 2 

0 

340 

11 

7 

80 

19 

7 

170 

22 

3 

260 

+ 0 

.3 

360 

11 

6 


We have here q = 36, and — = 10® : so that is successively 

0°, 10°, 20°, &c. We find, first, by taking the sum of all the 
values of n, 

36 a = — 476" 2 a = — 18" 23 

and hence the distance of the microscope B from A was 
179° 69' 46".77. 

To find qe sin P, we multiply each n by the cosine of the angle 
to which it belongs, and add the products. In like manner, 
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qe cos P is found by multiplying each n by the sine of the angle 
to which it belongs, and adding the products.* We thus form 
the following table, in which, for brevity, we put ncos^: 
and nwiz for the quantities denoted in our formulae (28) by 

2m?r - . 'ImK 

cos and sin — 

» q m q 


St 

n 

ooa 

f 


n Bin 

Z 

Z 

fl 

OOB 

2 

n 

am 

^ J 

0° 



10' 

'70 



0' 

'00 

180° 

+ 

21" 

.80 

+ 

0" 

00 

10 

— 

11 

42 

— 

2 

01 

190 

+ 

18 

02 

+ 

3 

18 

20 

— 

12 

.03 

— 

4 

38 

200 

+ 

15 

41 

+ 

5 

61 

30 

— 

12 

73 

— 

7 

35 

210 

+ 

10 

22 

+ 

6 

90 

40 

— 

12 

49 


10 

48 

220 

+ 

6 

98 

+ 

6 

01 

60 

— 

11 

12 


13 

25 

230 

+ 

2 

.76 

+ 

3 

29 

60 

— 

9 

26 

— 

16 

02 

240 

+ 

0 

95 

+ 

1 

65 

70 

— 

6 

19 

— 

17 

.01 

250 


0 

68 

+ 

1 

88 

80 

— 

8 

42 

— 

19 

40 

260 

— 

0 

06 

— 

0 

30 

00 


0 

00 

— 

20 

60 

270 


0 

00 


0 

00 

L 

100 

+ 

3 

69 

— 

20 

.39 

280 

— 

0 

.23 

+ 

1 

.28 

110 

+ 

7 

18 

— 

19 

73 

290 

— 

0 

82 

+ 

2 

26 

120 

+ 

10 

.60 

— 

18 

36 

300 

— 

2 

25 

+ 

3 

90 

130 

+ 

14 

66 

— 

17 

.47 

310 

— 

3 

28 

+ 

8 

.91 

140 

+ 

18 

92 

— 

15 

.88 

320 

— 

6 

.67 

+ 

4 

.76 

160 

+ 

20 

.26 

— 

11 

70 

830 

— 

8 

14 

+ 

4 

70 

160 

+ 

21 

14 

— 

7 

70 

840 

— 

10 

99 

+ 

4 

00 

170 

+ 

21 

96 

— 

8 

87 

850 

— 

11 

42 

+ 

2 

01 

Sams 

+ 

28 

96 

— 

225 

50 



32 

97 

+ 

63 

04 

86(3 sinP 


+ 

28" 

96 + 32" 97 = + 

61".93 




log 

1 

7919 

86/2 cosP 

= 

— 226. 

60 + 53 .04 = — 

172 .46 



log 

fi2. 

,2367 





p 

= 160° 15' 



log tan P 

n9 

6552 





e 

= 

6" 09. 



log 36 e 

2 

2630 


Then, since 2 ’,= 0°, we have JS=P, and each reading of the 
microscope A requires the correction, for eccentriciiy, 


+ 6".09 Bin (^ -f 160° 160 (24) 


* The several products ma7 be taken by inspection from a traverse table, by enter- 
ing the table with the angle ar asa “bearing** and with n as a “distance/* and taking 
out the oorresp ending “difterenoe of latitude’* and “departure/* which will be, 
respectively, the products required in forming gasin jP and ge oobP 
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ELLIPTIOITY OF THE PIVOT OF THE ALIDADE. 

33. If tlie pivot of the alidade is the horizontal axis of a 
vertical circle, as in the case of some meridian circles, or if, as 
in other cases, the alidade is fixed to a pier -while the pivot of 
tlie horizontal axis of the circle revolves in a V, then any defect 
in the pivot, which renders a section at right angles to its axis 
other than a circle, will cause the centime of the alidade to vary 
its distance from the centre of the graduated circle during a 
revolution of the instrument. If the section of the pivot is any 
regular figure, the vanations in the readings of a single micro- 
scope may be regarded as a function of the division (z) which is 
under the microscope, and the correction of this reading may be 
denoted by cp {z). The correction of the reading of the opposite 
microscope must be — (p (^). In order to investigate the form of 
the pivot without involving the errors of eccentricity or of gradua- 
tion, let us denote the correction of the dmsion z for both these 
errors by and that of -the division 180°+ 2 , which is under 
the opposite microscope, by '4^(180° + z). Then, A and J5 being 
the readings of the microscopes, and 180° 4- a their constant 
distance from each other, we have 

z^ = z + A + ^ (^) + 4 ( 2 :) 

z' = z + B ^ a — 9 , ( 2 ) + 4 ( 180 ° + z) 

whence 

0 = JB — tt — 29j(2) — 4(2)+4 ( 180 ° + z) 

Now, let the division 180° + 2 be brought under the microscope 
and let J.' and -B' be the microscope readings ; then we have 
the true reading 2 " by the equations 

= 180 ° + z + A ^ + ^ ( 180 ° + 2) + 4 ( 180 ° + 2) 

2r" = 180 +2 + jB' — a — ^ ( 180 ° + 2) + 4 (2) 

whence 

0 = — J.' — a — 2 ^P(180° + 2) + 4 (2) —4(180° + 2) 

therefore, if wo put 

we have 

= Qp •+ ^ (2) + ^ ( 180 ° 2^ (^®^ 

the errors of eccentricity and of graduation being wholly elimi*' 
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nated. The form of the function ^ is yet to he determined; 
since, however, it necessarily returns to the same value after one 
complete revolution, we may assume for it a general periodic 
series, namely : 

f (a) =/' sin (2 + F'-) + f" sin (22 + J?") + sin (82 + F'") + &c. 
in which/', F',f", F'", &e. are constants. Hence also 

fl> (180''+2) =— f sin {z+F')-iff" sin (2z-\-F'')—f" sin (32+i?"")+ <fcc 
and 


9. (2) + je (180° + 2) = 2/" sin (22 + J'") + 2/'^ sin (42 + F^') + &c (26 1 

The combination of two readings 180° apart gives, therefore, 
the eq^uation of condition 


n' = a + 2/" sin (22 + F") + 2/'^ sin (42 + i?"') + &c (27) 


If we have read the circle at equidistant points, so that the 
number of such equations is q, then the values of z are success- 

ivelr0,:.5^ (j-1)* 

q q q 

of condition is 


' and the general form of the equation 


»'«=“+ 2/" sin ( m . y -h J?" j -h 2/>"ein | wi. y -j- i?'" j -1- &c (28) 

being taken from 0 to g' — 1. If we treat these equations by 
the method of least squares, we shall readily find, by the aid of 
the theorems of Art 31, 


‘ qc. = Sn'^ 

qf" sin F" = n'^ cos ^ ^ j 

qf" cos F" = sin m y j 

q sin F^' = i"! cos ?» y | 

q f cos if' = n'^ sin m — j 

&c Ac 


(29) 
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Example. 

To inveBtigate the form of the alidade pivot of the meridian 
circle, in the example of Art. 32, the readings there given ai’e 
combined as follows : 


z 

3 — 

A 

Ji 


A' 

n' 


Z 

3 — A 


A I 

n' 


1 0“ 

-10' 

'7 



21" 8 - 

- 16" 25 

90° 

— 20" 5 

— 0" 0 - 

- 10" 

'25 

10 

11 

.6 


18 

3 

14 

95 

100 

20 7 

1 

3 

11 

00 

20 

12 

8 


16 

4 

14 

60 

110 

21 0 

2 

4 

11 

70 

80 

14 

7 


11 

8 

13 

25 

120 

21 .2 

4 

5 

12 

86 

40 

16 

3 


7 

8 

12 

05 

130 

22 8 

5 

1 

13 

95 

60 

17 

.3 


4 

3 

10 

80 

140 

24 7 

7 

4 

16 

05 

60 

18 

.6 


1 

9 

10 

20 

160 

23 .4 

9 

4 

16 

40 

70 

18 

1 

— 

2 

0 

10 

06 

160 

22 5 

11 

7 

17 

.10 j 

80 

19 

7 

+ 

0 

3 

9 

70 

170 

22 3 1 

11 

6 

16 

.95 || 


Since here q = 18, the sum of the values of n' gives 

18 a = — 238" 10 a = — 18" 23 

Then, with the aid of a traverse table, we find the values oi 
n' cos 2z and n' sin 2z, as below : 


2 

n' cos 2 z 

n'sm 2z 

2 

n'coB 2z 

n' sin 2z 

0° 

— 16" 25 

— 0"00 

90° 

+ 10".25 

+ 0".00 

10 

— 14 05 

— 5 12 

100 

-1-10 34 

-1- 3 .76 

20 

— 11 18 

— 9 38 

110 

-f 8 96 

+ 7 .52 

30 

— 6 63 

— 11 48 

120 

-1- 6 .48 

-fll 13 

40 

— 2 09 

— 11 87 

130 

-1- 2 42 

-hl3 74 

60 

+ 1 88 

— 10 64 

140 

— 2 79 

-1-15 81 

60 

+ 6 10 

— 8 88 

160 

— 8 .20 

+ 14 .20 

70 

+ 7 .70 

— 6 .46 

160 

— 13 10 

-flO 99 

80 

+ 9 12 

— 3 .82 

170 

— 16 .93 

-f 5 .80 

Sums 

— 26 40 

— 67 .10 


— 1 .62 

-f 82 .95 

18/" 

Bin ir" = 

— 28".02 


log nl.4475 

18/" 

cos J"' = 

+ 15 86 


log 

12000 


F" = 

299° 8(‘' 


log tan F" 

nO 2475 


/" = 

1".79 


log 18/" 

16078 


voL. n . — i 
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m the same manner, we find, from the sums of the products 
n' COB 4* and n' sin 4^, 


18/'^BmiJ'"= + 0"16 
18/‘^co8JP’‘"= + 2"00 
4»ir 

/>»= 0"11 

Hence we have 

^(«)+f.(180»+2)=8".68 sin (2 3+299“ 300+0" 22 sin (43+4® 170 (80) 

The term in 43 is so small that we may suppose that it proceeds 
from the accidental errors of reading, and irregularUies of the 
pivot, and we may, therefore, disregard it, as well as tlie subse- 
quent terms in 63 , &c. 

Bessel has shown* that if the section of a pivot which rests in 
a i/* is an ellipse, the centre of this ellipse will, as the instrument 
revolves, move in the arc of a circle the centre of which is the 
angular point of theVf , tlut during a complete revolution tibe 
centre of the ellipse describes this arc four times, — ^twice foiwards 
and twice backwards ; and that the effect of this motion upon 
the reading of a single microscope is expressed by a term de- 
pending upon 23. 

Hence, the last term of (30) being neglected, the remaining 
term may be regarded as the effect of ellipticity of the pivot, and, 
since we must then have jp ( 2 ) = p (180° +3 ), it follows that 

?. ( 3 ) = 1" 79 sin (23 + 299“ 30') (81) 

Upon the hypothesis that the pivot is elliptical, the observed 
values of n' should satisfy the equation (27), which in the 
present case becomes 

»'= — 18".23 + 3".68 sin (23 + 299“ 30') 

at least within the errors of reading. To show that this 
hypothesis explains the observations in the present case suffi- 
ciently well, the following comparison is made, in which the 
value of n' computed by the preceding formula is denoted by 
0, the observed value by 0, the residual error, or 0 — 0, by v- 


* AatronomuoAe Beobaohiwtffcn auf der Stemwarte in Kdntguberg, Vol 1. p xiL 
f Provided the angle of the V is ninetr degrees 
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M 

1 0 

c 



' 

w 

1 ' » 

' 0 


1 ^ 


e 

1 

1 

0 ° 

— 16".26 - 

- 10 '^ 

’ 86 + 0 " 

'10 < 

0 0100 

90 ® 

— 10 ' 

'26 

— 10 " 

11 - 

- 0 " 

' 14 

0.01 oej 

[ 10 

14 .95 

15 

66 + 0 

60 

8600 

100 

11 

00 

10 

91 - 

-0 

09 

.0081 

1 20 

14 .60 

14 

48 - 

-0 

12 

0144 

110 

11 

70 

11 

98+0 

28 

.0784 

80 

18 26 

18 

. 26+0 

01 

0001 

120 

12 

86 

18 

20+0 

.86 

.1226 

40 

12 06 

12 

08 - 

-0 

02 

0004 

180 

18 

.96 

14 

. 48+0 

.48 

. 28O4I 

60 

10 80 

10 

96+0 

16 

0226 

140 

16 

06 

16 

61 - 

-0 

.64 

2916 

60 

10 20 

10 

. 16 - 

-0 

06 

0026 

160 

16 

.40 

16 

81 - 

-0 

09 

0081 

70 

10 06 

9 

71 - 

-0 

84 

1156 

160 

17 

.10 

16 

76 - 

-0 

86 

1226 

80 

9 .70 

9 

70 

0 

00 

0000 

170 

16 

96 

16 

76 - 

-0 

19 

0861 


If we denote the mean error of a single observed value of n' 
by e, we have (Appendix, Method of Least Squares)^ q being the 
number of observations, 

and this quantity also expresses the mean error of a single 
reading of one microscope of this instrument. This mean error 
of a reading was also found by comparing a number of successive 
readings of the same microscope on the same division, which 
gave 0".86 : so that the agreement of the above computed and 
observed values of n' is even closer than is necessary to sustain 
the hypothesis of an elhptical form of the pivot. It is also evi- 
dent that the addition of the term 0".22 sin (42r + 4° 17') of (30) 
would but slightly reduce the mean error of n'. 

34. The error introduced by the ellipticity of the pivot, like 
that produced by the eccentricity of the circle, is fully eliminated 
by taking the mean of the readings of a pair of opposite micro- 
scopes. If, however, the arms of the alidade, carrying the 
microscopes, do not preserve a constant inclination to the horizon 
during a revolution of the instrument, the readings of both 
microscopes will be increased or diminished by the whole 
amount of the change of inclination, and, consequently, their 
mean will involve the same error. A level placed on the alidade 
IS usually employed to determine these changes of inclination, 
and the readings are finally corrected according to its indications. 

ERRORS or GRADUATION. 

35. Errors of graduation of a divided circle may be either 
regular or accdental. 
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The regular or periodic errors are those which recur at regular 
intervals according to some law, and which may, therefore, 
be expressed as functions of the reading itself. Even the error 
of eccentricity, above considered, may be treated as such a 
periodic error of graduation, since its effect upon the reading 
(z) IS the same as if the graduation eveiywhere required the 
correction e sin {z + JS). The sum of all the con'ections for such 
periodic eiTors, regarded as a function of the reading (z:), and 
denoted by (z), must have the general fonn 

4 ( 2 ) =u' sin (z + + w"sm (2 ^ + Z7")+ (^2) 

ill which w', Z7', 24 ", U", &c. are constants." The shorter the 
period of any error, the higher is the multiple of z in the term 
representing it. 

Now, let the circle be read by q microscopes at q equidistant 
points, namely, at all the points expressed by 

m being taken successively 0, 1, 2, 3 (y — 1), and z being 

the reading of the first microscope ; then we shall have, for the 
correction of any one of these microscopes, the general expression 

4(0=“' U'+m-^'^ + u''s\n^2z+ U"+m ^ j + 

The discussion of this sex’ies will be abridged if we express it 
under the following general form : 

4 («„) = sin + ITiP’ -h m j 

in which p is successively 1, 2, 3, &c., and 1^, denotes the sum 
of all the terms thus found. Developing the sine, this gives 

4 (zj =S^u^'> sin (pg 4- CT'p)) cos m ^ cos (>« + CW) sin m - ^ 

The mean of the q microscopes will, therefore, require the cor- 
rection 

+ r'"ooB«i 

2 q «.-o q J 

+ ^ COB (pzf -)- 17^^) 


Si i , 
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But we have (Art. 81), from m = 0 to = j — 1, 2" sin m = 0 

, 2 ^ 
m all cases; and also 2’cosm = 0, except wlien^ is a mul- 


tiple of q, or p = rq, in which case this latter sum is equal to q. 
Hence all the terms of the above expression which do not vanish 
are expressed by the formula 


I CO = (33) 

r being successively the integers 1, 2, S . . . . ; whence the fol- 
lowmg important theorem : The ier77is of the pej'iodic senes not 
elmmaied hy taking the mea7i of q equidistant microscopes are those 
only which involve the multiples of qz. 

Thus, the mean of two microscopes requires a coiTection of 
the form 

w" Bin (2^ + Z7") + w*’' sin (42: + Z7‘0 + &c. , 


the mean of three microscopes, the correction 


m'" am (3 17^") -|- sin (62: -|- U^') + &o ; 

the mean of four microscopes, the correction 


sin (42: -f- + w^'^sin (82: -j- -j- &o. 

&c &c 


36. The values of the terms of the periodic series which are 
eliminated by means of a number of microscopes may be found 
from the readings of these microscopes themselves. Thus, for 
two microscopes, the readings of which at the divisions z and 
z + 180® are A and -B, and whose angular distance is 180® + a, 
we have 

2 :' = 2 : -|- j4 +4' (f) 4" 9 00 

z! = z — j- -B — ct 4” 4 0 4" 180°) — ^ ( 2 :) 

'll which <p iz) is the correction for the form of the pivot (Art. 83). 
Hence, putting .B — J. = n, we have 

n = a + ^(.0 - 4 (^ 4 - 180 °) + 2 ^ (^) 

But we have 

4 (2:) = v! sin (2 4“ ^0 4- sbi (2 2 TJ”') + i/'" sin (8 2 4- ^"0 4" 

and hence, substituting 2 4- 180 ® for 2, 

4(24-180°)= — w'sin(2-|- ?7')4-w"sin (22-)- Z7") — M'"8in(32 4- Z7")+&<i 
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Fot f{z) we have already found the form /"sin {2z + and 
therefore the value of n becomes 

n=a+ 2 w' 8 in(e+ J7')+2 /"sin {2z+F'^)+2u ''^ sin (3^+ ?7"')+&c. (34) 

The readings being made for successive values of z expressed 
generally by 

27r 

z^=fn — 

M q 

we have q eq^uations of condition of the form 

n^=tt 4 - 2 t{'Bin(m ^-J-17') +2/"sin(m ^ + -^^0 + *® 

m being taken equal to 0, 1, 2, 8 .... — 1, successively. The 
solution of these equations by the method of least squares gives 

qu' sin U' = - 1 cos m ^ | ^ (w^ cos 2 ^) 

qv! cos U' = sin OT • ^ j = .? (n^ sin 

qf" sin F" = z|n^cos jn ^j = J (”«®o®22_) 

qf" cos F" = sm m ^ r rn^sin 2zJ) 

qu'" sin U'" = 2 1 cos m . ^ j = I" («^ cos 82^ 

qu'" cos U"'= ^ I sin m . ^ I = 2 (n^ sin 82 ^ 

&c, &c &. 


Example. 

The values of n given on page 46 for thirty-six readings of the 
Meridian Oircle of the Naval Academy give, by the preceding 
formulae, a = — 18" 28 amd 

XT' = 160® 16', F" = 290® 80', XT'" = 68® 19' 

«'= 6".09, /"= 1".79, «'"= 0"69 

The difference of the readings of the two microscopes A and JB 
of this circle is therefore represented by the formula 

n = — 18".28 -f 10".18 sin (2 + 160® 16') + 8" 68 sin (22 + 299® 80') 

+ 1" 88 sin (8 2 - 1 - 68[® 19') 
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of which the terms in z and It of course agree with those before 
found for the eccentricity and for the ellipticity of the pivot of 
the alidade. 

If now we compute the values of n by this formula for every 
10°, we shall find that they agree with the observed values given 
on page 45 within quantities which in almost every instance 
are less than 1". Prom this agreement we may presume that 
this circle is very accurately graduated throughout 

37. In a similar manner, the terms of the periodic series which 
do not involve the multiples of 42 can be found from the read- 
ings of four microscopes. K A, C, B, D are these readings at 
the divisions 2, 2 -|- 90°, z + 180°, z + 270° respectively, and if 
180° a is the drstance of the microscope B from A, while 
180° + 7- is that of D from G, then the mean of the readings of 
A and B gives 

^ = z ^ (A E) — i O’ "t" } [4 (2) -f- 4 “H 180°)] 

= 2 -f- J (A S) — ^ a, u” sin (22-|- -|- 11*’' sin (42 -|- Z7’^)-)-&c. 

and, consequently (exchanging 2 for 2 -1- 90°), the 'mean of the 
readings of G and D gives 

2' = 2 -H } (<7 + X>) — ir — Bin (22 -f- U"') -|- «*’’ sin (42 + Z7‘^) _&c 
Taking the difference of these equations, and putting 
n = }(0 + D) — iK^-l-B) 

^ = iir — ®) 

we have the equation of condition 

n = + 2 u" sin (22 -f U") -j- 2 u^‘ sin (62 + 17’^) -f &o (36) 

and from the q equations of this form we derive u", U", &c. 
by the process already employed. 

The terms in 2 and 82 may be found from either pair of micro- 
scopes as in the preceding article. 

38. The accidenial errors of graduation are those which follow 
no regular law, and may with equal probability occur at any 
given division with either the positive or the negative sign. An 
error of this kind in any division is to be regarded as peculiar to 
that division, and, therefore, as having no analytical coimection 
with other errors of the same kind. The use of a number of 
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microscopes tends to reduce the effect of siicli errors, without 
entirely eliminating them , for (as in Art. 24) if e is the probable 

accidental error of a division, the probable accidental error iii 

£ 

the mean of m microseopea will be 

The general character of the graduation, as to its freedom 
from accidental errors, may he judged of by comparing the 
values of the n of the preceding articles, computed from the 
terms of the periodic series, with their observed values The 
differences will be composed of both errors of reading and acci- 
dental errors, which may be separated by employing an inde- 
pendent determination of the probable error of reading. Thus, 
if we have n — B — A, and have found the probable error of an 
observed value of n to be e, and then, if we put 

e, = the probable error of a single reading, 
e,= “ “ “ '■ division, 

the probable error of either A or B will he i/(ei*+ £ 2 *), and that 
of .B — A will be 1/2 {e^ + s^), whence 

which will determine when e and Sj have been found. 

89. The accidental eiTor of any division of the circle may be 
directly found by means of an additional microscope which can 
be set and securely clamped at any given distance from the 
regular or fixed microscopes. Let us denote this movable 
microscope by M, and let it be proposed to deteirmine the error 
of the division z. Bring the division 0° under the microscope 
A., and clamp the movable microscope M over the division z. 
Let the true angular distance of If from A (which is as yet 
unknown) he denoted by e -f yu, and let the readings of the two 
microscopes, referred to the divisions 0 and z respectively, he 
call ed A and M, then, z denoting the nominal value and z' the 
true value of the arc from 0 to 2 , we shall have 

IT -{- = 2 ' -b — A 

and the correction of the graduation z will he 

or rather, since every division (and, therefore, 0° included) may 
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be regarded as in error, this will he the difference of the correc- 
tions of the graduations 0 and 2 ', and we may write 

<p(z) — <p (0) =11 — {M — A) (37; 

ill which <p[z) denotes the total correction of a division for both 
periodic and accidental errors. The periodic errors being laiowii 
from previous investigation, the accidental error maybe sei^arated. 

Now, to find the constant distance we resold to the well 
known method of repciiiioii. First, bring any arbitrarily selected 
division Z under the microscope then Z z will be under 
M; let the readings of the two microscopes be A' and 3P re- 
spectively Then bring the division Z + z under and, con- 
sequently, the division Z 2z under and let the readings be 
J.'' and In this way, let m repetitions be made, the micro- 

scope A being successively placed upon the divisions Z, Z + z^ 

Z + 2z, Z + {m — 1) and M successively upon Z + s:, 

Z + 2Zj Z + 3Zy Z + mz; then we have, as in (37), 

^(Z + z 

^(^Z 2z) — z') = iL — (ilf" — A ' ) 

= (iJf — A'”) 

^{Z mz) — ^(Z '^-(in — 1) 2) = At — ( 

The mean of all these equations is 

i [y (^+ m^) - P C^] i I(Jf- A) 

If the number m is large, the ???th part of the difference of the 
accidental errors of the extreme divisions Z and Z + mz may be 
regarded as evanescent, and then, if we regard the first member 
as composed only of the periodic errors already found, we shall 
have 

+ ( 88 ) 

where the function 4^ denotes a periodic error, as in Art 35. If 
this process he repeated a number of times, each time commencing 
at a different division, the mean of all the values of /u may be 
regarded as entirely free from the effect of the accidental errors 
of the first and last divisions. Thus, fi being found, the correc- 
tion of the division (z) becomes known by (37). 

2 TT 

If 2 ? is an aliquot part of the circumference = — » we shall have 
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if {Z-\‘ mz) = <p {Z\ since we have returned to the same division ; 
and the value of is then rigorously 


m ^ 


Thus, the fixed microscopes themselves, whose distance is ^ 

may be at once employed in this manner (without an additional 
microscope) to determine the errors of the divisions whose 

2 TV 

mutual distance is If then we have four fixed microscopes 


and one movable one Jf placed at the distance z from A, we shall 
be able to find : Ist, the errors of the four cardinal divisions 0’’, 
90°, 180°, and 270°, by the fixed microscopes; 2d, the errors of 
the divisions 2 , 90° + z, 180° + z, 270° + z, by placing the micro- 
scope A successively upon 0°, 90°, 180°, and 270°, and reading M; 
3d, the errors of the divisions 90° — z, 180° — z, 270° — z, and 
360° — 2 , by placing Jf successively upon 90°, 180°, 270°, and 
360°, and reading A. Thus, after the errors of the four cardinal 
divisions are known, the operation just descnbed gives the errors 
of eight divisions. A second operation with the microscope M 
at the distance z, from A gives in like manner the errors of eight 
more divisions, ± z,, 90° i z„ 180° ± Zj, 270° ± Zj; and, nioie- 
over, the errors of the divisions ± z ±: z,, 90° ± z ± z,, 180° ± z 
± Zj, 270 °±z±2i, by placing the microscope A over ± z, 
90° ± z, &c. successively while M is over ± z -f- Zi, 90° ± z + Zy 
&c., or placing M over ± z, 90° ± z, &c. successively while A is 
over ± z — Zy 90° ± z — z„ &;c. By judiciously combining all 
the observations of this kind, the corrections of each degree of 
the circle may be found. 

In order to eliminate the effect of changes in the angular 
distance of the fixed and movable microscopes occurring during 
the observations and produced chiefly by changes of temperature, 
it is proper to repeat each series of observations at a given dis- 
tance z beuikwards, commencing this repetition by placing the 
movable microscope M over the last division Z + ttiz and the 
fixed one A over Z + {m — 1) z, and so returning to the first 
assumed division Z. Also the readings on the eight divisions to 
be determined should be made several times, say, once before 
the first or forward repetition series, again, between the two 
repetition series, and finally, after the second or backward repe- 
tition series. Thus, the whole operation vrill embrace 
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1st Observations on the eight divisions, 

2d. Repetition senes forwards, 

8d Observations on the eight divisions, 

4th Repetition series backwards, 

6th Observations on the eight divisions 

By this symmetrical arrangement, the mean of the three deter- 
minations of the errors of the eight divisions corresponds to the 
mean state of the apparatus as found from the mean of the two 
repetition series.* 


THE FILAR MICROMETER. 

40. For the measurement of small angles, not greater than 
the angular breadth of the field of the telescope, graduated cir- 
cles may be wholly dispensed with, and a micrometer attached 
to the eye end of the telescope may be substituted with great 
advantage both in respect of accuracy and facility of manipula- 
tion. Indeed, for many purposes to which the micrometer is 
adapted, divided circles are entirely out of the question; for 
example, the measurement of the angular distance between the 
two components of a double star. 

Micrometers, however, are very frequently used in combina- 
tion with graduated circles ; as in the meridian circle. 

41. The filar micrometer is the same in principle os the micro- 
meter employed in the reading microscope (Art. 21), only more 
elaborate and complete when intended to be used at the focus 
of a large telescope. It is variously constructed, according to 
the instrument with which it is to be connected. A very com- 
mon form which involves the essential features of all the others 
is sketched in Plate 11. Pig. 8, where the outside plate and the 
eye piece are removed and the field of view exhibited. The 
plate aa is permanently attached to the eye end of the telescope 
tube at right angles to the optical axis. The plate carrying 
the thread mm, slides upon aa, and is moved by the screw B. 
The plate cc, carrying the thread nn, slides upon bb, and is 
moved by the screw O. The threads are at right angles to the 

* This prooesB, 'whioh is due to Bessbi., wiU be found more fully disoussed in the 
KSniffsberg Obaarvaiioru, Vol VII , and in the Aatron Nach , Nos 481 and 482. See 
also OAF Pbtebb, Unierawhung der Thtilungafahler dea Ertelachen Vertiealkrnsai 
dtr Pulkowaer StamwarU (St, Petersburg, 1848) ; and Hanbbn in the Aatron, Nach., 
No 838. 
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direction of the motion produced by the screws Their dis- 
tance apart is changed only by the screw C', wliich carries a large 
graduated head, by means of which this distance is measured. 
The screw B merely shifts the whole apparatus bb, so that the 
threads may be earned to any part of the field of view. A 
notched scale in the field of view, the notches of which are at 
the same distance apart as the threads of the screw C, is at- 
tached either to the plate bb, or to the plate cc (in the figure, to 
the latter) ; in either case tlie number of notches between the 
threads indicates the whole number of revolutions of the screw 
by which tlie threads are separated, while the graduated head 
of C indicates the fraction of a revolution. Finally, at least 
one thread is stretched across the middle of the field at right 
angles to the micrometer thi’eads : sometimes three or more 
equidistant and parallel threads ; these are usually attached to 
the plate bb. In micrometer measures the tliread mm usually 
remains fixed while nn moves : the former is therefore usually 
called the fxed thread, and the latter the moiable thread. The 
threads at right angles to these are called transverse threads; 
sometimes transit threads. 

That portion of the telescope to which the micrometer is im- 
mediately attached is a tube which both slides and revolves 
within the main tube of the telescope, so that (by sliding) the 
plane of the threads may be accurately placed in the focus of 
the object glass, and (by revolving) the threads may be made to 
take any required direction. 

To measure directly the angular distance between two objects 
whose images are seen in the field, we have first to revolve the 
whole micrometer until the middle transverse thread passes 
through the two objects , then, bringing the Jfixed thread upon 
one of the objects and the movable thread upon the other, the 
distance is at once obtained in revolutions and parts of a revolu- 
tion of the micrometer screw. This measure is then to be re- 
duced to seconds of arc, for which pui'pose the angular value 
of a revolution of the screw must be known. 

42 To find the angular value of a revolution of the mierometer 
screw . — This value evidently depends not only upon the distanoa 
of the threads of the screw, but also upon the focal length uf 
the telescope, since the greater the focal length, the larger will 
be the image of any given object. 
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A FIRST METHOD of fiudiiig the valuG of tlie screw is, there- 
fore, to measure the focal length, of the object glass, and the 
4i8tance, m, between the threads of the screw (which is done bj 
counting the number of threads to an inch) ; then, if R denotes 
the angular value of a revolution, we have 


tan iJ? = 


~F 


or 




m 

F&in 1" 


(89) 


as is evident from Fig. 2, p. 13, where we may suppose rfZ, at 
the focus of the lens AB, to be the space thrcuigh which the 
micrometer thread is moved by a revolution of the screw, and 
the angular breadth of the object DX, of which dl is the image, 
to be DCL = IGd, and Om = F^ dl = m. 


43. Second Method. — Measure with the micrometer any pre 
viously known angle A, and let AT be the number of revolutions 
of the screw in the measure ; then, assuming that the middle 
point of A is observed in the middle of the field, 

tan ~ nearly, B = (40) 

The sun’s apparent horizontal diameter (see Vol. I. Art. 134) 
may be used for the angle A, if the field is sufficiently lai'ge to 
embrace the whole image of the sun, which, however, is the 
case only with small instruments, or with low magnifying powers. 

The constellation of the Pleiades furnishes pairs of stars at 
various distances, suited to instilments of various capacities, 
and BfissEL determined their distances with very great accuracy 
with a view to this as well as other applications * 

The angle A in (40) is the apjparent angular distance measured, 
so that, when two s^rs are emploj'^ed, their apparent distance 
must be computed by subtracting the correction for refraction, 
for which see Chapter X. 

44. Third Method. — ^Point the telescope at a star, and let the 
micrometer be revolved so that the transverse thread will coin- 
cide with the apparent path of the star in its diurnal movement, 
and the fixed micrometer thread will represent a declination 
circle. Place the movable thread at any number M of revolutions 


* BBSSiii*s Aitrommviche Unterstuchungen^ Vol I p 209. 
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from the fixed thread, and note the times of transit of the star 
over these threads by the sidereal clock, the telescope remaining 
fijred during the whole observation. Denote the sidereal in* 
terval between these times by J, the declination of the star by 
d, the true angular interval of the threads by i; then (as will be 
proved in the theory of the transit instrument) we shall find i by 
the formula 

sin i = sin I cos S (41) 

or, when the star is not within 10® of the pole, 

i = I cos i (41*) 


after which the value of a revolution of the screw in seconds of 
are is found by the formula 


15i 15 7 cos S 

~W~ M 


(42) 


For extreme precision, the correction for refraction should be 
applied to i; but if the observations are made near the meridian 
the correction will rarely be appreciable. 

We may in this process dispense with the use of the fixed 
thread by setting the movable thread successively at different 
points in the field, and noting the times of transit of the star 
over it together with the number of revolutions of the screw 
between the successive positions. In this way the regularity of 
the screw may be tested throughout its whole length. If the 
star is very near the pole, each observation should be compared 
with that made near the middle of the field, and the true inter- 
vals computed by the formula sin i = sin I cos d. 

This method is applicable in all cases where the micrometer 
can be revolved so as to place the fixed and movable threads in 
the direction of a declination circle. If the telescope is equa- 
torially mounted, this can be done in all positions of the instru- 
ment, and the star may be in any part of the heavens ; but a 
slow moving star near the meridian is to be preferred, if we 
wish to avoid the correction for refraction. 

The times of transit are supposed to be observed by a sidereal 
clock, the rate of which if it is large should be allowed for. If 
the tune is noted by a mean time clock, the mean intervals are 
to be converted into sidereal intervals (Vol. 1. Art. 49). 
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45. If the micrometer is attached to an instrument designed 
only for the measurement of zenith distances, or difterences of 
zenith distance (as in the case of the Zenith Telescope), the 
movable threads being always perpendicular to a vertical circle^ 
we can still employ this method of transits, by observing the 
pole star, or any star near the pole, at the time of its greatest 
elongaiim. At this time the vertical circle of the star is tangent 
to its diurnal circle, and, consequently, the micrometer thread 
will coincide in direction with this declination circle, as required 
in the preceding method. If the instrument is not moved in 
azimuth during the star’s transit through the field, the formula 
for computing the interval i from the sidereal interval I is still, 
as in the transit instrument, sin z = sin / cos S ; but it must be 
observed that this formula here applies strictly only to the case 
where the thread is at one time at the point of greatest elonga- 
tion, and therefore each observation should be compared vpith 
that taken nearest the computed time of elongation. To find 
this time, we first find the hour angle t of the star by the for- 
mula (Vol. I. Art. 18) 


cos t = cot d tan <p 

in which (p is the latitude of the place of observation; and 
then, a being the star’s right ascension, we have 

Sid T. of gr. elongation = a ± ^ 

the lower sign for the eastern elongation. 

If the instrument is slowly moved in azimuth as the star 
'Crosses the field, so as to make each observation of a transit in 
the middle of the field, the vertical distances between the diflter- 
ent positions of the movable thread are, rigorously, differences 
of zenith distance, and the formula for the transit instrument is 
no longer strictly applicable. I shall show, however, that it is 
practically sufldciently exact. Let the zenith distance, hour 
angle, and azimuth of the star at the elongation be denoted by 
Zq, ^q, and Aq respectively; those for any observation by A; 
and let and A be reckoned from the elevated pole. At the 
time of the observation, the star, the zenith, and the pole form 
an oblique spherical triangle, and we have the general relations 

cos d cos ^ = cos f cos z — sin jp sin z cosJ. 
cos ^ sm i =5= sin z sin A 
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At the elongation the triangle becomes right angled at the star, 
and we have 

cos^^=? cob;?jj sidAq 

^ sin 2 :. cos cos -4^ 

Bin t = ^ ° ® 

® cos ^ sin 


From these we deduce 

cos 8 sin cos t = sin cos z — cos z^ sin z cos Aq cos A 
cos <5 cos tjj sin t = cos z^ fiin z sin sin A 

% 

the difference of which gives 

cos 8 sin (t — ^o) = — sin z^ cos z + <i08 ^0 sm z cos — A) 

= sin ( 2 : — z^) — 2 cos z^ sin z sin* i (A^ — A) 

where, if we neglect the last term and denote ^ by and 
z — z^hj 2 , we have the formula for the transit instrument. To 
obtain an expression for this last term, we take the relations 

sin z cos A = cos q> sin 8 — sin cos 8 cost 
sm 2 sm A = cos 8 sin i 

and combine them with 

cos A^, = sin 8 sin 

, . cos 8 sin 8 cos 

° cos <p sin jP 

whence 

sin z Bin (Aq — A) = sin 5 cos (5 — sin 8 cos 8 cos (t — t^) 

= sin 2 5 sin* } (t — 

Thus sin(Ao— ’A) is very nearly proportional to the square of 
sin i{t — ^), and is, consequently, so small that we may put 
sin (Aq — Al) = J sin (A^ — A) in the last :erm of the above for- 
mula. We may also in so small a term put ^0 for 2 :. Making these 
substitutions, and writing J and i for ^ ^ and z — 2 : 0 ? find 

sin 1 = sin 7 cos ^ cot z^ sm* 2 8 sin* J 7 (43) 

Since not only sin is a small quantity, but also sin2^, it ie 
evident that the last term will he inappreciable in all practical 
cases. Thus, for the pole star, d = 88° 30' and 7 = 30”* = 7° 30', 
this term is only 0".0052 cot^p. 
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For either method of observation, tlierefore, we can regard 
the formula sin i = sin I cos d as entirely rigorous. 

But in either method we must correct the computed inteiwal i 
for refraction. This computed interval is the dift'oreiice of the 
true zenith distances at the two instaiits of transit, and the 
micrometer interval M represents the diflereiice of the apparent 
zenith distances at these instants ; hence, if r and j’o tbe rC' 
fractions for the zenith distances z and z^, we shall have 

j> — (r — r;) _z — z^ — (r — r„) 

M M 

If we put 

Ar = the difference of refraction for 1' of zenith distance, 


we shall have 
or, very nearly, 
and, consequently, 


r — ra=(z — Sq) ar 
r — = MM ar 


M = ^ — ^ 
M 


(44) 


The value of ar may be taken from the refraction table for the 
zenith distance at the elongation, which will be found by the 
formula 

sin 


An example of this method will be given in the chapter on 
the Zenith Telescope. 


46 Fourth Method. — The angular distance of two threads in 
the focus of a telescope may be directly measured with a theodo- 
lite. We have seen (Art. 4) that the rays which diverge from 
the focus and fall upon the object glass emerge from this glass 
in parallel lines. If then these emerging rays be received by 
the lens of another telescope, they will be converged by the 
latter lens to its principal focus, where they will form an image 
of the point from which they diverged. Hence, if two telescopes 
are placed with their optical axes in the same straight line and 
with their objectives turned towards each other, we may in 
either telescope see the images of threads at the principal focus 
of the other. If our second telescope is connected with a 

Voin H.— 6 
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vertical or horizontal circle, as in the theodolite, the circle may 
be used to measure the angular distance of the threads in the 
first. 

First— J£ the micrometer threads are horizontal, that is, per- 
pendicular to the vertical plane (as in the meridian circle when 
the micrometer is arranged to measure diffierences of zenith 
distance or of declination), the telescopes may have any inclinor 
tion to the horizon, and the angular distance of two threads will 
be directly measured by moving the theodolite telescope in the 
vertical plane and bringing its cross-thread successively into 
coincidence with the images of the two micrometer threads 
Denoting the difference of readings of the vertical circle in the 
two positions by A, and the number of revolutions of the micro- 
meter screw between the threads by we have tan R = ^ 
or, very nearly, = vj- 


Secondly , — ^If the micrometer threads are parallel to a vertical 
plane (as in the meridian circle when the 'j?*ciometer is arranged 
to measure differences of right ascension), the theodolite i^ placed 
as before, and the angular distance of the threads is measured 
with the horizontal circle. But, in this case, if the telescopes 
are inclined to the horizon by the angle 7* (which is obtained 
from the vertical circle of the theodolite), the angular distance J., 
read on the horizontal circle, will exceed that of the threads in 
the ratio licos;' (see the theory of the altitude and azimuth 

^ cos Y 

instrument) : so that we shall then have It = — 

This ingenious method was suggested by Q-aubs.* 


47. Fifth Method. — ^When the telescope is connected with a 
graduated vertical circle and its micrometer is arranged to mea- 
sure differences of zenith distance, the value of the screw may 
be found by means of this vertical circle as follows. Let the tele- 
scope be directed towards the nadir and looking into a basin of 
mercury immediately under it The rays which diverge from a 
thread in the focus of a telescope emerge from the objective in 
parallel lines; they are therefore reflected by the mercury in 

* In 1828, AUron Nach , Yol IL p 871 Rittenhoubb hod pxenouBly (in 1785) 
pointed out Uie praotioabihty of observing the threads of ona telesoope through 
another directed towards the first, m the TransaciioTis of the American 

JPhilosophteal Society , Vol II n 18L 
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parallel lines, so that they must he converged by the objective 
again to the focus, where they form an image of the thread. It 
is evident that the distance of the reflected images of 
two micrometer threads will be the same as that of 
the threads themselves. Let then jE'O, Fig 14, be a 
vertical line drawn through the eenti'e 0 of the ob- 
jective, and suppose the flxed and movable threads n 
and m to be at the same angular distance from £i0, 
on opposite sides of it, or ^On = EOtn. Then the 
rays from n, after passing through the objective, form 
a system of rays parallel to nO, and, after reflection 
from the mercury (the surface of which is perpen- 
dicular to JSO), form a system of rays parallel to Om, 
and therefore the reflected image of is seen at 
For the same reason, the reflected image of m is seen at n. How 
let the telescope be revolved through an angle equal to SlOn, so 
as to make the line nO a vertical line ; then the image of n will 
bo found in the vertical line, and will, consequently, be seen in 
coincidence with n itself. And if the telescope is revolved in the 
opposite direction tlirough an angle equal to JSOm, the image of m 
will be brought into coincidence with itself. Hence the whole 
angular motion (A) of the telescope, as measured by the vertical 
circle, between the two positions in which n and m are seen in 
coincidence with their own reflected images, respectively, is the 
required angular distance of the threads ; and, the number of 
revolutions of the mici-ometer screw between them being M, we 

have, as in other cases, ^ = jg' 

We may, however, dispense with the use of the fixed thread 
m this process. Let the movable thread be placed in any part 
of the field, bring it into coincidence with its reflected image by 
revolving the telescope, and read the circle Then place it in 
any other part of the field, bring it into coincidence with its 
reflected image, and read the circle. The thread having been 
moved through Jf revolutions, and the difference of the circle 
readings being A, we find R as before. 

In order that the reflected images of the threads may be 
visible, it is found necessary to throw light dovm the tube, that 
is, from the ocular. For this purpose, one of the eye pieces 
(called a coUmaUng or nadir pkei) is furnished with a reflector, 
placed at an angle of 45® with the optical axis, which receives 




68 


MEASUREMENT OF ANGLES. 


light from a lamp held on one side and reflects it down the tube. 
This reflector is sometimes placed within the eye piece, between 
the two lenses ; the light is then received through an aperture 
in the side of the eye tube, and the reflector, if made of metal, 
is perforated in the centi*e in order that the field may be visible. 
A better plan is to place a small piece of very thin mica outside 
the eye piece, between the outer lens and the eye, and at an 
angle of 46° with the axis. The mica, being transparent, does 
not interfere with the view of the field, and is at the same time 
a very perfect reflector. This plan has the advantage that the 
mica reflector may be temporarily applied to any of the eye pieces 
in actual use. 

A mercury reflector used, as in this case, to give reflected 
images of the threads, we shall hereafter designate as a mercury 
collimator,'^ 

48. Effect of temfevaiure upon the value of a revolution of the 
micrometer screio , — Changes of temperature affect the angular 
value of a revolution of the screw in two ways first, by changing 
the absolute length of the screw itself ; secondly, by changing the 
figure of the objective, and thereby also the focal length. Per- 
haps we should add, also, the almost evanescent change in the 
focal length resulting from a change in the refractive power of 
the glass The whole effect, however, is very small, and may be 
assumed to be proportional to the change of temperature: so 
that, if -Bq is the value of a revolution of the screw for an 
assumed temperatme r^. It the value for any given temperature 
T, we have 

JB„== B (r --- T<,) a? = [1 + (r — T^)x] (46) 

in which x is to be determined so as to satisfy the observed values 
of It at different temperatures as nearly as possible, which is 
done by the method of least squares. 

Example. — Suppose the following values of It have been 
observed : 

J2 = 26" 557, 26".632, 26" 629, 26" 600, 26". 498, 

forT= 10° 80° 40° 62° 75° (Fahr.) 

* The use of the meroury collunator in oonnection with the nadir eye pieoe was 
jntroduood hy Bobnenbergee in 1825 v. Asiron JVach , Vol IV. p 827. 
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and it is proposed to determine for ro= 60°. We shall have 
the equations 

iZj=26" 557(1 — 40 a!) 

B,= 2Q 532(1 — 20 a:) 

26 529(1 — 10 a:) 
jB„= 26 600(1 + 12 a:) 
i2„= 26 498(1 + 25 a:) 

Let us assume jR 5 = 26 5 + y; these equations become 

1062 a: + !/ — 0" 057 = 0 
631 X y — 0 032 = 0 
266 X y — 0 029 = 0 

— 318 a: + y + 0 000 = 0 

— 662a: + y + 0 002 = 0 

Hence, by the usual process in the method of least squares, we 
find the normal equations 

2019398 a: + 878y — 86" 535 = 0 
878a: + by— 0 116 = 0 

whence 

a: = + 0 0000365 y = + 0".017 

and, consequently, = 26".617, and 

_ 26" 517 

“ 1 + 00000365(t — 60°) 

As the coefiS-cient of r — 50° is so small, we may take 

R = 26" 517 [1 — 0 0000356 (t — 50°)] 

= 26" 617 + 0".000941 (50° — r) 

This gives for the values of B at the observed temperatures, 

B = 26".656, 26" 636, 26" 626, 26" 604, 26" 498 

for T = 10° 80° 40° 62° 75° 

which agree with the observed values within the probable errors 
of such determinations. 

49. The position Jilar micrometer . — When a filar micrometer is 
attached to an equatorially mounted telescope, there is usually 
combined with it a small graduated circle, the plane of which is 
parallel to that of the micrometer threads, by means of which 



TO 


MEASUREMENT OF ANGLES. 


the angle which these threads, or the transverse threads, make 
with a declination circle may be asceii:ained The micrometer 
then serves to measure not only the distance between two stam, 
but also their angle of i^osifton , that is, the angle which the arc 
joining the two stam makes with a declination circle. 

The index error of the circle, or its reading for the position 
angle zero, is best obtained with the telescope in the meridian. 
Let the micrometer be revolved until the movable thread is per^ 
pendicular to the meridian, which will be the case when a star 
of small declination remains upon the thread throughout its 
passage across the field. The transverse thread will tlien repre- 
sent the meridian, and in all other positions of the telescope, if 
the equatorial adjustment is good, will represent a declination 
circle.* If the reading of the position circle is then Pq, and 
the micrometer is afterwards revolved so that its transverse 
thread passes through two stars in the field, and the reading 
becomes P, the appai’ent position angle of the stars is 

p = P-P, (46) 

All position angles should be read from 0 to 860° in the same 
direction. I shall always suppose them to be reckoned from the 
north through the east. 

50. I shall briefly notice some other micrometers hereafter 
(Chapter X.). What has been given in relation to the filar micro- 
meter was necessary in this place on account of the connection 
of this instrument with nearly every form of telescope. 

THE LEVEL. 

51. The spirit level may here be classed among the inatru- 
ments for measuring small angles, inasmuch as its use in astro- 
nomy is not so much to make a given Ime absolutely level as to 
measure tlie small inclination of the line to the horizon. It 
consists of a glass tube, ground on the interior to a curve of 
large radius, and nearly filled with alcohol or sulphuric ether. 
(Water would freeze and burst the tube). The bubble of w 
occupying the space left by the fluid will always stand at the 

See, howeyer, Chapter X. in ease the a^jnatment of the equaional teleseope -e 
not quite exact 
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highest point of the curve of the tube; and tlierefore any 
change of the relative elevation of the two ends of the tube 
must be followed by a corresponding change in the position of 
the bubble. This position of the bubble, therefore, which is 
read off by means of a scale, or by graduations marked on the 
cube itself, serves to measure all changes of inclination within 
the extreme ranges of the arc of the curve employed. The 
larger the radius of the curve, the more sensitive will the level 
be. There is, however, obviously a practical limit to the radius, 
which is determined by the kind of instrument to which the 
level is to be applied and the degree of accuracy aimed at. 

In order to apply the level to the horizontal axis of an instru- 
ment, it is either mounted upon two legs, the distance apart of 
which is nearly equal to the length of the axis; and these legs 
terminate in Vs, so that the level beam only at two pomts of the 
cylindrical pivots of the axis, in which case it is called a striding 
level or it hangs from the axis by arms, which are recurved 
and terminate in inverted Vs; and it is then called a hanging 
level. 

Plate n., Fig. 4, represents a common form of the striding 
level, and Fig. 5 is an end view of the legs. The tube ef is in 
this level covered by a larger glass tube abcd^ to protect the fluid 
from sudden changes of temperature. These are secured to a 
bar AB^ usually a hollow brass cylinder, which is connected 
with the legs by screws s and which serve to adjust the rela- 
tion of the level tube to the line of hearing of the Vs of the 
feet, as will be explained hereafter. 



62. In order to investigate the method of using the level, let 
us first suppose EW^ Fig. 15, to be 
a truly horizontal line on which 
the level AB rests. Let 0 be the 
zero of the graduations ; e and w 
the ends of the bubble. Let the 
length of the bubble be 2Z. If 
the legs AE and BW were per- 
fectly equal, and 0 were in the 

mid^e of AB^ the readings of w and e from 0 would he exactly 
the same, and each equal to I But, if B TT is the longer leg, 
the bubble will stand nearer to jB by a number x of divisions ; 
and if at the same time the zero 0 stands nearer to A than to B, 
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at a distance of y dmaions from the middle, then the readings 
will be 

at Z -f a; + 

at e, I — X — y 

If now TTis raised so that jETT becomes inclined to tbe horizon 
by the angle 6, the bubble will stand nearer to the end J? by a 
number z of divisions, so that the whole readings at w and e 
will be 

To eliminate the errors z and y, let the level now be reversed, 
bo that the end A stands over W and B over B. The errors z 
and y will both change sign , but, the line JEW being inclined 
as before, the readings of the ends of the bubble towards W and 
E, respectively, will be 


•d =l — X — y -\- z 
e! = l X -{■ y — z 

From the equations (47) and (48) we deduce 


} 


(48) 


l(w — e) = x -\-y z 
— e) — —(x -ir y') z 

whence 

or 

(w + to') — (e + O 
4 


} 


(49) 


(60) 


whence the practical rule : Plaee the lend on the line whose vnclma- 
tion is to be measured, and read the divisions at the ends of the bubble; 
reverse the lend, and read agam. Add together the two readings lying 
towards one end of the line, and also the two readings lying towards the 
other end of the Ime. Onefowrth the difference of these sums is the 
measure of the indinaiim. The Ime is elevated at that end which 
gives the greatest sum of readings. 

This gives the inclination expressed in divisions of the level ; 
the value of the angle b corresponding to z divisions is known 
when the angular value d of a division is known, so that 


b = dz (61) 

68. The errors x and y are inseparable ; we can only find their 
sum, which is 


. i . 
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x + y = 


{w — e) — (y/ — e') 


(52) 


If the en’ors of the level could he regarded as constant, the 
value of X + y thus found would enable us to dispense with tlie 
reversal of the level, since either of the equations (49) would 
then deterniine z; but such constancy is never to bo assumed, 

54, For greater accuracy, the level may be road a number of 
times ill each position, taking care to lift it up after each read- 
ing, BO that each observation may be independent of the others. 
The sums of all the readings at each end of the bubble are to bo 
formed, and the difference of these sums divided by the whole 


number of 

readings. 

The number of readings in tlie two posi- 

tions must be equal. 




Examplb 1. 

A level 

on the 

axis of a transit instrument was read as 

follows : 

w. 

E w — e 

Ist Position 

291 

31.2 — 2 1 

2d “ 

35 4 

249 + 10 6 


64.6 

66 1 4) — 12 6 


661 

x-\-y = — 3.16 = error of the level. 


4) 8 4 

e=z 21 



The value of a division was d= V'.25 ; and hence 

^ = 2 " 68 

which is the elevation of the west end of the axis. 


Example 2, 

The following readings were obtained with the same instru- 
ment: 



W 

E. 

Ist Position 

29.0 

31.8 

2d “ 

36 4 

24.9 

2d « 

36 6 

24 6 

1st « 

29.2 

81.0 


129.2 

1118 


111.8 


8) 

17 4 


z = 

218 

6 = 2" 72 
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By taking the first and last obsei-vations in the same position 
of the level, as in this example, any small change in the level 
itself, occuring during the observations, is eliminated. 

55 The zero of the level is, however, not always placed near 
the middle of the tube ; it may be at one end and the divisions 
numbered consecutively through the whole length of the tube. 
In this ease, we have only to find the reading corresponding to 
the middle of the bubble in each position of the level : the half 
difference of these readings will evidently he tlie required incli 
nation. It will he necessary, in the record of the observation, 
to note the position of the ends of the level, or to indicate in 
some manner the direction in which the divisions increase, which 
is usually effected most readily by a conventional use of the 
algebraic sign, as in the following 

Example. 

A level which is graduated from the end A towards the end £ 
reads as follows when placed on the axis of a transit instrument* 



w 

Reading of 

E. middle of 

bubble 

or thus: 

A east 

+ 64 0 

+ 18 6 + 38.75 

+ 77.5 

B “ 

— 10.1 

— 60.7 — 35 40 

— 70 8 



2) + 3 35 

4) +67 



ir = + 1675 

« = + 1 676 


Since in the case of a transit instrument we wish to find the 
elemiwn of the west end (a negative elevation being interpreted as 
a depression), we here mark the level readings with the positive 
sign when they increase towards the west, and with the negative 
sign when they increase towards the east. The value of z will 
then he obtained, with its proper sign, by simply taking the 
mean of all the readings, as in the last column above. 

56. In the above examples, the diameters of the two pivots of 
the axis on which the level rests are assumed to he &e same. 
W hen this is not the case, a correction becomes necessary, which 
■win be considered in its place under “Transit Instrument,’’ 
Chapter V. 
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67. To Jind the value of a division of the level — This is most readily 
done by means of a simple instrument called a levehirwr, A 
horizontal bar is supported by two feet at one end and by a 
single foot-screw at the other. The level is placed on the bar, 
and the number of turns of the foot-screw necessary to carry the 
bubble over any given number of divisions is observed. The 
angular value of a turn of the foot-screw is known from the 
distance of its threads and the length of the bar. The head of 
the screw is graduated so that a fraction of a turn may be noted. 

We can also determine the value of a division by attaching 
the level tube to a veiiiical circle and noting the number of 
seconds on the circle corresponding to a motion (of the circle 
and level together) which carries the bubble over a given numbei 
of divisions. Thus, suppose we read the ends A and -B of a level 
thus attached to a circle, and also read the circle itself, as follows: 


A 

B 

Cirole 

6.0 

40 2 

o 

o 

O 

o 

413 

38 

0 1 25 3 

S6.3 

364 

45 .8 


(mean) 36 36d = 45" 3 
d= 1".246 

When the level is applied to a telescope which is provided 
with a micrometer, the value of the divisions of the level may 
be found from those of the micrometer. An example of this 
method will be given in connection with the Zenith Telescope, 
Chapter VUI. 

68. To find the radius of curvature of a level.— liOt. n be the length 
of a division in linear units, d the value of a division in arc, 
found as above ; then the radius will be 

n 

d sill 1" 

Suppose that in the level of the preceding article we have 
n = 0.103 inch, then we find, for this level, r = 17061 inches, or 
1421 feet. 

59. The value of a division of a level may be affected by changes of 
iemyeraiure. — This will be discovered by taking observations for 
determining this value at two temperatures as different as pos- 
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sible. The proper value to be used for auy intermediate tem- 
perature will then be found by interpolation. 

60. It oho ‘po^sMe that the radius of curvature of different por- 
tions of the tube may be different, — This, of course, is a radical defect 
in the* construction of the instrument: its effect is to give dif- 
ferent angular values to divisions of equal absolute length in 
different portions of the tube. , The existence of such a defect 
will be discovered by determining the value of a division inde- 
pendently at various points; and it is proper to examine all our 
levels in this manner. A level thus defective should be rejected 
as unfit for any refined observation , but, if no other can be had, 
a careful investigation might determine a system of corrections 
to be applied to the different readings. 

61. It remains to be shown howto effect the mechanical adjust- 
ment of the level. Ist. The bubble should stand nearly in the 
middle of the tube when the level stands upon any horizontal 
line. This is quickly brought about by finding the error of the 
level = a: + y, (as in Example 1, Art. 54) and then turning the 
screws /, i(', Plate IE. Eig 6, until the bubble has moved through 
this quantity in the proper direction. 2d. The axis of the tube 
should be parallel to the line joining the angle of the Vs of the 
feet, and, consequently, parallel to the axis of an instrument on 
which it rests. This is tested by slightly revolving or rocking 
the level on the axis of the instrument, so that the legs are 
thrown out of a perpendicular on either side. If the axis of the 
level tube is not parallel to the line joining the feet, but lies 
eross-ioxse with respect to that line, this revolution will cause the 
bubble to change its position, and it will be easy to see in what 
direction the con'ection must be made. The adjustment is made 
by the screws 5, s'. 
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CHAPTER HI 

INSTETTMENTS FOE MEASUEING TIME. 

62. Ckronomeiers . — The chronometer is merely a veiy perfect 
watch, in which the balance wheel is so constructed that changes 
of temperature have the least possible effect upon the time of its 
oscillation. Such a balance is called a compensation balance. A 
chronometer may be well compensated for temperature and yet 
its rate may be gaining or losing on the time it is intended to 
keep - the compensation is good when changes of tempei-ature do 
not affect the rate. It is not necessary that a chronometer’s i*ate 
should be zero (or even very small, except that a small rate is 
practically convemmt)-, it is' sufficient if the rate, whatever it is, 
remains constant. The indications of a chronometer at any 
instant require a correction for the whole accumulated error up 
to that instant. If the correction is known for any given time, 
together with the rate, the correction for any subsequent time is 
known. The methods of finding these quantities are given in 
Vol. I., Chapter V. 

63. Winding . — ^Most chronometers are now made to run either 
eight days or two days. The former are wound every seventh 
day, the latter daily, so that in case the winding should be for- 
gotten for twenty-four hours the chronometers will still bo found 
running. But it is of importance that they should be wound regu- 
larly at stated intervals , otherwise an unused part of the spring 
comes into action, and an irregularity in the rate may result. 

Chronometers are wound with a given number of half turns of 
the key. It is well to know this number, and to count in winding, 
in order to avoid a sudden jerk at the last turn: still the chro- 
nometer should always be wound as far as it will go, tliat is, until 
it resists further winding. This resistance is produced not by 
the end of the chain, but by a catch provided to act at the proj»»ir 
time and thus protect the chain. 
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When a chronometer has stopped, it does not again start 
immediately after being wound up. It is necessary to give the 
whole instrument a quick rotatory movement, by which the 
balance wheel is set in motion. This must be done with care, 
however, and with little more force than is necessary to produce 
the result, afterwards the chronometer must be guarded from all 
sudden motions. ' 

The hands of a chronometer can be moved without injury to 
the instrument, so that it may be set proximately to the true 
time. It is, however, not advisable to do this often. 

64. Transporting . — Chronometers transported on board ship 
should be placed as near the centi'e of motion as possible, and 
allowed to swing freely in their gimbals, so that they may pre- 
serve a horizontal position. They should also be kept as nearly 
as possible in a uniform temperature. 

When transported by land, the chi’onometer should no longer 
be allowed to swing in its gimbals, but is to be fastened by a 
clamp provided for the purpose, for the sudden motions which 
it is then liable to receive would set it in violent oscillation 
in the gimbals, and produce more effect than if allowed to act 
directly. 

Pocket chronometers should be kept at all times in the same 
position: consequently, if actually carried in the pocket during 
the day, they should be suspended vei’tically at night. 

It has been found that the rates of chronometers have been 
affected by masses of iron in their vicinily, indicatmg a magnetic 
polarity of their balances. Such polarity may exist in the balance 
when it first comes from the hands of the maker, or it may be 
acquired by the chronometer standuig a long time in the same 
position with respect to the magnetic meridian. Li order to 
avoid any error that might result from this polarity (whether 
known or unknown), it will be well to keep the chronometers 
always in the same position. Hence, they should not be removed 
from the ship to be rated; but their rates should be found after 
they are placed in the position they are to occupy. 

The rate of a chronometer when transpoi'ted is seldom the 
same as when at rest. The travelling rate is found by comparing 
the observations taken at the same place before and after the 
journey, or from observations at two places whose difference of 
longitude is perfectly well known A list jof well- determined 
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“differences of longitude” is given in Raper’s Praeiice of Navi- 
gation, for the use of navigators in finding the sea rates of their 
chronometers. (See Vol. I. Aii;. 258). 

66. Correction for tm.'p&aiure, — ^An absolutely perfect compensa- 
tion for temperature in chronometers is hardly to be expected. 
It has been found* that the average temperature compensation 
of chronometers is of such a nature as to cause the instrument to 
lose on its daily rate when exposed to a temperature either above 
or below a certain point for which the compensation is most 
perfect. Professor Bond found for a large number of chronome- 
ters that if be the toinperature of best compensation, that of 
actual exposure, the rate may be expressed for a range of 20° 
above and below formula 

= — ( 53 ) 

in which A: is a constant, and has, with rare exceptions, a positive 
sign, and w, and m are the rates at the temperatures and d, 
respectively , losing rates being positive. 

M. Libusson, from a very extended examination of the per- 
formance of chronometers on trial at the Observatories of Green- 
wich and Paris, finds that the rate varies both with the tempe- 
rature and vrith the age of the oil with which the pivots are 
lubricated The thickening of the oil tends to diminish the 
amplitude of the vibration of the balance, i and thus produces an 
acceleration of the chronometer. This acceleration is almost 
exactly proptfrtional to the time, so that for any time t the rate 
may be found by the complete formula 

m = k{9 — — Kt ( 64 ) 

in which k' is the daily change of rate resulting from the gradual 
thickening of the oil. The constants k and k' will be different 
for every chronometer, and are determined by experiment for 
each instrument. 


66. Comparison of Ckronometers . — ^When one or more chro- 
nometer? are to be regulated by means of astronomical observa- 

* Lieusson, K^chferohes sutf les yariatiouB de la marohe des pendules et des ohro- 
es i Pana, lp54, Gk ^ 1 Bond, inf lua report on the longitude in the Beport of 
{hp <lohel Bttrtey fot 156^ App, p 141, 


I i i nl ihillii H n i s i i ii . ‘ 
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tions, these observations are made with but one of them, and the 
corrections of all the others are found by comparing them with 
this. On boai’d ship the chronometers are never brought on 
deck; but the observations are made with a watch (often called a 
“hack-watch”), which is compared with the chronometer either 
before or after, or both before and after, the observations. The 
double comparison is necessary where extreme precision is re- 
quired, in order to eliminate any difference of the rates of the 
watch and chronometer. 


Example. 

An ohservation is recorded by a hack-watch at the time 
10^ 12*" 13*.3, and the following compansoiis are made with the 
chronometer. Required the time of the observation by the 
chronometer. 

Chron 8* 17” 0* 8^ 27” 0* 

Watch 10 8 9^ 10 18 8 0 

Eednction — 1 51 95 — 16180 

Here the watch loses V.5 in 10”: hence, in 4” the time from the 
first comparison to the observation, it loses 1*.5 X or 0'.6, so 
that the difference at the time of the observation isl^ 51” 8^93 
therefore we have 

Watch time of obs = 10* 12” 13* 3 

Reduction to chron = — 1 61 8.9 
Ohron. time of obs = 8 21 4 4 

Comparison by coinadeni beats - — ^When two chronometers are 
compared which keep the same kind of time, and both of which 
beat half seconds, it will mostly happen that the beats of the two 
instruments are not synchronous, but one will fall after the other 
by a certain fraction of a beat, which will be pretty nearly con- 
stant, and must be estimated by the ear. This estimate may be 
made within half a beat, or a quarter of a second, without 
culty, but it requires much practice to estimate the fraction 
within ff.l with certainty. But if a mean time or solar chro- 
nometer is compared with a sidereal chronometer, their dif- 
ference may be obtained with ease within one-twenUeih of a 
second. Since T sidereal time is less than T mean time, the beats 
of the sidereal chronometer will not remain at a constant fraction 
behind those of the solar chronometer, but will gradually gain 


I 
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on them, so that at certain times they -mil be coincident. Now, 
if the comparison is made at the time tliis coincidence occurs, 
there tvuII be no fraction for the ear to estimate, and the differ- 
ence of the two instruments at tins time will be obtained exactly. 
The only eiTor will be that which arises from judging the beats 
to be 111 coincidence when they are really separated by a small 
fraction , and it is found that the eai’ will easily distinguish the 
beats as not synchronous so long as they differ bj’’ as much as 
0*.05, consequently the comparison is accurately obtained within 
that quantity. Indeed, with practice it is obtained wdthin O'.OS, 
or even 0* 02. Now, since 1* sidereal time = 0* 99727 mean time, 
the sidereal chronometer gains 0^00273 on the solar chronometer 
in 1'; and therefore it gains 0*.5 in 183*, or very nearly in 3”*. 
Hence, once every tliree minutes the two chronometers will heat 
together.* When this is about to occur, the observer begins to 
count the seconds of one chronometer, while he dmects his eye to 
the other; when he no longer perceives any difference in the 
beats, he notes the corresponding half seconds of the two insh'u- 
ments. 


Example. 

A solar and a sidereal chronometer were compared by coinci- 
dent beats, as follows : 

Solar cbron 4* 16" O'. 4* 19" 10'. 

Sidereal 1 3 11 5 1 6 22 . 

Difference 3 12 48 6 3 12 48 . 

Here the interval between the two comparisons being about 3*, 
the sidereal chronometer has gained a beat. In order to judge 
of the accuracy of the comparisons, let us reduce the second to 
the time of the first. The solar interval is, by the solar chro- 
nometer, S^IO'; the corresponding sidereal interval is, by the 
tables, 3”* 10*. 52, the second comparison reduced to the time of 
the first stands as follows : 

Solar chron 4* 16" O'. 

Sid « 1 3 11 48 

Difference 3 12 48 62 

* They will either bent together, or at least their beats will both faU within A 
spaoe of time equal to one-half of O' 00278 
VoL H —6 
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that is, it agrees with the first comparison within O'. 02. Suppose 
that at the second comparison the time when the beats were 
coincident was mistaken, and the observer made his comparison 
10* Jater; he would have had 10* more on each chronometer, and 
consequently would have put down the comparison thus; 

Solar chron 4* 19“ 20* 

Sid. " 1 6 82 

The mean interval between the comparisons would have been 
8“ 20', and the equivalent sidereal interval is S” 20*.55, so that 
this second comparison reduced to the time of the first would 
have stood thus ; 

Solar chron 4* 16“ 0*. 

Sid “ 13 11.46 

Difference 1 12 48.66 

that is, the two comparisons would still have agreed within 0'.05. 
The observer can in this way satisfy himself by a few trials that 
the two chronometers can really be compared within 0*.06 with 
certainly. 

When two solar chronometers are to be compared together, it 
will be most accurately done by comparing each with a sidereal 
chronometer by coincident beats, and reducing the comparisons 
as follows: 


Example. 

Two solar chronometers A and B are compared with a sidereal 
chronometer C, as below: 

C 6* 13“ 20*. A 4»40“10'.6 

a 6 16 15. 5 6 21 18. 

Sid. interval 1 56 . = 1 64 69 solar 

B reduced to time of A = 5 19 18 31 
Difference of A and j5 = 0 39 7 81 

The intermediate chronometer used for comparison is not 
necessarily a sidereal one. It may be a mean time chronometer 
which does not beat half seconds; for example, a pocket chro- 
nometer which beats 18 times in 6 seconds. In this case each 
beat of the pocket chronometer is worth and therefore difiFem 
from that of a chronometer beatiqg half seconds by ^ of a second. ’ 
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The inaccuracy of a coincidence cannot exceed this quantity, and 
the comparison may, therefore, also be made within of a second. 

67. Probable error of an interpolated value of a chronometer cor- 

rection. — When the corrections a iT and a jT' for the times T and 
are given, the correction for any other time T t = is 

found by interpolation. Denoting the rate by dT^ and the 
required correction by x, we have 

either x = ^ t ,dT or x= — If . dT 

Now, granting that the given quantities A^and aT^ are perfectly 
correct, the interpolated values of x will also be correct if there 
are no accidental irregularities in the going of the chronometer. 
But such accidental irregularities certainly exist, and tend to 
diminish the weu/ht to be assigned to any interpolated value of 
the correction. If the mean (accidental) error in a unit of time 
is e, the mean error in the interval t is, by the theoiy of least 
squares, e]/^, and the weight is inversely proportional to the 
square of this error, that is, inversely proportional to We shall 
have then 

b 

X = lT -^t.dT with the weight - 

V 

x=zi,T'~^.iT « « « n 

t 

in which k is an undetermined constant. 

Multiplying each value by its weight, and dividing the sum by 
the sum of the weights (according to the usual process in the 
method of least squares), we have 

i'.ar+t.Ar' + 

x= , with the weight = I 

(66) 

tt 

t + 1) 

This error is zero either for < = 0 or t' = 0, and is a maarimum 
for t == i', that is, when the correction is found for the middle 
time between the two given times T and T'. 

68. If, however, the chronometer has accelerated or retarded 
uniformly, the error will obtain a different expression. Let the 


or with the mean error 


=• V 
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Kite at the time T'be BT and at the time T' he B'T. The 
acceleration in a unit of time is 


d"T = 


d' T~ ST 


( 66 ) 


The rate at the middle instant between T and T + i is BT 
+ ^t.B"T; and at the middle instant between T' and T' — t' 
it is B'T — \i'. B"T; hence we have 

x = ti.T +t (S T U (5"r)= AT + t d"T 

'r = £>.T'—f(S>T—if d"T)=AT'—f d'T+ it" S"T 


Multiplying the first by i', the second by i, and dividing the sum 
of the products by t + 1', we have 


or 


a = 


f &.T + t aT' 
t + f 


— tf 


S'T — bT 


+ \te d"T 






whence it appears that the error of the value obtained by simple 
interpolation, or upon the supposition of a uniform rate, is 
and this error is also a maximum for the middle instant 
between Tand T', when t = and vanishes for ^ = 0 or V= 0. 


69. Every chronometer has, moreover, its own peculiarities 
which render the application of any formula for weight more or 
less uncertain. Struvb found that, for the greater number of 
the chronometers which he tried, the mean error of an interpo- 
lated value of their corrections could be expressed by the empiri- 


cal formula s • 


ttf 

t + f 


^ differing from the above theoretical formula 


by the omission of the radical sign. [Expidiiim ChronorrUtnque, 

p. 101 ) 


70. Chclcs , — The astronomical clock is provided with a com- 
pensation pendulum, by which the effect of temperature is even 
more completely eliminated than in chronometers. The only 
forms in use are the Harrison (the gridiron) and the mercurid 
pendulum 

In the gridiron pendulum the rod is composed (in part) of a 
number of parallel bars of steel and brass, so connected together' 



CLOCKS. 


85 


that the expansion of the stee] bars produced by an ineroaso of 
temperature tends to depress the bob’* of tlie ponduluin, the 
greater expansion of the brass bars tends to raise it, so that when 
the total lengths of the steel and brass bars have been properly 
adjusted a perfect compensation occurs, and the centre of oscil- 
lation remains at a constant distance from the point of snspon- 
sion The rate of the clock, so far as it depends upon the length 
of the pendulum, will therefore he constimt 

In tlie mercurial pendulum, the weight which forms tlie hoh 
in other cases is replaced by a cylindrical glass vessel nearly 
filled with mercury. With an increase of temperature tlio rod 
lengthens, but the mercury expanding must rise in the cylinder, 
so that when the quantity of mercury is properly proportioned 
to the length of the rod the centre of oscillation remains at the 
same distance from the point of suspension. If a clock is to be 
exposed to sudden changes of temperature, the gridiron pendulum 
will be preferable to the mercurial, as the large body of mercury 
will obtam the temperature of the air more slowly than the 
thin metal rods. 

In setting up the clock the chief point to be observed is that 
its alternate beats are exactly equal. The pendulum usually 
carries a pointer at its lower extremity which indicates \ipon an 
arc below the pendulum the extent of a vibration. Let the 
pendulum be drawn towards one side gently, until a tooth of the 
escapement wheel is just freed, and mark th^ point of the arc at 
which this occurs, then let the pendulum be drawn towards the 
other side, and mark the point of the arc at which a tooth escapes. 
Find the middle point A of the included arc. Then lot the 
pendulum come to rest in a veriical position; if the pointer is on 
A the adjustment is correct, and the vibrations on each side will 
be isochronous ; if not, the clock case must be moved until the 
vertical pendulum is directed exactly towards A. The equality 
of the vibrations may also be tested by the elecfro-chi*ouograi)h, 
hereafter described. 

What has been said above respecting the compai'isoii of chro- 
nometers will apply, with scarcely any modification, to that of 
docks, or of a clock with a chronometer. 

In the observatory, a clock regulated to sidereal time is tlie 
indispensable companion of the transit instrument. The standard 
or normal clock of an observatory is carefully mounted upon a 
stone pier which is disconnected from the walls or floors of the 
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building, and also protected as much as possible from changes 
of teraperature. For the latter purpose it is sometimes imbedded 
in a stone pier, in an air-tight compartment below the surface 
of the ground. Struve found that the changes of barometric 
pressure, by varying the resistance which the air opposes to the 
motions of the pendulum, caused a variation in the rate of the 
normal clock of the Pulkowa Observatory of O'. 32 for a variation 
of one English inch of the barometer.^ 

71. The eUctro-chronograjph — This contrivance may be regarded 
as an appendage of the astronomical clock, and bearing the same 
relation to it that the reading microscope bears to a divided 
circle , for its chief use is to subdivide the seconds of the clock, 
and thus to measure micrometrically the smallest fractions of 
time In order to effect this micrometric subdivision, the clock 
beats are converted from audible into visible signals, which are 
recorded on paper by means of an electro-magnet. The instant 
of the occurrence of any phenomenon is also registered by a 
visible signal on the same paper, and thus referred to the pre- 
ceding clock beat with great precision This general statement 
covers a gi’eat variety of special contrivances leading to the same 
end. We shall here ti'eat only of those which, thus far, have 
been most used. 

72. The simplest, form of register is that known on our tele- 
graphic lines as Morse’s, in which a fillet of paper is reeled off 
at a uniform velocity by means of a train of wheels moved by a 
weight. The fillet passes over a small cylinder and just under 
a hard steel point, or pen (as it is called, for brevity), which is so 
connected with the armature of an electro-magnet that whenever 
the electric circuit of the galvanic battery is established, the pen 
is pressed upon the paper and leaves a visible mark. The wire 
from one pole of the battery which passes around the electro- 
magnet does not return directly to the other pole, but first passes 
through the clock, where, by a contrivance presently to be 
described, the circuit is broken and restored at every second. 
The Morse fillet in running off, therefore, receives an impression 
every second, and thus becomes graduated into spaces represout- 
ing seconds. These spaces are greater or less according to t^e 

- i r - V'l j ^ 
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velocity with, which the paper runs off ; an inch per second is 
even more than sufficient, as it is easy to divide an inch into fifty 
parts by a scale, even without the aid of a magnifier. 

It is of importance that the paper should run off with a uni- 
form velocity , at least, no sudden changes of velocity should 
occur. In the Morse register this regularity is maintained by an 
ordinary fly-wheel. In the spring-governor^ invented by the 
Messrs. Bond, a fly-wheel and pendulum are both used. The 
pendulum secures the condition that the seconds shajl be of the 
same length, while the fly is supposed to maintain a uniform 
motion during the second. In this and in other chronographic 
instruments there is substituted for the fillet a sheet of paper 
wrapped about a cylinder which makes one revolution per minute. 
As the cylinder revolves, a fine screw causes it to move also in 
the direction of its length, so that the pen records in a perpetual 
spiral, and when the paper is removed from the cylinder the 
successive minutes are found recorded in successive parallel 
lines. One such sheet will contain the record of upwards of 
two hours* work. This cylindrical register is preferable to the 
Morse fillet for most chronographic purposes, on account of the 
convenience with which the sheets may be read off and filed 
away for subsequent reference 

III Saxton’s cylindrical register the movement is regulated by 
a combination of the crank motion with the vibration of two 
pendulums. 

Professor Mitchel employed a circular disc upon which the 
successive minutes occupied concentric circles, each of which 
was graduated into seconds with great precision by connection 
with the clock. 

73. The connection of the clock with the register is made in 
one of two ways ; either so as to break the circuit eveiy second, 
or so as to mxike it. 

The method most used of causing the clock to break the 
circuit is that suggested by Mr. Saxton, of the Coast Survey. 
ACS, Fig. 16, is a small and very light “tilt-hammer,” usually 
made of platinum wire, mounted upon a pivot (7, so that the end 
4 shall slightly preponderate and rest upon a platinum plate E. 
The end B is bent into an obtuse angle. The wire F from one 
pole of the galvanic battery is constantly connected with the tilt-, 
j hammer through the metallic support D. Another wire G- is 

m 
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Fig la. connected with the plate JE, and goes 

first to the electro-magnet of the register 
and thence to the other pole of tlie bat- 
tery. This apparatus is placed in the 
clock case m front of the pendulum PM, 
with the vertex of the angle B in a ver- 
tical line below the point of suspension 
P. A small pin N projecting from the 
pendulum rod passes over the angle B 
at each vibration of the pendulum, and, 
by thus depressing the end B of the tilt- 
hammer, raises the end A ft’oni the plate 
E and breaks the circuit, which other- 
wise IS complete through the connection 
of the portion AO of the tilt-hammer 
Avith both the wires F and G, The in 
terval of time during which the circuit 
is broken will be longer or shorter accord- 
ing as the pm N strikes the sides of the angle B farther from or 
nearer to its vertex. It may be adjusted so that the break shall 
last but one-twentieth of a second, or for a shorter time if 
required. 

How, if the pen of the register is kept pressed upon the paper 
by the attraction of the electro-magnet, it is clear that the breaks 
produced by the clock will produce corresponding breaks in the 
continuous line made by the pen, and the paper will be gradu- 
ated into seconds, thus : 


But if the pen is pressed upon the paper by a spnng acting 
against the attraction of the magnet, then each break produced 
by the clock will give a corresponding short mark on the paper 
with an intervening blank, so that the paper will be graduated 
into seconds, thus: 


The first of these methods is commonly preferred. 

In the cylindrical registers a pen carrying ink is used, and the 
breaking of the circuit by the clock does not cause the pen to 
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vise from the paper, but moves it laterally; in this case the paper 
is graduated into seconds, thus; 


Dr. Looke also employed a tilt-hammer for breaking the cir- 
cuit, but the hammer was worked by the teeth f>f a wheel i)hiced 
on the axis of the escaiiomeiit wheel of the clock. 

At the "Waslungton Observatory, the record on the paper of 
the cylindrical registers has also been made by iine punctures 
produced by a needle point. The needle has a little play which 
prevents its resisting the motion of the cylinder during the time 
required for the needle to enter and leave the pajior. 

74 The most simple method by which tlie pendulum makes 
the circuit at each beat is also the suggestion of Mr. Saxton. 
A small globule of mercury is placed just below the pendulum, 
as at A, Fig. 17, upon a metallic support which by 
the wire F is in connection with one pole of the 
battery. Another wire G is connected with the 
metallic support of the pendulum rod at P, and is 
connected with the other pole of the battery through 
the electro-magnet. A fine point m upon the ex- 
tremity of the pendulum passes through the globule 
at each vibration and establishes the electric cir- 
cuit, for a small fraction of a second, through the 
pendulum itself. The effect will bo to graduate 
the paper in one of the above mentioned ways 
according to the arrangement of the register. 

75. Having thus obtained a graduated visible 
time-scale, its application to the exact recording of 
an astronomical observation is very simple. Wo 
have only to let one of the wires in connection with 
the magnet pass, on its way to the battery, through 
the hand of the observer, where the circuit may be 
broken and restored at pleasure. A small piece 
of apparatus called a signal-key is used for this purpose. It con- 
sists of a piece of wood, five or six inches in length. Fig 18, on 
which is fastened a metallic spring AB, which by a very slight 
pressure of the finger can be brought into contact with a motallio 
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Pig. 18 . 



plate at (7. Conceive the wire in its circuit from the magnet to 

the battery to be severed at the key; lot 
one end Fhe connected with the spring 
AB, the other end O with the plate C. 
The continuity of the wire may be re- 
garded as restored whenever the spring 
is pressed into contact with the plate G. 
This constitutes a make-circud key. It is easy to see how the 
arrangement may be reversed, so that by pressing the spring the 
continuity of the wire is interrupted, constituting a break-circuit 
key. How, whenever the observer taps on his key he will pro- 
duce upon his graduated time scale a mark similar to that of tlie 
clock, but mostly distinguishable from it For example, on a 
Morse-fillet, and with a break-circuit key, we have 


2fi« 


27 « 


2Q* 


30 


31 * 


32 « 


Here, at is a record of an astronomical obseiwation occurring 
between the 30th and 31st second. By a scale of equal parts, wo 
find the distance of A from 30- is 0.61 of the distance from 30' 
to 31-, and hence the instant of the observation is 80'.61. 

In order to identify the seconds on the register, a peculiar 
mechanical contrivance (which need not be described here) is 
employed, by means of which one of the breaks is omitted at 
the beginning of each minute of the clock, thus, for example : 

flO* 6T* 68- JB. 2* 3. 4. 

The observer has only to identify the minute and write it on the 
fillet, as in this example. For greater security, sometimes, every 
fifth minute is also distinguished by the omission of two consecu- 
tive breaks, thus : 


57. 58. 59. 

A record on a cylindrical register stands thus; 


5» 


40« 41« 42. 


^ 44. 45. 48 # 

■ - »-» ■ _ 

A 


48. 


where the ohsejwation A occurs at 44*.71. The observer’s eigna\ 
18 generally distinguishable from the clock signals, as in this 
example, by its form. 
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In all the forms of recording it must be observed that the 
beginning of the break, or dot, marks the point of time recorded. 

In order to read oft the record with the gi'eatest convenience, a 
glass scale is used, on which are etched eleven equidistant parallel 
lines, dividing tlie second of the chronograph, into tenths, the 
hundredtlis are obtained bj" estimation (Plate L Fig. 3 ) 

When the length of a second on the register is greater than 
the perpendicular distance of the extreme lines of the scale, we 
have only to place the scale obliquely on the line of seconds, 
always causing their exti'eme lines to pass through two consecu- 
tive second dots. Sometimes the lines on the scale are made 
divergent, it is then always applied so that the line of seconds 
shall be pei*peudicular to tlie middle line of the scale, and at the 
point where the distance of the extreme lines is equal to the 
length of the second. (Plate I. Fig. 2.) 

76. When the pen of the chronograph is made to press upon the 
paper by the attraction of the electro-magnet upon its armature, 
a certain small fraction of time elapses after the closing of the 
circuit (by the clock or by tlie observer) before the signal is 
actually impressed upon the paper. This time is called the 
armature time. If it were certainly constant, and the same for the 
clock signals and for those of the observer, it would have no 
effect upon the difference of tune between any two recorded 
phenomena But the armature time probably varies both with 
tlie strength of the battery and the length of the wire through 
which the electric current passes The variable error which 
would tlius be introduced into our results is avoided, or at least 
very much reduced in magnitude, by employing break-aremt 
signals exclusively; for the interval of time between the bi-eakmg 
of the circuit and the cessation of the action of tlie magnet is pro- 
bably smaller and more constant than tliat between the making 
of the circuit and the commeneemmi of the action of the magnet. 

77. To give the reader a just appreciation of the degree of 
accuracy attained in the recording of time by the chronograph, 
full size q>ecimens of the records on three different kinds of 
registers are given in Plate 1. Figs. 4 and 6 are specimens of 
clock signals as recorded on a Morse-Fillet and Saxton’s Oylin- 
drical Kegister used on the United States Coast Survey. Fig. 
6 is a specimen of clock signals and a number of actual 
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observations of stars’ ti'ansits recorded on Bond’s Spring-Gover- 
nor Register, which has been obligingly furnished by Professor 
G. P. Bond. Pigs. 2 and 3 exhibit in full size the manner in 
which the glass scales for reading these records are ruled. Pig. 
1 exhibits the reticule of a transit instrument, provided with 
tweniy-five transit threads, for determining the longitude by the 
electric telegraph. (Vol. I., p. 344). 


CHAPTER 17. 

THt SEXTANT, AND OTHER REFLECTING INSTRUMENTS. 

78. The sextant, of all astronomical instruments, is the most 
especially adapted to the purposes of the navigator and the 
scientific explorer, as it is at once portable and extremely simple 
of manipulation, requires no fixed support, and furnishes its data 
with the least expenditure of the time of the observer. Being 
held in the hand, and having small dimensions, the extreme 
accuracy of fixed instruments is not to be expected from it, but 
in the hands of a practised observer the precision of the results 
obtained with it is often sui'prisiiig.’'' 

79. The optical principle upon which the sextant and other 
reflecting instruments are founded is the following: “If a ray of 
light sufters two successive reflections in the same plane by two 
plane mirrors, the angle between the first and last directions 
of the ray is twice the angle of the mirrors.” 

Let M and m, Pig. 19, be the two mirrors. Since the direct 
and reflected rays are always found in a plane perpendicular 
to the reflecting surface, — called the plane of refkcUon , — it follows 
that, after two successive reflections from two surfaces, the last 
direction of the ray will be found m the same plane as the first 
only when the plane of reflection is perpendicular to both mirrors. 
In the diagram, let the plane of reflection be that of the paper, 

* The first mventoT of the sextant (or quadrant) was Nbwton, among whose papers 
a description of suoh an instrument was found after his death , not, however, until 
after its re-invention by Thouas Qournsv of Philadelphia, in 1780, and, perhaps, 
by Hadlkt, m 1781 
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the lines M and m being the intersections of this plane with the 
surfaces of the mirrors. Let AM 
be the direct ray falling upon the 
mirror Jf, which we shall first sup- 
pose to lie ill the direction MC; 
let Mm be the direction of the ray 
after the first reflection, and ynE 
its direction after the second re- 
flection. Draw MB parallel to 
JEm^ MP perpendicular to MC^ 
and Mp pei’pendicular to the mir- 
ror m. The angle AMB is tlie 
diflference of the first and last di- 
rections of the ray. The angle 
PMp is the same as the angle 
contained by the mirrors, being obviously equal to MOm. We 
have, therefore, to prove that AMB = 2PMp, 

If we conceive a perpendicular drawn at m, parallel to Mpj we 
easily see thatjpJIf/n is equal to the angle of incidence of the ray 
Mm falling upon and pMB is equal to the angle of reflection 
of the same ray, and since these angles, by a principle of OptieSj 
are equal, we have 

pMm = pMB = PMp -f PMB 
But, on the same principle, we have 

PMm = PMA =AMB + PMB 
The diflerence of these two equations gives 



whence 


PMp = AMB — PMp 
AMB == 2PMp 


80. In order to apply this pnnciple, let the mirror iHfbe at- 
tached to an index arm MCI^ which revolves upon a pivot at 
M in the centre of a graduated arc OIN^ and let m be perma- 
nently secured in a fixed position at right angles to the plane of 
this arc. Let MO be the direction of the central mirror and of 
the index arm when it is parallel to the fixed miiTor w, and let 
the graduation of the arc commence at 0. In this position, an 
incident ray jSJff from a distant object 15 will be reflected first to 
m and then in the direction mE. which will be parallel to the 
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first direction BM. If then the object is so distant that two rays 
from it, BM and bm^ falling upon the two mirrors, will be sensibly 
parallel, an observer's eye at E will receive both the direct ray 
6m and the reflected ray mE at the same time. Hence the ob- 
server will see two images of the same object — a direct and a 
reflected image — ^in coincidence. 

In the next place, let the mirror M be revolved into the posi- 
tion MCI^ in which a ray AM from a second object A is reflected 
finally into the line mE, The observer now sees ^he direct image 
of the object B in apparent coincidence with the reflected image 
of the object A. The angular distance AMB of the two objects 
is then equal to twice the angle of the mirrors, that is, to twice 
MGm or to twice OML The arc OJ, which measures this angle, 
is then the measure of one-half the angular distance of the 
objects. If the arm JUfJ carries a vernier at 1^ the exact value 
of the arc will be obtained. In order to avoid the necessity of 
doubling this value after reading, a half degree of the arc is 
numbered as a whole degree ; thus, an arc of 60° is divided into 
120 equal parts, each of which is reckoned as a degree. As the 
index arm MI cannot pass beyond the position MmN^ where it 
comes against the fixed mirror, it is not found practicable, in this 
form of the instrument, to extend the arc OD much beyond 60°, 
and it is from this circumstance that the instrument derives its 
name. 

81. Plate HI. Pig. 1 represents the most common form of the 
sextant constructed upon these principles. 

The frame is of brass, constructed so as to combine strength 
with lightness ; the graduated arc, inlaid in the brass, is usu^ly 
of silver, sometimes of gold, or platinum. The divisions of the 
arc are usually 10' each, which are subdivided by the vernier to 
10". The handle -ET, by which it is held in the hand, is of 
wood. The mirrors M and m are of plate glass, silvered. The 
upper half of the glass m is left without silvering, in order that 
the direct rays from a distant object may not be intercepted. To 
give greater distinctness to the images, a small telescope E is 
placed in the line of sight mE. It is supported in a ring KK^ 
which can be moved by means of a screw in a direction at right 
angles to the plane of the sextant, whereby the axis of the tele- 
scope can be directed either towards the silvered or the trans- 
parent part of the mirror. This motion changes the plane of i 
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reflection, which, however, remains always parallel to the plane 
of the sextant : the use of the motion being merely to regulate 
the relative brightness of the direct and reflected images. 

The vernier is read with the aid of a glass E attached to an 
arm which turns upon a pivot S, and is carried upon the index 
bar. 

The index glass Jf, or central mirror, is secured in a brass 
frame, which is firmly attached to the head of the index bar by 
screws < 2 , a. This glass is generally set perpendicular to the 
plane of the sextant by the maker, and there are no ac^usting 
screws connected with it. 

The fixed mirror m is usually called the horizon glass ^ being 
that through which the horizon is observed m taking altitudes. 
It is usually provided with screws by which its position with 
respect to the plane of the sextant may be rectified. 

At P and Q are colored glasses of different shades, which may 
be used separately or in combination, to defend the eye from 
the intense light of the sun. 

I shall first treat of those common adjustments of the sextant 
which the observer is obliged to attend to in the ordinary use 
of the instrument, and shall afterwards treat fully of its mathe- 
matical theory. 

82. Adjustment of the index glass. — The reflecting surface of the 
glass must be perpendicular to the plane of the sextant. The 
simplest test of its perpendicularity is the following. Set the 
index near the middle of the arc ; then, placing the eye very 
nearly in the plane of the sextant, and near the index glass, 
observe whether the arc seen directly and its reflected image in 
the glass appear to form one continuous arc, which will be the 
case only when the glass is perpendicular. The glass leans for- 
ward or backward according aa the reflected image appears too 
high or too low. It may be corrected by putting a piece of paper 
under one edge of the plate by which the glass is secured to the 
index arm, first loosening the screws a, a, a (PI. HI. Fig. 1) for 
that purpose. Or we may make the adjustment, as it is done 
by the instrument makers, by removing the glass and filing 
down one of the metallic points against which the glass bears 
when secured in its j&rame. 

88 Adjustraent of the horizon glass. — This must also be perpen- 
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dicular to the plane of the sextant. The index glass having 
been pi’eviously adjusted, if by revolving it (by means of tlio 
index arm) there is found one position in which it is parallel 
to the horizon glass the latter must also be perpendicular to the 
plane of the sextant. The test of this parallelism is the following. 
Put in the telescope, and direct it towards a star. Move the 
index until the reflected image of the star appears to pass tlie 
direct image If one image passes exactly over the other, it 
will be possible to bring both into exact coincidence, so as to 
form but a single image ; and it is evident that when this coin- 
cidence takes place the mirrors must be parallel. If one imago 
passes on either side of the other, the horizon glass needs ad- 
justment. 

The perpendicularity of the horizon glass may also be tested 
as follows. Hold the instrument so that its plane shall be nearly 
vertical, and bring the direct and reflected images of the sea 
horizon into coincidence. Then incline the instrument until its 
plane makes but a small angle with the horizon ; if the images 
still comcide, the two glasses are parallel : consequently, if the 
mdex glass is perpendicular to the plane of the sextant, the 
horizon glass is also in adjustment. 

Any distant and well defined terrestrial object may be substi- 
tuted for the star or the sea horizon. A star, however, is to be 
preferred, and one of the third magnitude will afford greater 
precision than the brighter Ones. 

84 Adjustment of the telescope.— TH hq sight-line of the telescope 
must be parallel to the plane of the sextant. Two parallel wires 
or threads are placed in the telescope, which are to be made 
parallel to the plane of the sextant by revolving the sliding 
tube containing them ; then all contacts or coincidences of 
images are to be made midway between these two wires. The 
sight-line of the sextant telescope is, therefore, a line"" drawn 
through the optical centre of the object lens and the middle 
point between these parallel threads. 

Select two objects from 100° to 120° apart, as the sun and 
moon, and bring the reflected image of one into contact with 
the direct image of the other, at the thread nearest the plane of 
the instrument ; then move the instrument so as to throw the 
images upon the other thread; if the contact remains perfect, 
the line of siglit midway between the thi'eada is parallel to the 
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plane of the sextant. If the limbs of the two objects appear to 
separate on the thread farthest from the instrument, the object 
end of the telescope droops towards the sextant; othei-wuso it 
rises. 

It is to be observed that when the telescope is adjusted and 
two images are brought into contact at either tliread, they will 
not be in contact m the middle of the field, but will there over- 
lap, consequently, the reading of the sextant will be less for a 
contact in the true sight-line in tlie middle of the field than 
for one on either side. If the telescope is out of adjustment, the 
middle of the field is no longer in the true sight-line, and the 
contacts observed there give angles which are too great. The 
correction for a given uichnation of the telescope will be inves- 
tigated in a subsequent article. 

This adjustment may also be examined as follows Place the 
sextant horizontally on a table, and place two small metallic 
sights -4, A (Pig. 20) on the arc At 
a distance of at least 15 or 20 feet, let 
a well defined mark be placed so as 
to be in the same straight hue with 
the upper edges of the sights, and ui 
such a position that it may also be seen through the telescope. 
The top edges of the sights should be at the same distance from 
the plane of the sextant as the axis of the telescope. The 
threads of the telescope being made parallel to tlie plane of the 
sextant, the mark should be seen in the middle betw''een tliem. 

The adjustment of the telescope when necessary is effected 
by means of two small opposing screws in the ring which 
cames it. 

85. The index correction . — Having made the preceding adjust- 
ments, it is necessary to find the point of the graduated arc at 
which the zero of the vernier falls when the two mirrors are 
parallel, for all angles measured by the instrument are reckoned 
from this point (Ai't. 80) If this point is to the left of the 
actual zero of the scale by a quantity r, all readings in the arc 
will be too great by r;^ if it is to the right of the actual zero, all 
readings will he too small by the same quantity. If we wish 
the reading to he zero when the mirrors are parallel, we must 
place the zero of the vernier on the zero of the arc, and then 
revolve the horizon glass about a vertical line, until the direct 
Vot. n—7 


Fig 20 
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and reflected images of the same object coincide Some Instinz- 
ments are provided with a pair of opposing screws by which this 
revolution can be effected; but in others no such adjustment is 
possible. In fact, the adjustment is unnecessary, as we can 
always determine the correction to be applied to our readings to 
reduce them to what they would be if the adjustment were 
made. This index correcUm is found as follows : 

1st. By a Bring the direct and reflected images of a star 
Into coincidence, and read off the arc. The index correction is 
numerically equal to this reading, and is positive or negative 
according as the reading is on the right or the left of the zero. 
For example, the direct and reflected images of a star being in 
coincidence, we read on the arc 5' 20" ; then, calling the index 
correction a:, we have 

ar = — 5' 20". 

In another sextant the direct and reflected images of a star 
being in coincidence, we read on the extra arc 2' 40" ; then 

a; = 4- 2' 40", 

This method may be used with the sea-horizon instead of a 
star, but not with great precision 

2d. By the sun . — Measure the apparent diameter of the sun by 
first bringing the upper hmb of the reflected image to touch the 
lower limb of the direct image ; and again by bringing tlie lower 
limb of the reflected image to touch the upper limb of the direct 
image. Denote the readings in the two cases by r and r'; then, 
if 5 = the apparent diameter of the sun and It is the reading of 
the sextant when the two images are in coincidence, we have 


whence 


r = B s 
7^=11 — S 

Ii=i(r + r') 


and the index correction is x = — J2. The practical rule derived 
from this is as follows. If the reading in either case is on the 
arc, mark it with the negative sign; if ojf the arc (i e. on the extr^ 
arc), mark it with the positive sign; then the index correction is 
one-half the algebraic sum of the two readings. For example^ 
we hki^ e read as follows; 
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On the arc — 31' 20" 

Off the are -j- S3 10 

+ 1 60 
x = + 0'56" 

We have 5 = J(r — r'): hence, if the ohservations are good, we 
ought to find that half the algebraic difiference of the readings is 
equal to the sun’s diameter as given in the Ephemeris on the day 
of the observation. But, in order that this comparison may be a 
good criterion, we should measure the sun’s konzonial diameter, 
which is not sensibly affected by refraction. (Yol. I. Art. 184 ) 
In order to obtain the index correction with the greatest pre- 
cision, the mean of a number of measures of the sun’s diameter 
should be taken. 

Example. — Mai’ch 16, 1858, the following measures of the 
sun’s horizontal diameter were taken : 


On the are 

Off the are 

— 31' 20" 

+ 83' 10" 

" 10 

« 0 

“ 15 ' 

« 20 

« 26 

« 16 

" 20 

« 10 

" 20 

« 10 


Means — 31 18 3 -|- 33 10 8 

— 31 18 .3 
x = + 56".3 

Observed sun’s diameter, S = 32' 14".6 
By tie Ephemens, S = 32 18 .8 

86. To measure the angular distance of two objects with the sextant , — 
Place the threads of the telescope parallel to the plane of the 
instrument. Direct the telescope towards the fainter of the two 
objects, and revolve the sextant about the sight-line until its 
plane produced passes through the other object, observing to 
have the index glass on the side towards this object Then 
move the index until the reflected image of the second object is 
nearly in contact with the direct image of the first; clamp the 
index, and make an exact contact (at the middle point between 
the threads) by means of the tangent screw. The reading of the 
arc will be the mstrumenial distance: applying to this the index 
correction according to its sign, the result will be the observed 
distance. 
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Id order to make a good observation, it is important that the 
two images whose contact is observed should be equally bright. 
Hence, we direct the telescope towards the faiuter object, so that 
it may be the brighter one which sufiers the double reflection. 
But in observing the distance of the moon from a star it will 
generally be found that, even after the double reflection, the image 
of the moon is so bright that the star will appear very indistinct 
unless the telescope is raised (by the screw for that purpose) so 
that the sight-line is directed through the transparent part of the 
horizon glass , for then, a portion of the reflected rays from the 
moon being lost, the intensity of its light is rendered more 
nearly equal to that of the star. When the distance of the sun 
and moon is observed, the telescope is usually directed towards 
the moon, and the intensity of the sun’s rays is diminished by 
putting one or more of the colored shades between the index and 
horizon glasses. It will be found necessary in tliis case also to 
regulate the distance of the telescope from the plane of the 
instrument, in order to give the image of the moon the same 
intensity as that of the sun. It is a common error of inexpe- 
rienced observers with the sextant to have the images too bright. 
It is essential to a good observation, let, that the images be well 
defined by carefully adjusting the focus of the telescope; 2d, that 
they be so faint as not in the least to fatigue the eye, yet perfectly 
distinct; 8d, that their intensities should be as nearly as possible 
equal 

In the case of the moon and a star, we observe the distance of 
the star from that point of the moon’s bright limb which lies in 
the great circle joining the star and the moon’s centre. To 
ascertain that this point has actually been brought into contact 
with the star, the sextant must be slightly revolved or vibrated 
about the sight-line (which is directed towards the star), thus 
causing the moon to sweep by the star; the limb of the moon 
should appear to graze the star as it passes, or, rather, the limb 
should pass through the centre of the star’s light, for in the 
feeble telescope of the sextant the star does not appear as a well 
defined point. 

In the case of the moon and a planet we bring the refiqcted 
image of the moon’s limb to the estimated centre of the planet. 

In the case of the moon and the sun, the contact of the nearest 
limbs is observed, vibrating the instrument as above stated, and 
making the limbs just touch as they pass each other. 
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It facilitates the observation of lunar distances to set the index 
approximately upon the angular distance before commencing 
the observation. The approximate distance for a given time 
may he found from the Epliemeris (see Yol. I. Art 65); the dis- 
tance thus found is in the case of the sun and moon to be 
diminished by the sum of the semidiameters of the two bodies 
(say 32'), and in the case of the moon and a star or planet it is 
to be diminished or increased by the moon’s semidiameter (say 
16'), according as the bright limb is nearer to or farther from the 
star than the moon’s centi'e This proceeding is also a check 
against the mistake of employing tlie wrong star. 

87. To obsei^ve the altitude of a celestial body with the sextant and 
artificial horizon, — The artificial horizon is a small rectangular 
shallow basin of mercury, over which is placed a roof, consisting 
of two plates of glass at inght angles to each other, to protect the 
mercury from agitation by the wind The mercury affords a 
perfectly horizontal surface which is at the same time an excel- 
lent mirror.* If MN (Pig. 21) is tlie horizontal 
surface of the mercury, SB a ray of light from a 
star, incident upon the surface at -B, BA the re- 
flected ray, then an observer at A will receive 
the ray BA as if it proceeded from a point S^ 
whose angular depression MBS' below the hori- 
zontal plane is equal to the altitude SBM of the 
star above that plane. If then SA is a direct ray 
from the star, parallel to SB^ an observer at A 
can measure with the sextant the angle SAS' 

= SBS'= 2SBM^ by bringing the image of the 
star reflected by the index glass into coincidence 
with the image S' reflected by the mercury and seen thivjugli 
the horizon glass. The instrumental rn'easure, corrected for 
index error, will be double the apparent altitude of the star. 

The sun’s altitude will be measured by bringing the lower 

* Observers are sometimes annoyed by impunties in the mercury which float on 
its surface, and imagine that it is important to have very pure distilled mercury. 
I have found it preferable to use mercury amalgamated with tin (a few square 
inches of tin foil added to the mercury of an ordinary hori7on will answer). When 
the mercury is poured out, a scum of amalgam will cover its surface this scum can 
be drawn to one side of the basin with a card or the smooth edge of a folded piece 
of paper, leaving a perfectly bright reflecting surface, entirely free even from the 
minutest particles of dust. 


Fig 21. 
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limb of one image to toucb. the upper limb of the other. Half 
the corrected instrumental reading will be the apparent altitude 
of the sun’s lower or wpper limb, according as the nearest or 
farthest limbs of the direct and reflected suns were brought into 
contact For examples, see Vol. I. Arts. 145, 151, &c. 

In observations of the sun with the artificial horizon, the eye 
is protected by a single dark glass over the eye piece of the 
telescope, thereby avoiding the errors tliat might possibly exist 
in the dark glasses attached to the frame of the sextant. 

The glasses in the roof placed over the mercury should be 
made of plate glass with perfectly parallel faces. If they are at 
all prismatic, the observed altitude will be erroneous. The error 
may be removed by observing a second altitude with the roof in 
reversed position, and, in general, by taking one-half of a set 
of altitudes with the roof in one position and the other half with 
the roof m the reverse position. It is easily proved that the 
error in the altitude produced by the glass will have different 
signs for the two positions • so that the mean of all the altitudes 
will be free from this error. 

Instead of the mercurial horizon, a glass plate is sometimes 
used, standing upon three screws, by means of which it is levelled, 
a small spirit level being applied to the surface to test its hori- 
zontality. The lower surface of the plate is blackened, so that 
the refiexion of the celestial object takes place only at the upper 
surface. 

88. In the observation of the altitude of a star with the arti- 
ficial horizon, it requires some practice to find the image of the 
star reflected from the sextant mirrors; and sometimes, when 
two bright stars stand near each other, there is danger of em- 
ploying the reflected image of one of them for that of the other. 
A very simple method of avoiding this danger, by which the 
observation is also facilitated, has been suggested by Professor 
Knorrb, of Russia.* Prom very simple geometrical considera- 
tions it is readily shown that at the instant when the two images 
of the same star — one reflected from the artificial horizon, the 
other from the sextant mirrors — are in coincidence, the inclina- 
tion of the index glass to the horizon is equal to the inclination 
of the sight-line of the telescope to the horizon glass, and is, 


* Atinm Nach., Vol YU, p 262 
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therefore, a constant angle^ which is the same for all stars. If, 
therefore, we attach a small spirit level to the index arm, so as to 
make with the index glass an angle equal to this constant angle, 
the bubble of this level will play when the two images of the 
star are in coincidence in the middle of the field of view. With 
a sextant thus furnished, we begin by directing the sight line 
towards the image ni the mercury, we then move the index 
until the bubble plays, taking care not to lose the imago in the 
mercuiy ; the reflected image from the sextant mirrors will then 
be found in the field, or will be brought there by a slight 
vibratory motion of the instrument about the sight line. 

It is found most convenient to attach the level to the stem 
which carries the reading glass, as it can then be arranged so as 
to revolve about an axis which stands at right angles to the plane 
of the sextant, and thus be easily adjusted This adjustment is 
effected by bringing the two images of a known star, or of the 
sun, into coincidence, then, without changing the position of 
the instrument, revolving the level until the bubble plays. 

89. Observations on shore may be rendered more accurate by 
means of a stand to which tlie sextant can be attached, and 
which is so arranged that the sextant can be placed in any 
required plane and there fiimly held. The manipulation must be 
learned from the examination of the stands themselves, which 
are made in various forms. 

90. On account of the feeble power of the sextant telescope 
and consequent imperfect definition of the sun's limb, the 
apparent diameter of the sun is somewhat increased. This error, 
however, may be removed by taking the mean of two sets of 
altitudes, one of the lower limb and one of the upper limb. 

91. To measure an altitude of a celestial object from the sea horizon. 
— ^Direct the telescope towards that part of the horizon which is 
beneath the object. Move the index until the image of the 
object reflected in the sextant mirrors is brought to touch the 
horizon at the point immediately under it. To determine this 
point, the observer should move the instrument round to the 
right and left (by a swinging motion of the body, as if turning 
on his heel), and at the same time vibrate it about the sight line, 
taking care to keep the object in the middle of the field of view; 
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the object will appear to sweep in an arc the lowest point of 
which must be made to touch the horizon, by a suitable motion 
of the tangent screw. 

Ill general, altitudes for determining the time should be taken 
when the altitude vaides most rapidly , and this is near the prime 
vertical. (See VoL 1. Arts. 143 and 149.) If the object is tlie 
sun, the lower limb is usually brought to touch the horizon ; if 
the moon, the bright limb. 

The apparent altitude of the point observed is found by cor- 
recting the sextant reading for the index error, and subtracting 
the dip of the horizon. (Vol. 1. Ait. 127.) To obtain the ap- 
parent altitude of the sun’s or moon’s centre, we must also add 
or subtract the apparent semidiameter. (Yol. 1. Art. 185.) 

92. As the sea horizon is often enveloped in mist, even when 
the celestial bodies are visible, various attempts have been made 
to obtain an artificial horizon adapted for use on shipboard. 
The simplest apparatus heretofore proposed for the purpose is 
that of Capt. Bechbr, of the English ISTavy. “ Outside the horizon 
glass of the sextant is a small pendulum about an inch and a 
half long, suspended in oil (in order to check its sudden oscilla- 
tions); to the pendulum is attached a horizontal arm, carrying 
at the inner end a slip of metal which is seen in the field of the 
telescope at the usual focus, and whose upper edge when it coin- 
cides with a given line is the true horizon. The error is easily 
determined by a known altitude, and is the same for all altitudes. 
The apparatus, which is in a very compact form, is easily attached 
to any reflecting insti'ument, and is shipped and unsliipped at 
pleasm’e. A lamp is attached for observing at night.”* With 
this apparatus, when the motion of the ship is not too great, an 
altitude can be obtained withm 6' by a practised observer ; and 
this is often sufflcient. 

93. Method of observing equal altiPxdes with (he sextant — Some 
observeij? set the sextant at pleasure, and note two instants, 
namely, the contact of the nearest and farthest hmbs of the two 
images of the sun (one from the sextant, and the other from the 
mercurial horizon), both morning and evening, without touching 

* IIapbr*8 PracLict of Naoigation^ 2d edition, p 161 It does not appear, how- 
eTer, how the slip of metal behind the horizon glass oould be distinotly seen in the 
field of the tiUicope A plain tube must be need 


j i 
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ihe index in the mean time. With a star they obtain but one 
observation on each side of the meridian. This practice is de- 
signed to secure the condition that the altitudes observed before 
and after meridian shall be absolutely identical, which may not 
be the case of the index if the sextant is moved and brought 
back again to the same reading. The errors to be feared, how- 
ever, from not setting the index correctly on a given reading, 
ai’e, 111 general, so much less than errors of observation, that it 
is better to sacrifice this merely theoretical consideration for the 
sake of multiplying the observations. The following method 
will be found convenient in practice. 

1st. For the sun —In the morning, bring the lower limb of the 
sun, reflected from the sextant mirrors, and the upper limb of 
that reflected from the mercury, into approximate contact; 
move tlie 0 of the vernier forv^ard (say about 10' or 20') and set 
it on a divisioi of the limb , the images will now appear over- 
la'pped^ and will be separating; wait for the instant of contact: 
note it by the chronometer, and immediately set tlie vernier on 
the next division of the limb, that is, 10' in advance; note the 
instant of contact again, and proceed in the same manner for as 
many observations iis are thought necessary. If the sun rises 
too rapidly, let the intervals on the limb be 20'. 

Now, find (roughly) the time when the sun will be at the same 
altitude in the afternoon, and just before that time set the vernier 
on the last altitude noted m the morning (of coume employing 
the same sextant) , the images will be separated^ but will be ap- 
proaching; wait for the instant of contact: note it by the chro- 
nometer , set the vernier back to the next division of the limb 
(10' or 20', as the case may he) ; note the contact again, and so 
proceed until all the A.M altitudes have been agam noted as 
P M. altitudes. 

If, instead of noting the times directly by the chronometer, a 
watch is employed (compared with tlie chronometer both before 
and after each obseiwation), it will generally be found necessary 
to allow for its gain or loss on the chronometer, so as to obtam 
the exact difference between the two at the instant of observation. 

The mean of all the A.M. chronometer times and the mean of 
all the corresponding P.M, times are regarded as tivo simple obser- 
vations of the same altitude, and the computation proceeds from 
these according to the method and example of Vol. I. Art. 140. 

2d. For a star, — Set the sextant, and note the coincidences of the 
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two images of the star in the same manner as the contacts of thd 
sun’s limbs are oberved. 

In selecting stars for this observation, it is to be observed that 
the nearer the zenith the star passes, the less maj^ the elapsed 
time be ; and when the star passes exactly through the zemtli, 
the two altitudes may be taken within a few minutes of each 
other. But with the ordinary sextants altitudes near 90° cannot 
be taken with the artificial horizon, as the double altitude is then 
nearly 180°. The prismatic sextants and circles of Pistoe, and 
Martins are axiapted for measuring angles of all magnitudes up 
to 180°, and are, therefore, especially suitable for these observa- 
tions. 

94. To examine the colored glasses. — The two faces of any one of 
the colored glasses, or shades, may not be parallel. The glasses 
then act like prisms with small refracting angles, which change 
the direction of the rays passing through them, and, consequently, 
vitiate the angles measured. To examine them, measure the 
sun’s diameter with a suitable combination of shades ; then m- 
vert one of the shades, turning it about on an axis perpendicular 
to the plane of the sextant, and repeat the measure ; the half 
difference of the two measures will be the error produced by 
that shade. A number of measures must, of course, be taken in 
both positions of the shade, in order to eliminate accidental 
errors of observation. 

In order to save the necessity of this examination, the shades 
are so arranged in Pistor and Martin' ' sextants that they may 
be instantaneously reversed. We have then only to take one-half 
of a set of observations with one position of the shades, and the 
other half with the reverse position, and take the mean of all the 
measures, in order fully to eliminate the errors of these glasses. 

95. To find the constant angle between the slight line and the per- 
pendmdar to the horizon glass. — ^A knowledge of the value of 
this angle will be useful in following out the theory of the 
errors of the sextant in the subsequent articles. It varies in 
different instruments, and must be found for each by a special 
examination. Let the sextant be placed on a firm horizontal 
support; direct the sight line towards a distant object -B, Pig. 
22, and bring the two images of the object into coincidence. 
The mirrors M and m are then parallel ; and, if we put 
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p = the angle between the sight line and the pei*pendicular 
to the homon glass, 


we have 


BM^n = MmE = 2/? 




We have, therefore, only to find some means of measuring the 
angle BMm. Leaving the sextant in 
its present position, place a theodolite *^*®*^*'\j, 

in the line Mm produced, with its tele- b /\ 

scope TN on a level with the sextant 
mirrors and looking into the index / \ 

glass ; adjust it so that the image of V 

B refiected from M shall he seen upon 
the cross-wire w in the focus. Rays ^ 
from w passing through the ohj ect glass //V 

N emerge in parallel lines, as if from /// 
an infinitely distant object lying in the // / 
direction J/iVTl Bring the sextant tele- 
scope to look into the theodolite tele- 
scope, and reflect the image of B to the cross-wire : the reading 
of the sextant corrected for the index error is the measure of the 
angle BMm, or of 2/?. If the object is not vei'y distant, the 
angle subtended by the distance Mm at the object may be ap- 
preciable. This angle may be called the sextant paraUax, and 
denoted by 2 ). We shall have 

BMm = 2/9 — p 

When the olyect and its reflected image are in coincidence, let 
the reading be iZ, and let x be the true index correction for an 
infinitely distant object; then we have 

■ B x = —p (68) 

and when the object is reflected to the cross-wire of the theodo- 
lite, let the sextant reading be B'; then we have 

ic = 2/9 — n (69) 

and from these two equations, 


JB'_J2=2/9 


By this method I found for one of Tboushtoit’s sextants, at 
ths Naval Academy, 2/9 = 33° 6'. 
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96. The sextant parallax for an object at a known distance is 
found with the aid of the angle Let 

/ = the distance of the index and horizon glasses, 
d = the distance of the object from the index glass. 


The perpendicular drawn from M upon mU is equal to /sin 2jS; 
and for the angle p at the object, subtended by this perpendicular, 
we have 


sin p = 


/sin 2^ 
d 


or 


/sin 2^ 
d sin 1" 


( 61 ) 


From this formula we may find a rough value of ^ when p has 
been determined for a near object by means of (58) and/ and d 
are carefully measured. 

The distance of an object for which the sextant parallax will 
be 1" will be found by the equation d =/ sm 2^cosecl". In 
the sextant mentioned in the preceding article we have/= 3 
inches, whence d = 5.33 miles. 

Ill measuring horizontal angles between terrestidal objects, 
the effect of the sextant parallax may be eliminated by deter- 
mining the index correction from the object which is seen 
directly through the horizon glass This index correction will 
involve the parallax, and, when applied to the sextant reading 
of the angular distance between the objects, will give the angle 
subtended by the objects at the centre of the sextant. The sex- 
tant must, of course, remain in the same position in the measure 
of the angle and the determination of the index correction. 


97. To determine the error produced hy a prismatic form of the index 
^ fflass , — ^Let us first consider the case of a 

p glass with parallel faces. LetMM^NN', 

Fig. 23, be the parallel faces, of which 
NN' 18 silvered. An incident ray AB is 
refracted by the glass at B, and takes the 
^ direction BG; at G it is refiected into 
w GB'; and at B' it is refracted into BA', 
ct If we put 

rn = the index of refraction for glass, 

^ = the angle of incidence ABP^ 
i9‘ = the angle of refraction BBO, 
if = AB'B'y 
= DB'G, 




BRROllS OF THE INDEX GLASS. 


109 


we have, by Optics, 


=m Hin 
sin (p' = m sin 


But when the faces JOf' and NN^ are parallel, the normals BD 
and jB'jD' are also pai'allel; moreover, the incident ray BC upon 
NN\ and the reflected ray CB', make equal angles with DD': 
hence, also & = i?', and, consequently, <p = If AB and A*B^ 
are produced to meet in G\ we see that A^B' has the same direc- 
tion that it would have had if it had been reflected directly from 
the plane surface mQ^yn! parallel to MM^ or to NN^, The re- 
fraction which the ray Bufl:ers in passing through the glass, there- 
fore, produces no error when the surfaces of the glass are parallel. 
It may here he remarked, also, that it is not necessary that the 
reflecting surface of the mirror should stand exactly over tlie 
centre of tlie arc of the sextant. 

Let us next consider the case of a glass whose faces are not 
parallel, as Jf'jB, iV'i), Fig 
24, which, produced to meet 
in Jf, form a prism 
Let us assume that these faces 
are perpendicular to the plane 
of the sextant, ^and, conse- 
quently, that the refracting 
edge of the prism is also per- 
pendicular to this plane. The incident and reflected rays will 
he found in a plane parallel to that of the sextant. The ray 
being traced through the glass, we shall have, as before, employ- 
ing the same notation, 


Pig 24. 



sm p — m sin ^ 
sin m sin 


} 


(62) 


but here i? and i?' are no longer equal. If we put 
M = the angle of the prism = M'MIf' 


we shall evideutly have 

90° — ■» = BCD +M 

90° — #'= OB'B = B'CD'— M 


and, abxce JB CD = £' Ciy , the difference of these equations gives 

^ — ( 63 ) 
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From (62) and (63), j?, m, and M being given, we can determine 
ip\ or the difference <p' — (p. From (62) we deduce 

cos i (^p + 9') Bin } (9>'— 9)=m cos } (t 9 + sin } ( 1 ^' — 1?) 


whence, by (63), 


Bin p) = mBmjr ' 

cos } ( 9 P + sp') 


As ifeT is always a very small angle, approximate values may be 
employed in the second member of this equation : it will be suffi- 
cient to take 

sm } (©' — a)=m sin M 

cos <p 


or 


— p = 2 mM sec 9 



smV 


which may be reduced to the form 


^ — ^ = 2Ari/l — 1) secV 
or, finally, by putting 


to the form 


— 1 


— 5P = 2 - 3 fi/l + 2*800* 9 ( 64 ) 

The error varies with and consequently with the angle mea- 
sured. If 

Y = the angle given by the sextant, 
we have, in Fig. 19, PMm = PMp + pMm^ or 


9 = ir + P (65) 

The whole error in the measured angle will be the difference of 
the errors produced at the reading y and at the zero point of the 
sextant; and at the zero point we have <p = Hence the error 
will be the difference of the values of (64) for + ^9 and 

jp = )9, so that, if y^ denotes the true value of the angle, we shall 
have 

r — r' = 2 [l/l 4- 2’ see* (J^ 4. ; 9 ) — i/l + a" seo*/ 9 ] ( 66 ) 

For glass we have usually m = 1 66, and hence g* = 1.4026. If 
]l£= 10 ", ^ = 10°, and y = 120°, we shall find y — y' = 41". 
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The effect of the error in the glass is evidently less for small 
palues of ^ than for large ones. Moreover, the smaller the angle 
j9, the larger the angle which can be measured with the sextant, 
for all reflection from the index glass ceases when cp = 90°, and 
this value gives by (65) p = 180° — 2^ as the limit of possible 
measures with the insti’ument. 

The preceding investigation is confined to the case in which 
both faces of the glass are perpendicular to the sextant plane ; 
but it sufl5ces to show the nature of the effect produced. This 
case is, moreover, tliat in which tlie effect is greatest. 

The glass reflects from its outer face as well as from its silvered 
face, though in a less degree. If the faces are parallel, the rays 
from a distant object reflected from the two faces ■will be parallel 
after leaving the glass; they will, therefore, be converged to the 
same focus in the telescope and produce but a single image of 
the object. But if the glass is prismatic there will be two images, 
a fainter image superposed upon the stronger one and not quite 
coincident with it. The effect will be to give an image with an 
indistinct outline; a star will present a somewhat enlarged or 
elongated image. We can, ■therefore, very readily deteimiine 
whether the glass is prismatic by examining the reflected image 
of a star when the index is set upon a reading of about 120°. 

The best makers ■will reject a glass ■that does not stand this 
test. If, however, an ins^trument is found to be defective in this 
respect, we may determine the error produced by it as follows. 
After carefully adjusting the instrument and finding its index 
correction, measure a large angle between two well defined ter- 
restrial objects. Then take out the index glass and invert it 
(so that the edge, which was before uppermost, may now be next 
the plane of the instrument), readjust the instrument, determine 
the new index correction, and again measure the angle between 
the two objects Half the difference of the two measures will be 
the error in either measure produced by the glass. The same 
process repeated for a number of angles of various magnitudes 
will furnish a table of errors, from which the error for any par- 
ticular angle may be obtained by interpolation. 

98. A jprismaiic form of the horizon glass affects aU angles, the 
index correction included, by the same quantity, and therefore 
produces no error in the results. 
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99. To determine the error produced by a small inclination of the 
sight line to the plane of the sextant, — The directions of hues in 
space are most clearly represented by points on the surface 
of a sphere described about an assumed centre with an arbitrary 
radius (Vol. I. Art. 1). The radii drawn parallel to any given 
lines in space will intersect each other under the same angles as 
those lines, and these angles will be measured by the arcs of 
gi'eat circles joining the extremities of the radii on the surface 
of the sphere. Let us here take the centre of the sextant arc 
as the centime of such a sphere. Let 0, Fig. 26, be that centre, 

OP the direction of the perpendicular 
to the index glass, Op that of the per- 
pendicular to the horizon glass. The 
points P and p are the poles of the 
great circles whose planes are parallel 
to those of the glasses, and may be 
called, briefly, the poles of the index 
glass and horizon glass, respectively. 
Let OA be the direction of the sight 
line. When the instrument is per- 
fectly adjusted, the lines OP, Op, and 
OA are in the same plane, which is 
parallel to that of the sextant. The coui’se of a ray which 
reaches the eye will be most readily followed by tracing it back- 
wards from the eye. Thus, the ray OA coinciding with the sight 
line is reflected from the horizon glass in the direction PO, so 
that = It is then reflected from the index glass in the 
direction 00, so that PB = PC; and 00 is therefore the direc- 
tion of an obj ect whose image is reflected to the eye in the same 
direction, AO, in which another object is seen directly. Hence 
A 00, or AO, is the angular distance of the objects. From this 
construction we obtain easily AC= 2Pjp, which is the funda- 
mental property of the sextant (Art. 79). 

But if the sight line is inchned to the plane of the instrument, 
it meets the sphere in a point A' not in the great circle Pp, 
The inclination is measured by the arc AA' perpendicular to 
Pp^ which IS a part of the arc QA^A drawn through A' and the 
pole Q of the great circle. The point Q may be called the pole 
of the sextant plane. Tracing the ray OA' backwards, we ob- 
serve that the plane of reflexion from the horizon glass is repre- 
sented by the great circle A'pP', determined by the ray and the 


Fig 26 
Q 
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normal Op, so that if we take pB' = pA'^ the renected ray takes 
the direction ^B'O. The plane of reflexion from tixO index glass 
will be represented by the great circle B^PC\ and by taking 
PO' = PB\ OC^ will be the direction of the reflected ray. 
Hence, will be the true angular distance of the two objects 
observed in contact, while J. 0 or 2 will be the angle given 
by the sextant Let 

Y =; the angle given by the sextant = AOy 
the true angle = Q\ 

i = the inclination of the sight line = AA\ 

It is e^ddent that 00'= PP' = AA'^ and therefore QA'C^ is an 
isosceles triangle of which the angle § = p, the side J.'0' = 
and the side QA' or §O' = 90°— -z. If then we divide this 
triangle into two rectangular ones by a perpendicular from Q, 
we obtain 

sin } ^ = cos z sin Jr (67) 

for which, as i is always very small, we may take the approxi- 
mate equation* 

r' — Y = — sin 1" tan J y (67*) 

According to the second method of adjustment in Art. 84, if 
the mark is placed at a distance of 20 feet, and if the error of its 
position in a vertical direction is not more than ^ an inch (which 
is a large error in such a case), the telescope adjusted to it will 
have an inclination which will be found by the equation sin i 
0 6 

= 20 12' gives z = 7' 10", Talang this value of z, the 

formula (67*) gives f — y = — 0" 897 tan J p, and for 7* = 120°, 
^ — 1",5. The error may therefore be regarded as evan- 

escent when ordinary care has been bestowed upon the adjust' 
ment. When the error exists, the observed angles are always too 
great 

100. If the contact of the images of two objects is made on 
either side of tlie middle of the field of the telescope, the actual 
sight line is inclined, although the axis of the telescope may be 
parallel, to the sextant plane. 

* This approximate equation oam be deduced from (67) or taken duectly firom 
Sph. Tng. (112). 

VoL. U—S 



114 


SEXTANT. 


The inclination of this actual sight line can he estimated bj 
the aid of the angular distance of the threads. To find this 
distance, place the threads at right angles to the plane of the 
sextant, bring the direct image of a distant, well defined line on 
one thread, and the reflected image on the other thread, and 
read the arc; then move the index until the images have 
exchanged places on the threads, and again read the arc ; the 
half difiference of the two readings is the angular distance of 
the two threads. 

Let this distance of the threads be denoted by d, and suppose 
an angle j- is observed by making the contact at a distance nd 
from one of the threads (the fraction n being estimated at the 
time of making the observation) ; then the inclination of the 
actual sight line to the true eight line corresponding to the 
middle point between the threads will be i = — nS, with 

which value of i, the correction of the observed angle y, will 
be found by (67*). 

The distance d in the best sextant telescopes will not exceed 
80'. When the instrument is held in the hand, we cannot make 
all contacts exactly in the middle of the field ; but, if we assume 
that we can always make them at a distance greater than 
from either thread (which a little practice will enable us to do), 
we shall always have i < J 5, or i < 5', and hence the correction 
f — 7“ < 0".44 tan J;'. For any tolerably good observer, there- 
fore, this correction will be practically insensible. 

At the same time, however, we see the importance of making 
the contacts as near to the middle of the field as possible, since 
the error always has the same sign and all the measured angles 
are liable to be too great. If a contact is made on either thread, 
and we have d = 30', the error in y will be 3".93 tan or 6".8 
for r = 120°. 

101. The distance d of the threads may also be used to find 
the inclination of the axis of the telescope, or rather of the true 
sight line. Measure an angular distance of 120° or more, be- 
^een two well defined objects ; bring the images in contact first 
on one thread and then on the other (the threads being placed 
parallel to the plane of the instrument), and let the readings on 
the arc be }- and yy Then, y' being the true reading in either 
ease, and i the inclination of the true sight line, we have 
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y'— ?' = — — tj smrtanjy 

/ — ri=— || + »j smr'tani^-j 
whence, taking tan J 7 - = tan ^ second members, 


Ti'-r 
2 d sm 1" 


cot 


( 68 ) 


It is evident that, when ^ is positive, the greater measure is 
taken on the thread nearest the plane of the instrument, and 

I + ^ is the distance from this thread to the point in the field 

which represents a direction parallel to the plane of the sextant. 
Hence the first method of adjusting the telescope given in Art. 84. 


102. To Jind the error produced by a small inclination of the index 
glass , — The horizon glass, being ad- 
justed by means of the index glass 
(Art. 88 ), may be supposed to have the 
same inclination. Let^P (Fig. 26) be 
the great circle of the sextant plane ; 
let the poles of the mirrors be at P' 
and and put 

I = the inclination of the index glass = PP' = that of the 
horizon glass =pp\ 

If we suppose that the sight line is adjusted by the first method 
of Art. 84, it will be found in a plane perpendicular to both 
mirrors, and its direction will be represented by a point in the 
great circle jo'P'. The direct ray from the eye to an object A' 
will be reflected in the direction P', and thence to these points 
all lying in the same great circle ; A' 0^ will be the true distance 
7 -' of the objects observed, and j?'P'= will be the true angle 
of the mirrors, while pP= Jy-will be the angle given by the 
sextant reading. ' In the isosceles triangle P^Qp\ we have the 
angle j 9 '$P'= ir and ^'= = 90°— and, dividing it 

into two right triangles by a peipendicular firom we obtain 


Fig 26. 

e 



sin t =z= COB Z sin J y 


(69) 
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whence, very nearly, 

y' — — 2 Bin 1" tan Jy (69*) 

By the method of adjusting the index glass given in Art 82, it 
may easily he placed within 6' of its true position, and for 
1 = 5'= 300", and y = 120®, this formula gives f — ;- = — 0".5. 
’ Hence, with ordinary care, this error will also be practically 
insignificant. 

The inclination of the sight line, in this solution, is variable 
with the angle measured. Denoting it by %’ = AA', we readily 
fijid, by the aid of a perpendicular from § upon 'p'F', 

tan i' = tan I ^ ( 70 ) 

COS J 

In which ^ or 

2 ' = Z sec i ^ cos ( J ^ (70*) 

103. If, however, the sight line is not determined as above 
supposed, but has a constant inclination to the plane of the sex- 
tant, denoted by z, its inclination to the plane of reflection jp'P' 
will be z' — z, and the additional error produced by this inclina- 
tion will be found by (67*) to be 

— (z' — z*)® sin 1" tan i y 

Combining this with (69*), the complete fomula is 

Y* — Y = — 2 Z*sm 1" tan ly — [Z sec cos — p) — z*]® sin l"tan 

which can be put under the form 

/ — r = — 2 sin 1" tan \y\p-\~ sec } ^ [Z cos (i — /9) — z cos i y^] (71) 

which agrees with Enokb’s formula in the Berlin Jahrhuch for 
1830, p. 292. 

Taking, as an extreme case, l = 5^,i= — 6', = 120®, ^ = 80®, 
this gives y' -^y = — 4".0. 

104. To Jind the error produced by a small incUnaiion of the horizon 
ylass. — ^Assuming that the index glass and the telescope are in 
adjustment, let the pole of the horizon glass be at j?', Fig. 27, 
the pole of the index glass being at P, and the sight line directed 
towards A in the plane of the sextant. The ray jfrom the eye 
towards A is reflected to P' in the arc Ap^, so that jp'P' = p'-4t 
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and thence to C', which is at the distance OC" = BB^ from the 
great circle pPC. AO=y is the 
angle given by the sextant; and •s'p 
is the true angular dis- 
tance between the two objects whose 
images are observed in contact. 

Putting 

k = the inclination of the horizon glass 
m = GO' = JBB\ P = 

we have from the triangles App' and ABB\ veiy nearly, 

m = 2k COB fi 

and, from the triangle A G' G, 

COB / = cos m cos Y 


whence 


/ — = J sm 1" cot Y = 2/:* sm V' cos*/9 cot y 


(72) 


This error is sensible only for small values of y* y = 0 the 
expression becomes infinite , for in fact it is inapplicable in this 
case, since when the horizon glass is inclined it is impossible to 
make a contact of two images of the same point But in the deter- 
mination of the index correction by the sun, the limbs of the 
two images will be brought into contact alternately on each side 
of the true zero point of the arc, and we shall have y = ±0° 32'. 
For this case, with /9 = 30° and k = 80" (which ought to be 
the maximum error in the adjustment by Art. 83), we find 
Y' — Y= dz 0".7, and even this error is eliminated from the 
index correction itself. For all angles greater than 0° 32' the 
error is wholly inappreciable. 


105. To fad the eecentncity of the sextant — ^As the arc of the 
sextant is limited, the method of determining whether the centre 
about which the index arm revolves is coincident with the centre 
of the graduations by means of two verniers 180° apart (Ajrt. 28) 
is not applicable. We can find the eccentricity only by comparing 
various angles measured with the sextant with their known values 
found by some other means. Thus, the angular distances of a 
number of terrestrial points situated in a horizontal plane may 
be accurately determined with a good theodolite and then also 
measured with the sextant 
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Or we may measure with the sextant the distance of two well 
known fixed stars and compare it with the apparent distance 
computed from their right ascensions and decimations. The re- 
fraction, however, must be taken into account, which may be 
done in either of two ways. 1st, The true distance of the stars 
will be found as in the case of the moon and a star, Vol. I. 
Art. 265. Then the apparent distance will be found by the 
formulse (448) and (449) of Vol. I., in which we must for this 
case suppose h', S', d' to be the true altitudes and distance, and 
A,, jB^, to be their apparent values affected by refraction. The 
altitudes will be computed by Art. 14, Vol. I , the local time, 
and consequently the hour angles of the stars, being given. 

2d. "We may compute the zenith distances and parallactic 
angles of the stars for the time of the observation by Vol I Art. 
16, and then the refraction in right ascension and declination by 
Art. 120. "We shall then have the apparent right ascensions and 
declinations, from which the apparent distance will be directly 
computed by the method of Vol. I. Art. 255. 

iN’ow, let Y be the sextant reading, x the index correction (hero 
supposed to be unknown, as we must regal’d the zero point as 
likewise affected by the eccentricily), y' the true value of the 
measured angle, e the eccentricity; then, since the readings of the 
sextant are double the true arcs, we have, by (9), 

y -(r + x) = 2e Biniiy + ]S) 
or, putting n = Y' — y, 

a: -|- 2e cos sini^-j- 2e sin cos }/= n (78) 

To find the three unknown quantities z, 2eooBS, and ZesmS, 
we must have three such equations derived from three angles 
falling m different parts of the arc, — ^for example, near 0°, 60°, and 
120°. If we have measured a large number of angles, of various 
magnitudes, we can treat the equations by the method of least 
squares. 

As the index correction is liable to change from one observa- 
tion to anotiier, we can let y represent the reading corrected for 
the index error found at each observation, and then x will be the 
correction of the zero point for eccentricity. 
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THE SIMPLE REFLECTING CIRCLE. 

106. If the arc of the sextant is extended to a whole circum- 
ference, the index arm may be produced and carry a vernier 
upon each extremity. The mean of the readings of the two 
verniers may then be taken at every observation, and will be 
wholly free from the error of eccentricity. This constitutes a 
simple reflecting circle, the manipulation of which is in every 
respect the same as that of the sextant. It has not only the 
advantage of eliminating the eccentricily, but at the same time 
of diminishing the effect of errors of reading and accidental 
errors of graduation, since eveiy result is derived from the 
mean of two readings at two different divisions of the arc. The 
only objection to the instrument is found in the slight increase 
of its weight. 

The simple reflecting circles of Troughton are read by thi*ee 
verniers at distances of 120° ; but, as the eccentricily is already 
fully eliminated by two verniers, the third can increase the 
accuracy of a result only by diminishing the effect of errors of 
reading and of graduation. If is the probable error of the 
moan of two readings, that of the mean of three readings will be 

= = 0 - 81 e, 

BO that if two verniers reduce the error to 5 " the third will only 
further reduce it to 4", an increase of accuracy which for a 
single observation ie not worth the additional complication and 
weight and the ti’ouble of reading. As was to he esqiected, 
these instruments, though of very refined and pei’fect construc- 
tion, have been hut little used. 

The prismatic reflecting circles of Pistob and MARxnrs noticed 
below have hut two verniers, and combine many practical ad- 
vantages. 

THE EBPEATINO BBEIBOTIN& OIBCLB. 

107. In the repeating reflecting circle the small mirror, or 
horizon glass, is not permanently attached to the frame of the 
instrument, but is attached to an arm which revolves ahont the 
centre of ^e instrument. As the telescope must always he 
directed through this glass, it is also attached to the same arm 
and revolves with it. This arm also carries a vernier at its 
extremity. 
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Let ETH (Fig. 28) be the revolving arm to which are attachecl 

the small mirror m, the 
telescope T, and the vei’- 
nier, or index JET; M the 
central mirror which is 
revolved by the arm MI, 
carrying the vernier, oi 
index L In accordance 
with the nomenclature in 
nautical works, we shall 
call H the horizon index, 
and I the central index 
The arc is graduated 
from 0° to 720° m the di- 
rection HIE 

Let A and B be the objects whose angular distance is to be 
measured. First : let the central index I be clamped at any 
assumed point of the are. Brmg the plane of the instrument to 
pass through the two objects. Direct the telescope towards tlie 
right hand object B, and, without touching the central index, 
move the horizon index H (or rather revolve the instrument, 
keeping the telescope beai-ing on B), until the image of the left 
hand object A is reflected from the central mirror M to the 
horizon glass m, and thence to the eye, and thus into coincidence 
with the object seen directly. This completes the first part 

of the observation. Now, 
leaving the horizon index 
H clamped in this posi- 
tion, unclamp the central 
index I; direct the tele- 
scope to the left hand 
object A, Fig 29, and 
move the index I for- 
ward (in the direction of 
the graduations) until the 
reflected imago of the 
right hand object B is 
brought to coincide with 
the direct image of A. 
This completes the second 
part of the observation. 


Fig. 29. 
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Then, the difference beiioeen the readings of the central index in its two 
positions IS tmce the angular distance of the objects. For let R, Fig. 
29, bo the point of reading of the central index before the first 
contact, and R' that after the second contact. At each contact 
the angle of the mirrors is equal to one-half the angle measured 
(Art. 80) ; and it is evident that the points R and R' are at equal 
distances on each side of that point of the arc at which the cen- 
tral index would have stood had we stopped its motion when the 
mirrors were parallel. Hence the angle RMR' is twice the 
angle of the mirrors at either contact. Denoting the angle 
measured by y, and the readings by R and R', we have, there- 
fore, 

ir = B' — E 

The half difference of the two readings is then the mean of 
tioo measures of the required angle; 'while with the sextant two 
observations are necessary to funiish one measure of an angle, 
since one observation must be made to determine the index cor- 
rection, which is here dispensed with. 

If we now recommence the observations, starting from the 
last position of the central index, this index will be found after 
the fourth contact at a reading R", which differs from R' by 
twice the angle y: so that we have 

iy = R»—B> 

and, consequently, 

4:y=B'' — R 


Continuing this process as long as we please, we shall have, after 
any even number n of contacts, a reading JZ„ of the central 
index, and 

ny = i?,— B 
or 

r = (74) 


Hence it is necessary to read off the arc only before the first and 
after the last observed contact, which is one of the greatest 
advantages of this instrument for use on board ship in night 
observations. 


108. If the distance of the objects is changing, as in the case 
of a lunar distance or an altitude, the difference between the 
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first and last readings will fie the sum of all the individual 
measures, and the value of y found fiy dividing this sum fiy the 
numfier of ofiservations will fie tlie mean of all these measures. 
The time of each ofiservation having been noted, this value of y 
will fie the value of the observed angle at the mean of these 
times, provided the angular distance is changing uniformly. 

109. "We have thus far supposed the telescope to fie directed 
alternately towards each object; but (as in the measurement of 
a lunar distance, for example) it is expedient to look directly at 
the fainter object and reflect the brighter one. This can be done 
by reversing the face of the instrument after each contact , for 
the relative position of the mirrors will thus fie inverted without 
requiring the line of sight to he shifted from one object to the 
other. 

It IS convenient in practice to distmguish the two kinds of 
ofiservation by the relative positions of the mirrors. For this 
purpose, let a plane fie conceived to fie passed through the axis 
of the telescope at right angles to the plane of the circle , the 
instrument is thus divided into two portions, of which that which 
is on the same side of the perpendicular plane as the central 
mirror will fie called the nghi, and that which is on the opposite 
side, the left; these designations, however, having no reference 
to the right and left of the observer when the instrument is held 
in various positions 

An observation to the nght is one in which the object reflected 
from the central mirror is on the right of the instrument. 

An observation to the left is one in which the object reflected 
from the central mirror is on the left of the instrument. 

A cross observation is one consisting of two ofiservations, on* to 
the right and one to the left. 

The ofiservation to the right is precisely hke that with the 
sextant. We may, in fact, use the instrument as a sextant. 
Clamp the horizon index at any point of the arc ; bring the direct 
and reflected images of the same object into coincidence fiy 
moving the central index, and read off this index. Call this 
reading R; then, making any observation to the right,, let the 
reading be .S'; the angle measured is .B' — Ji, and — R may fie 
regarded as the index correction, as in the sextant. 

110. In observing altitudes with the repeating circle, the tele- 
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scope is directed to the image in the artificial horizon. The 
central index is, for convenience, set upon zero, and we com- 
mence with an observation to the left, as in Fig. 28, holding the 
instrument in the left hand. The next observation is to the 
right, as in Fig. 29, and the instrument is held in the right hand. 

111. In order to facilitate the repetition of the observations, 
the horizon glass and telescope carry with them an inner circular 
arc, which is called the finder. This finder moves under the 
central index arm alternately backwards and fomards in the suc-^ 
cessive observations ; and, consequently, when the two places of 
the index arm have been once noted on the finder, it can be 
brought approximately to tliese places for the succeeding obser- 
vations, whereby the images will be already approximately in 
contact. Two sliding stojps are usually placed on the finder, and, 
when once set, serve to indicate the two positions of the central 
index. The finder is also roughly graduated for the same pur- 
pose. 

112. The adjustment and verification of the glasses and tele- 
scope are in every respect the same as for the sextant. The 
theory of the errors is also similar, only we have a compensa- 
tion of some of them which is worthy of notice and will be 
considered below. 

Dark glasses or shades are placed, as in the sextant, behind 
the horizon glass and between the horizon glass and central 
mirror, for observations of the sun. In cross observations, the 
errors of these glasses are eliminated, since their positions with 
respect to the incident rays are reversed at each alternate contact. 
In observations to the left, however, Fig. 28, it is evident that 
when the angular distance between the objects A and B is small, 
colored glasses midway between M and m would intercept a 
portion of the direct rays from A on their way to M, In this 
case, therefore, it becomes necessary to substitute for them a 
large shade immediately in front of the central mirror. The 
same shade serves for the observation to the right ; but, as the 
angle of incidence of rays falling upon it is no longer the same 
as in the observation to tbe left, the error of the shade is 
not wholly eliminated. However, as the angle of incidence is 
small in both positions, the errors produced by a prismatic form 
of the shade will be small, and the partial compensation of these 
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115. The circle, as above described, is capable of measuring 
no angles greater than about 140°. In this respect, therefore, 
it does not excel the sextant. A very simple addition proposed 
by M. Daitsst obviates this difficulty. On the horizon index 
arm EH, Fig. 31, he places a second small mirror n, which 

is of only one-half the 
height of the silvered 
part of the horizon glass 
m. The angle at which 
it stands is more or less 
arbitrary, but it is con- 
venient to have it make 
an angle of’ about 46° 
with the mirror m. Let 
A be any distant object, 
and let the instrument 
be held so that a ray A n, 
falling upon Ti, shall be 
reflected in the line nm 
to m and thence to the eye at E. Now move the central index 
until the ray AC, from the same object, is reflected from the 
central mirror MN in the line Cm, passing over the small mirror 
n to the horizon glass, and thence to the eye in coincidence with 
the first ray. (This observation is like the ordinary one of deter- 
mining the zero point of a sextant or circle, only the line of sight 
is directed to a point about 90° from the object.) The mirror 
MN and the small mirror n are now parallel. Let J2 be the 
reading of the central index. Now let N be a second object 
which may be even more than 180° from A reckoned in the 
direction HIRE'. Move the central index until this object is 
reflected from the central mirror M'N' to m, and thus into coin- 
cidence with the image of A reflected from n. Let R' be the 



the faot that snoh a oonatruotion has not been heretofore adopted, I infer that this 
part of the theory of the instrument has not been well considered. 

If this change is made, and the instrument is used on land upon a stand, I cannot 
see any reason why we should not realize all the theoretical advantages of the m> 
strument, especially if we considerably increase the optical power of the telescope. 

The opinion of Sir John Heesohbl (Outlines of Astronomy^ Art. 188) that **the 
abstract beauty and advantage of this principle” (of repetition) <*seem to be oounter- 
balanoed in preotioe by some unhnovin cawe^ which probably must he sought for m 
wiperfeet clampmgf' is hardly sustained by practical experience with instruments 
having a single central axia 
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reading. The angular motion of the mirror MW being always 
equal to one-half the angular distance of the objects, i2' — iZ is 
the required angle. M. Daussy calls this contrivance a d&pressio- 
m^tre, or dip-measurer, from its application to the measurement 
of the dip of the sea horizon, by measuring the angular distance 
between two diametrically opposite points of the horizon, this 
angular distance being 180° plus or mmus twice the dip accord- 
ing as we measure through the zenith or through the nadir. It 
finds, however, another important application in observations 
with the artificial horizon when the altitude exceeds 65° or 70°, 
and the double altitude is consequently too great to bo measured 
in the usual manner. The additional mirror is usually furnished 
with the Qambey circles, and is readily applied to any instru- 
ment. Since the angle at which it stands is not required to be 
found, the only adjustment necessary is to make it pei’pendicular 
to the plane of the insti’ument, which is done by the aid of the 
same test as that which is used in adjusting the horizon glass; 
we have only to observe that the two images of the same object 
A (which for this purpose may be a bnght star) reflected from 
MN and n can be brought into coincidence in the middle of the 
fleld of the telescope ; the mirrors MN and m having of course 
been previously adjusted.* 

THB PRISMATIC RBPLECinm CIRCLE AMD SEXTANT. 

116. The prismatic reflecting circle, constructed by Pistor and 
Martins of Berlin, differs from the simple reflecting circle 
(Art. 106) by the substitution of a glass prism for the horizon 
glass, and by the position of this prism with respect to the cen- 
tral mirror. 

ABC, Fig. 82, represents the circle; M the central mirror 
upon the index arm oc, which carries a vernier at each end a 
and e; m the prism, which is nearer the telescope T than the 
central mirror, and is permanently attached to the frame of the 
instrument. The prism has two of its faces nearly perpendicular 
to each other, and the third free acts as the reflector. A ray 
from the central mirror entering one of the perpendicular faces 
is totally reflected at the inner face and passes out through the 

* Special instnimentB for measunng the dip of the sea horizon have been oontrivod. 
For an aooonnt of Teoughton’s Dip-Scctor^ see Simms’s TYeafi^e on Maf/iemaitcal 
Int/irumenU 
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other perpendicular face in the direction of the sight Hue of the 
telescope. The height of the prism is only one-half the diameter 
of the object lens of the telescope, and therefore direct rays 
from any object passing over the prism enter the telescope and 
are brought to the same focus as the reflected rays When the 
central mirror is parallel to the longest side of the prism, as in 
Fig. 32, two images of the saiiie object are in coincidence, and 
the index correction is determined as in the sextant, except that 
every reading is here the mean of the readings of the two 
verniers. 

Now revolving the index into the position. Fig. 33, an object 


Pig 32 


Pig 33 




to the right will be reflected into coincidence with the direct 
object, and the angular distance of the two objects is given by 
the reading corrected for the index error, ^^^en the central 
mirror becomes nearly perpendicular to the line jKm, the prism 
intercepts the rays from the right hand object This occurs 
when the angular distance of the two objects is about 130°. 
Beyond this point the head of the observer also intercepts the 
rays, until we come to the position of Fig. 34. 

In this position two objects 180° apart can be brought into 
optical coincidence. But, although the prism does not interfere 
with the rays from the second object, the head of the observer 
may , and this is obviated by placing a small prism JD at the eye 
end of the telescope, to reflect the two images which are in 
coincidence, to the eye in the direction DE. 
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Continuing the motion of the index, we see, by Pig. 35, that 
angles greater than 180° can now be obtained until the index 
arm comes against the prism, which occurs when the angle is 
about 280°. The angles thus measured may be reckoned either 
as between 280° and 180° or between 80° and 180°, Of these, 
the angles falling between 80° and 130° may be observed in two 
reversed positions of the instrument, constituting a cross obser- 
vation, as with the repeating circle, whereby the index correc- 
tion becomes unnecessary, and the errors arising from a prismatic 
form of the central mirror are partially eliminated. 


Ftg 34 I-ig 86. 




When the index is on zero, Pig. 32, the rays incident upon 
the central mirror make an angle with it of 20°, and in this posi- 
tion we obtain the feeblest reflected images. When the index 
is at 130°, the incident rays make an angle with the miiTor of 
85°, and we obtain the brightest reflected images. In the com- 
mon sextant, the reverse takes place ; the feeblest images occur 
for tlie angle 130° when the incident rays make an angle of only 
10° with the central mirror; and the brightest images when the 
index is on zero and the rays make an angle of 76° with the 
mirror. The angles of incidence in the prismatic instruments 
are, therefore, more favorable for the production of distinct 
images than in the common sextant, since even the smallest 
angle which the incident rays make with the mirror in the 
former is double the corresponding angle in the latter. 

Vot, n— 6 
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The adjustments of the prism and central mirror are similar to 
those of the horizon and index glasses of the sextant 

The theory of the errors is also similar to that above given 
for the sextant and circle. 

117- The advantages of these instruments over the common 
sextants are : Ist. Angles of all magnitudes can he measured ; 
2d, the eccentricity is completely eliminated by always employ- 
ing the mean of the readings of the two verniers ; 3d, the re- 
flected images are brighter than in other reflecting instruments, 
both because the angles of incidence upon the central mirror are 
more favorable, and because the inner face of a glass prism is a 
much better reflector than a silvered glass , 4th, the errors 
arising from a prismatic form of the central mirror are much 
less than in the sextant. The instruments, as made by Pistor 
and Martins combine also other improvements which might be 
introduced into the common sextant. Thus, the shade glasses 
admit of reversal, by which their errors are wholly eliminated , 
a revolving disc, containing small colored glasses or shades, is 
adapted to the eye piece of the telescope, for use in taking alti- 
tudes of the sun with the artificial horizon ; all lost motion is 
avoided in the tangent screw, by causing it to act against a 
spring ; the arc is read oflF at night by the aid of a lantern which 
is placed over the centre of the instrument and the light of which 
is concentrated upon the arc by a lens. 

The prismatic sextant differs from the circle only in dispensing 
with the second vernier (the vernier a in the above figures), and 
that portion of the arc upon which it reads. The same angles 
can be measured with this instrument as with the circle, but 
without the advantage of eliminating the eccentricity. 

For an extensive series of observations, illustrating the capa- 
bilities of the sextant in the hands of a good observer, and espe- 
cially demonstrating the excellence of the prismatic sextants, see 
an article of Sohumaoher, in the Astron. Nach.y Vol. XX HI. p. 
321. 
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CHAPTER V. 

THE TRANSIT INSTRUMENT. 

118. The transit insinmmt is an instrument for determining 
the instant of a star’s passage through any given vertical plane ; 
or (which is the same thing) the time of a star’s transit oY&r any 
given vertical circle. For this purpose, it is necessary that the 
motion of the telescope be confined to the vertical plane ; and this 
is eftected by attaching the tube to a horizontal axis and pei’pen- 
dicular to it, so that by revolving the instrument upon this axis 
the principal sight-line of the telescope describes a plane passing 
through the zenith. The common theodolite may therefore be 
used as a transit instrument when its telescope admits of a com- 
plete revolution upon its horizontal axis. 

The time of transit over the assumed vertical circle is deduced 
from the time when a star passes a given thread placed in the 
focus of the objective. 

The instrument may be mounted in any veiiical plane, but ie 
chiefly used either in the meridian or in the prime vertical . in 
the first position, for finding either the time local time or the 
right ascensions of stars ; in the second, for finding either the 
latitude of the place of observation or the declinations of stars. 
When spoken of simply as “the transit instrameut,” however, 
it is usually understood to be in the meridian. 

It admits of some variety of form. In the old and still most 
common form, the telescope and horizontal axis bisect each 
other,* and the two ends of the axis are supported on pillars 
between which the telescope revolves. 

A second form is that in which, starting from the fij’st form, 
one-half the telescope tube is dispensed with, that half which 
contains the object glass being retained, while the horizontal axis, 
is made to perform the part of the other half. At the interaec-' 

* In HaiiLBT’s transit instrument (still preserred as a relio m tte UreinwioFIJb^ 
servatory) the pivots of the axis are at unequal distances from the telescope. 
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tion of the tube with the axis is a glass prism which bends the 
rays from the object glass at right angles, and transmits them 
through the hollow axis to the eye piece which is placed at the 
end of this axis. The chief advantage of this construction is 
that the observer does not have to change his position to observe 
all the stars which cross the plane of the telescope. It has also 
the advantage, for a portable instrument, of diminished weight 
and a more compact form. 

In a third form, proposed by Stbinhbil* of Munich the 
telescope tube is dispensed with entirely, or rather tlie horizontal 
axis is converted into a telescope, by starting from the second 
form just described and shortening the tube until the object 
glass is brought next to the prism, so that the rays are bent 
immediately after entering the instrument This is therefore, 
practically, an instrument of the second form with the telescope 
tube reduced to its minimum length ; but, to gain sufficient focal 
length, the object glass and prism (which are connected together) 
are placed near one end of the axis. This form evidently offers 
the greatest advantages for a portable instrument ; its want of 
symmetry, and the loss of light incurred by the introduction of 
the prism, seem to prevent its adoption for the larger instruments 
intended for the more refined purposes of the observatory. 

The principles governing the use of such instruments being 
essentially the same as those which apply to the transit instru- 
ment of the common form, I shall here treat exclusively of the 
latter. 

119. Plate TV. represents the meridian transit instrument of 
the Washington Observatory, made by Ertbl and Sons, Munich. 
It has a focal length of 85 inches, with a clear aperture of 6.3 
inches The dimensions of all the parts may be found from the 
drawing. The portions of the telescope tube TT^ which are 
made conical to prevent flexure, are screwed to the hollow cube 
Jf. The conical portions of the horizontal or rotation ^axis iV*iV 
are also screwed to this cube ; this axis is hollow, and terminates 
in two steel cylindrical pivots which rest inYs at ‘F’F. It is 
highly important that these pivots be perfect cylinders and of 
precisely equal diameters. 

If the whole weight of an instrument of this size were per- 


♦ Aitran, Nach , Vol XXIX. d, 177. 
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mitted to rest upon the Vs, the Motion would soon destroy the 
perfect forai of the pivots, and hence a portion of this weight is 
counterpoised hy the weights WW^ which, by means of levere, 
act at XJT, where there are friction rollers upon which the axis 
turns. By this arrangement, only so much of the weight of the 
instrument is allowed to rest upon the Vs as is necessary to 
insure a perfect contact of the pivots with the Vs. This not only 
eaves the pivots, but gives the greatest possible freedom of 
motion to the telescope, the lightest touch of the finger being 
now sufficient to rotate the instrument upon the axis. 

The counterpoises may be made to perform another imporfant 
service in diminishing flexure of the horizontal axis, which they 
will evidently do if tliey are applied nearer to the cube than m this 
instrument With cones, such as NN^ of veiy broad base, the 
amount of flexure must be extremely small ; still, with counter- 
poises properly placed, the necessity of making the cones so 
large and heavy would be obviated. (See the arrangement of 
the counterpoises in the meridian circle, Plate VXI ) 

In the principal focus of the objective, at m, is the reticule, con- 
sisting of seven parallel transit t]n*eadB ; these are parallel to the 
vertical plane of the telescope and perpendicular to its optical 
axis (Art. 6). These threads and the images of stars in their 
plane are observed with the eye piece M Eye pieces, or oculars, 
of various magnifying powers are usually supplied, to be used 
according to the nature of the object observed and the state of 
the atmosphere, the highest powers being available only in the 
most favorable circumstances. One of these eye pieces (and 
usually one of the lowest powers) is fitted with a mirror to throw 
light down the tube in observations for colliination, as will be 
fully explained hereafter. This constitutes what is called the 
collirriating eye piece ; but the plan of placing a small piece of mica 
outside the eye piece (Art. 47) converts any one of the eye pieces 
into a collimating eye piece. 

There is also a micrometer thread which moves so nearly in 
the plane of the transit thi*eads as to be sensibly in the same 
focus. This thread may be either parallel or at right angles to 
the transit threads according to the application of it intended ; 
but in the simple transit instrument its use will be chiefly to 
determine the collimation with the mercury collimator, and then 
it will be most convenient to make it parallel to the transit 
tlweads. For this purpose, it will be still better to substitute for 
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the single movable thread a cross-ihread or two very close parallel 
threads. 

The transh threads are rendered visible at night by light 
thrown into the interior of the telescope through the hollow 
rotation axis from a lamp on either side The light is reflected 
down the telescope tube by a small silver mirror in the cube My 
or by an open metallic ring, which does not interfere with rays 
from the object glass. The amount of light can easily be regu- 
lated by a contrivance which it is not necessary to describe. The 
color of the light may be varied by passing it through glass of 
the desired shade. 

The light thus thrown down the tube illuminates the fields and 
the transit threads appear as black lines upon a bright ground. 
For very faint stars it may be necessary to reduce this field 
illumination to such an extent that the threads cease to be dis- 
tinctly visible, and then the direct illumination of the threads is 
to be resorted to. This direct illumination of the threads is 
effected, in the instrument here represented, by two small lamps 
(omitted in the drawing) suspended upon the telescope near 
the eye piece, which throw their light obliquely upon the threads 
without illuminating the field. The lamps are so suspended that 
their flames occupy the same position relatively to the threads 
for all positions of the telescope. The threads are thus made to 
appear as bright lines on a dark ground. Two lamps, one on 
each side, are used in order to produce symmetrical illumination 
of the threads. The threads may also be illuminated by light 
admitted through the axis, but so brought down the tube (by the 
aid of a small lens) as not to illuminate the field, this light being 
finally received by small reflectors near the eye piece, and by 
them thrown upon the threads in such a manner as to produce 
the required symmetrical illumination. 

At F and F are two small finding circles, also called finding levels, 
or simply finders, which serve in setting the telescope at any given 
elevation or zenith distance. They will be more fully explained 
in connection with the portable transit instrument in tlie next 
article. 

The handles, A and B, which are mthin reach of the observer's 
hand, act upon a clamp and fine motion screw by which the tele- 
scope is fixed and accurately set at any zenith distance. 

The inclination of the rotation axis to the horizon is measured 
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with the striding level L (Art. 51), which is applied to the pivots 
VV, The feet of the level have also the form of Vs. 

The piers are so nearly adjusted in the fii’st place that the Vs 
are nearly m a true east and west line, but a small final correc- 
tion IB still possible by means of screws which act horizontally 
upon one of the Vs. In the same manner, the inclination of the 
axis to the horizon is made as small as we please by screws 
acting vertically upon the other V. These screws are not shown 
in the drawing. 

In order to eliminate errors of the instrument, it is necessary 
to reverse the rotation axis from time to time, that is, to make 
the east and west ends of the axis change places. The reversing 
apparatus or car for this purpose is shown at JR, It runs upon 
grooved wheels which roll upon two rails laid in the observatory 
floor between the piers PP, and is thus brought directly beneath 
the axis. By the crank h acting upon the beveled wheels e and 
/, two forked arms aa are lifted and brought into contact with 
the axis at NN; then, continuing the motion, the telescope is 
lifted just sufliciently to clear the Vs, and the friction rollers at 
JTJT; the car is then rolled out from between the piers, beaiing 
the telescope upon its arms ; a semi-revolution is given to the 
arms, the exact semi-revolution being detei'mined by a stop rf, 
the car is rolled back between the piers, and the telescope lowered 
into the Vs. It is hardly necessary to observe that the telescope 
is placed in a horizontal position during this operation. 

An observing couch C runs on the rails between the piers. It 
is so arranged that the observer reclining upon it may give his 
head any required elevation, and thus be able to observe stars at 
high altitudes without the discomfoii: which would destroy the 
accuracy of his observations. 

The piers PP are of gi'amte, and rest upon a foundation of 
stone sunk ten feet below the surface of the ground. .They are 
wholly insulated from the walls and floor of the building. 

Between the piers, a granite slab about a foot broad and ten 
feet long is placed on a level with the floor. This rests firmly 
upon the foundation which supports the instrument, and, like 
the piers, is insulated from the floor. On this slab may be 
placed a basin of mercury at various distances from the instru- 
ment, for observing stars by reflexion. 

I do not propose to enter into the details of constructing the 
observatory itself, as many of these details will vary according to 
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the taste aud means of the builder; but it is essential to remark 
that the opening in the roof and sides of the building tlu'ough 
wliich the observations are to be made should be much wider 
than the mere aperture of the telescope , for there arc always 
currents of air of various temperatures near the edges of tlio 
openings, which produce unsteadiness in the images of stars. A 
width of two feet at least should be allowed. 

It is also well to observe that the observing room should be 
large and high, that the radiation fi-om the walls may not have 
too much effect upon the instrument. Ho artificial heat should 
be permitted in it or near it. Its temperature at the time of an 
observation, and that of the whole instrument, should be as 
nearly as possible the same as the temperature of the atmosphere 
outside the observatory. 

The indispensable companion of tlie transit instrument in the 
observatory is the sidereal clock, which is to be secured to a 
stone pier, resting upon a foundation which is insulated from the 
floor, and so placed that its dial may be seen by the observer 
from any position he may occupy at the telescope. If, however, 
the transits are recorded by the chronograph (Arts. 71-77) the 
clock may be in any part of the observatory, and a single clock 
may be used for all the obseriaiions with all the instruments. It 
will only be necessary that each instrument should have its own 
chronographio register, which is graduated into seconds by tlio 
one standard clock. However, a clock in the room with the in- 
strument is still necessary to enable the observer to prejiaro for 
his observations at the proper time; but this may then bo re- 
garded as a sort oi finder merely, and it will be necessary to regu- 
late it only approximately. 

120. Plate V. represents a portable transit instrument as con- 
structed by Mr. W. Wttrdehann CWashington, D. C.). The focal 
length of such an instrument is usually from 24 to 86 inches. 

The letters common to Plate V. and Plate IV. represent the 
same parts. The peculiar feature is the portable frame PP, which 
here takes the place of the piers. It is made of iron, and is made 
as light as possible without the sacrifice of strength and stability. 
The screws i t being removed, the inclined supports pp fold in 
against the upright ones, and then the latter fold down upon the 
horizontal frame; and the whole frame can be placed in a box. 
This box is deep enough to receive the telescope also. The 

; i ! U i 1 
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instrument can thus be conveniently ti’ansported and set up in a 
few minutes upon any temporary pillar Q, In the field it will 
often he convenient to mount the instrument upon the trunk of 
a tree cut off lo the required height The fi'ame is quickly 
levelled approximately by the foot screws S, S, S. 

A diagonal eye piece JE (Art 12) is necessary for observing stars 
at considerable altitudes. 

The eye tube of the telescope is moved out and in by a rack 
and pinion r, to bring the threads precisely into the focus of the 
object glass The rack and pinion k carry the eye piece to the 
right and left so as to bring it opposite each thread in succession 
as a stai’ crosses it. 

The finder F consists, 1st, of a small graduated circle which is 
permanently attached to the telescope; 2d, of a spirit level g 
attached to an arm which revolves about the centre of tlie circle. 
This arm carries a vernier, and has a clamp and fine motion 
screw at/. When the vernier reads 0°, the axis of the level is 
parallel to the optical axis of the telescope ; consequently, if we 
set the vernier to this reading, 0°, and then revolve the tele- 
scope until the bubble stands in the middle of the tube, the 
optical axis will be horizontal If then we set the vernier at 
any other given reading i2, and revolve the telescope until the 
bubble stands in the middle of the tube, the inclination of the 
telescope to the horizon will be = iZ. The altitude of a star 
whose transit is to be observed is known from its declination 
and thfe latitude of the place of observation, and it is usually 
necessary to prepare for the observation by setting the telescope 
at the proper altitude by means of the finder. 

A rack and pinion (not shown in the drawing) serve to revolve 
the eye piece and micrometer so as to make the threads vertical, 
or rather parallel to the vertical plane of the telescope. 

The illuminating lamps are shown in their position. Their 
light is thrown into the axis in nearly parallel lines by means of 
a lens in the lantern opposite the middle point of the flame, the 
flame being nearly in the focus of the lens. 

120*. A small altitude and azimuth instrument so constructed 
that it may be used also as a transit instrument is called a universal 
mstrument The horizontal graduated circle renders such an in- 
strument very convenient for observations out of^the meridiam 
See Chapter VIE. 
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121. Method of observation — In all cases, the celestial observa- 
tion made with the transit instrument consists only in noting, by 
a clock or chronometer, the several instants when a star or other 
object crosses the threads. The method of doing this with pre- 
cision is as follows. The instrument remaining stationary, the 
diurnal motion causes the star to pass across the field of the 
telescope As it approaches a thread, the observer looks at the 
clock and begins to count its beats ; and, keeping the count in 
his head by the aid of the audible beats of the clock, he tlien 
turns his eye to the telescope and notes the beat when the star 
appears on the thread. The transit over the thread may, how- 
ever, fall between two beats ; and then the fraction of a beat is 
to be estimated. This estimate is made rather by the eye than 
the ear. Suppose the clock beats seconds Let a. Fig 36, bo 
the position of the star at the last beat 
* ‘ before the star comes to the thread, and b 

its position at the next following beat. 
The observer compares the distance from 
i, M thread with the distance from a to 

6, and estimates the fraction which ex- 
presses the ratio of the former to the latter 
in tenths , and these tenths are then to be 
' added to the whole number of seconds 
counted at a, to express the instant of transit. Thus, if he counts 
20 seconds by the clock at a, and estimates that from a to the 
thread is ^ of ab^ the instant of transit is 20*.4, which he records, 
together with the minute and hour by the clock. 

In the transit of the sun, the moon, or a planet, the instant 
when the limb is a tangent to the thread is noted. The mode 
of inferring the time of transit of the centre from that of the 
hmb will be explained hereafter. 

The most accurate method of observing transits is by the aid 
of the chronograph. At the precise instant when the star is on 
the thread, the observer presses the signal key and makes a 
record on the register, which is read off at his leisure, according 
to the methods explained in Arts. 71-77. The record of several 
transits of stars over the five threads of the Cambridge telescope 
is shown in Plate I. Fig. 6. Each transit is preceded by an 
irregular signal, produced by a rapid succession of taps on the 
signal key, by means of which the place of the observation on 
the register is afterwards readily found. As the observer is 
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1-elieved by the chronograpli from the neeeasity of counting the 
seconds and estimating the fractions, the transit threads may be 
placed much closer to each other and their number greatly in 
creased. In the transit instruments used m the United States 
Coast Survey for the telegraphic detenniiiation of differences of 
longitude (see Vol. I Art. 227), the diaphragms contain twenty- 
five threads, arranged in groups, or “tallies," of five, as in Plate 
I. Fig. 1. 


GENERAL FORMUL-ffl OE THE TRANSIT INSTRUMENT. 

122. In whatever position the transit instrument may be placed, 
we may consider its rotation axis as an imaginary line, passing 
through the central points of the pivots, which, produced to the 
celestial sphere, becomes a diameter of the sphere , and the axi^ 
of collmaiion as an imaginary hue, drawn from the optical centre 
of the object glass perpendicular to the rotation axis, and de- 
scribing a great circle of the sphere as the telescope revolves. 
The position of this great circle in the heavens is fully deter- 
mined when we have given the position of the rotation axis , 
and the position of the rotation axis is given when we know the 
altitude and azimuth of either of the points in which it meets 
the celestial sphere 

The sight-line marked by a thread in any part of the field is 
a line drawn from the thread through the optical centre of the 
object glass The angle which this line makes with the axis of 
collimatlon does not change as the telescope revolves ; so that, 
while the axis of coHimation describes a great circle, the sight- 
line describes a small circle parallel to it whose distance from it 
is everywhere the constant measure of the inclination of the 
sight-line. If then a star is observed on the thread, the position 
of tlie star with respect to the great circle of the instrument 
becomes known when we know the inclination of the sight-line 
or the angular distance of the thread from the axis. 

The general problem to which the use of the transit instru- 
ment gives rise is the following; 

128. To find the hour angle of a star observed on a given thread of * 
the transit instrument in a given 'position of the rotation axis . — Let 
Fig. 37 represent the sphere stereographically projected upon 
the plane of the horizon, NS the meridian, WE the prime 
vertical. Suppose the axis of the instrument lies ip the vertical 
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Eig. 37. 


plane ZA.^ and that A is the point in which this axis produced 

towards the west meets the celestial 
sphere. Let N'Z'S' be the great 
circle described by the axis of colh- 
mation ; A is the pole of this circle. 
Let nOs be the small circle described 
by the sight-line drawn through a 
thread whose constant angular dis- 
tance from the colliraatioii axis is 
given = c. Let b denote the altitude, 
90° + a the azimuth, 90° — m the 
hour angle, n the declination of the 
point A ; tp the latitude of the observer ; 8 the declination of a 
star observed at 0 on the given thread. Join PJ., PC?, AO. 
We have 



NZA = 90° -t- a, 
ZA = 90° — b, 
AO 90° <?, 


ZFA = 90° — m 
PA = 90° — n 
P^==90° — ip 
PO = 90° — 5 


and the triangle PZA gives the equations [Sph. Trig. (6), (3), (4)] 

cos n sin m = sin 6 cos f -f- cos I sin a sin ^ 
cos n cos m = cos 6 cos a 

Bin n = Bin & sin ^ — cos 6 sin a cos ^ 

which determine m and n when a and b are given. 2^ow let 

T = the hour angle of 0 east of the meridian; 

then the angle APO = 90° — m + r = 90° -|- (r — m), and the 
triangle APO gives 

— sin c = sin n sin d — cos n cos i sin (t — m) 

whence 

sin (r — m) = tan n tan ^ -1- sin c sec n sec 8 (79? 

which determines r — m, whence also r. 

These general formulae admit of simplification when the in- 
strument is either near the meridian or near the prime vertical. 
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124. The instrument is said to be in the meridian when the 
great circle described by the axis of collimation is the meridian. 
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The axis of rotation is then perpendicular to the plane of the 
meridian, and, consequently, lies in the intersection of the prime 
vertical and the horizon. If, further, the thread on which the 
star IS observed is in the axis of colhmation, the time of obser- 
vation 18 that of the star’s transit over the meridian ; and, since 
at that instant the sidereal time is equal to the star’s right aseen- 
sioii, the error of the clock on sidereal time is obtained at once 
by taking the diftereuee between that right ascension and the 
obseiwed clock time of transit. (Vol. I. Art. 138.) 

Practically, however, we i-arely fulfil these conditions exactly, 
but must correct the time of observation for the small deviations 
expressed by a, b, and c, of which a is the excess of the azimuth 
of the west end of the axis above 90° (reckoned from the north 
point), and is called the azimuth constant; b is the elevation of the 
west end of the axis, and is called the level constant, and c is the 
inclination of the sight-line to the collimation axis, and is called 
the colhmation constant. 

We must first show how to adjust the instrument approxi- 
mately, or to reduce a, b, and c to small quantities. 

125. Approximate adjustment in the mendmn. — 1st The middle 
thread of the diaphragm should coincide as nearly as possible 
with the colhmation axis. This adjustment can be approxi- 
mately made before putting the instrument in the meridian, by 
moving the thread plate laterally until the middle thread cuts a 
well defined distant point in both positions of the rotation axis 
in the Vs. 

2d. The middle thread (and, consequently, all the transit 
threads) should be vertical when the rotation axis is horizontal ; 
that is, it should be perpendicular to the rotation axis. This 
can be verified while adjusting the sight-line, by observing 
whether the distant point continues to appear on the thread as 
the telescope is slightly elevated or depressed. After the instru- 
ment has been placed in the meridian and the axis levelled, the 
verticahty of the threads may also be proved by an equatorial 
star running along the horizontal thread, which is at right angles 
to the transit threads. 

The axis, being placed nearly east and west (at first by estima- 
tion), is levelled by means of the striding level. Thus e and h 
are easily reduced to small quantities. 

8d. To reduce a to a small quantity, or to place the instrument 
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very near to the meridian, we must have recourse to the obser- 
vation of stars. The following process will be found as simple 
as any other with a portable instrument. 

Compute the mean time of transit of a slow moving star (one 
near the pole), and bring the telescope upon it at that time. For 
the first approximation, the time may be given by a common 
watch, and the telescope may be brought upon the star by 
moving the frame of the instrument horizontally. Then level 
the axis, and note the time by the clock of the transit of a star 
near the zenith over the middle thread. It is evident that the 
time of transit of a star near the zenith will not bo much aifected 
by a deviation of the instrument in azimuth, and therefore the 
difference between the star’s right ascension and the clock time 
will be the approximate error of the clock on sidereal time. 
With this error, we are prepared to repeat tbe process with 
another slow movmg stai’, this time employing the clock and 
causing the middle thread to follow the star by moving only the 
azimuth V. When the clock correction has been previously 
foimd by other means (as with the sextant), the first approximation 
will usually be found suflicient. The instrument is now suffi- 
ciently near to the meridian, and the outstanding small deviations 
can be found and allowed for as explained below. 

In mounting a large transit instrument in an observatory, it 
will be convenient first to establish the approximate direction of 
the meridian with a theodolite, and to set up a distinct mark at 
a sufficient distance to be visible in tlie large telescope without 
a change of the stellar focus. The middle thread of the instru- 
ment can then be brought upon this mark before proceeding to 
the observation of stars. 

4th. Finally, it is necessary to adjust the finder whereby the 
telescope is to be directed to that point of the meridian through 
which a given object will pass. If the finder is intended to give 
the zenith distance (f), we take 

Z = <p — S — r p for an object south of the zenith, 

C = S — 9 — f -{■ P “ “ north “ “ 

m which r is the refraction, and^ the parallax of the object for 
the zenith distance But, for the purpose of finding an object 
merely, we may neglect r, except for very low altitudes, and p 
may be neglected for all bodies except the moon. 

To adjust the finder, we have only to clamp the telescope when 
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some known stai' is on the horizontal thread, and in that position 
cause the finding circle to read con^ectly for that star, by means 
of the proper adjusting screws. It will then read correctly for 
all other stars. In large insti’uments the finder is sometimes 
graduated from 0° to 360°. 

With respect to the time when a star is to be expected on the 
meridian, the sidereal clock or chronometer answers as a finder, 
since (after allowing for its error) it shows the right ascensions 
of the stars that are on the meridian. 


126. Equations of the transit instrument in the meridian , — ^By the 
preceding process we can always easily reduce a, 6, and c to 
quantities so small that tlieir squares will be altogether insensible, 
or, which is the same thing, we can substitute tliem for their 
sines, and put their cosines equal to unity. And, since m, n, and 
r will be quantities of the same order as a, 6, and c, the general 
formulse (78) will become 


m = 6 cos so + ^ sin 9 ? 
n = 6 sm <p — a cos ^ 

and (79) gives 

T = m + n tan 5 -j- c sec J 



which is Bessel’s formula for computing the correction to be 
added to the obseiwed sidereal clock time of transit of a star 
over the middle thread to obtain the clock time of the star’s 
transit over the meridian. It is hardly necessary to observe that 
the unit of all the quantities a, 6, c, 7i, t should be the second 
of time. 

If now we put 

T = the observed clock time of the star’s transit over the 
middle thread, 

A r = the correction of the clock, 
a = the star’s apparent right ascension, 

the true sidereal time of transit will be TH- r + and this 
quantily must be equal to a. Hence we have 

a ==. r ^7^ "t" 
or 

tan ^ + c sec ^ 

by which formula the right ascension of an unknown star can be 
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found when A^and the constants of the instrument f 
From the transits of known stars, on the other hand, 
tion enables us to find a when the constants of the \ 
are given. 

The apparent right ascension in this equation 
affected by the diurnal aberration, which, by Vol. I 
0".311 cos <p sec d = 0*.021 cos <p sec d when the star 
meridian. If then a denotes the right ascension as gi 
Ephemeris, the first member of (82) ought to be a 
cos (p sec 5, so that the equation becomes 

a = r+AT-fw + n tan <5 + (c — 0* 021 cos <p) s- 
Hence, if instead of c we take 

d z=z c — 0* 021 cos 9 ? 

we may use (82) without further modification, and tl 
aberration will be fully allowed for. Since, for each p] 
servation, the quantity 0\021 cos^ is constant, there is 
for omitting to apply this correction, although its in 
scarcely appreciable except with the larger insti’iimei 
observatoiy. 

127. Bessel's form for the correction r is usually 
convenient; but other forms have their advantages 
apphcations. From (80) we deduce 

a = m sin — n cos ^ 
h = in cos <p n ^ 

and from the second of these we have 

771 = 6 sec <p — n tan ^ 

which substituted in ( 81 ) gives Hansen's formula, 

% 

T = b sec + n (tan d — tan (p) -{■ c sec 5 

This is convenient in reducing observations of stars 
zenith, where the coefficient tan d — tan <p becomes s 
shows that for a star in the zenith the correction dep< 
on b and c, and that in general the best stars for det 
the clock correction are those which pass nearest to the 

If we substitute the values of m and n from (80) in 
readily bring it to the form 
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am (a — d) , , cosfffl — S) , c 

T = fl. ^ 

cos S cos S cos S 


(87) 


wHch is known as Mayer’s formula. This is the oldest form ; 
hut where many stars are to he reduced for tlie same values of 
the constants, it is much less convenient than the preceding. It 
has its advantages, however, in cases where the constant a is 
directly given, or in discussions in which this constant is directly 
sought. 


0 

128. These formulse apply directly to the case of a star at its 
upper culmination. To adapt them to lower culminations (that 
is, of circumpolar stars at their transits below the pole), we 
observe that in the general investigation Art. 123, 5 represents 
the distance of the star from the equator reckoned towards the 
zenith of the place of observation, and, consequently, the 
formula will be applicable to lower culminations if we still repre- 
sent by d tlie distance of the star from the equator through 
fixe zenith and over the pole ; that is, if we take for d the supple- 
ment of the declination This being understood, we shall be 
saved tlie necessity of duplicating our formulae. 

Again, the time of the lower culmination differs by 12* of 
sidereal time from that of the upper culmination of the same 
star. Hence, to apply the formulse to the case of a lower cul- 
mination, it is also necessary to suppose that a represents the 
star’s right ascension increased by 12*. 

In short, for lower culminations, we must substitute 12* + a 
and 180° — 5 for a and d. 

129. Since the instrument maybe used in two positions of the 
rotation axis, it is necessary to distinguish these positions. We 
shall suppose that the dcump is at one end of the axis, and shall 
distinguish the two positions by “ clamp west” and “ clamp east.” 
If the value of c has been found for clamp west, its value for 
clamp east will be numerically the same, but will have a different 
sign ; for, since in reversing the collimation axis remains in the 
same plane,* any thread will be at the same absolute distance 
from this axis, but on opposite sides of it in the two positions. 


* Exoepi when the pivots are unequal, tlie correction for which will he considered 

hereafter 

VoL TT— 10 
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For example, if we have found for clamp west c = — 0*.292, we 
must take for clamp east c = + 0*.292. 

If, however, we take the diurnal aberration into account, we 
must observe that c' is not numerically the same in the two posi- 
tions of the axis. For example, if ^ = 38° 69', the correction 
0*.021 cos ^ is 0*.016 ; and if for clamp west we have c = — 0*.292, 
we shall have for this position c' = — 0'.292 — O' 016 = — 0*.308, 
but for clamp east c'= -h 0*.292 — 0*.016 = -j- 0*.276. 

130. In the abgve, we have assumed that the star has been 
observed on a single thread whose distance from the collimation 
axis is known. The same method may be applied to each thread ; 
but when the intervals between the threads are known, each 
observation may be reduced to the middle thread or to a point 
corresponding to the “mean of the threads,” and the correction 
r will then be computed only for this middle thread or this mean 
point. I proceed to show how these intervals are to be deter- 
mined and applied. 


THREAD INTBRVADS. 

131. An odd number of threads is always used, and they are 
placed as nearly equidistant as possible, or, at least, they are 
symmetrically placed with respect to the middle one, and this 
middle thread is adjusted as nearly as possible in the collimation 
axis. If the threads were exactly equidistant, the mean of the 
observed times of transit over all of them could be taken as the 
time of transit over the middle one, and this with the greater 
degree of accuracy (theoretically) the greater the number of 
threads.* But since it rarely happens that the threads are per- 
fectly equidistant or symmetrical, it becomes necessary to deter- 
mine their distances ; and this is usually the first business of the 
observer after he has mounted his instrument and brought it 
approximately into the meridian. 

Let t denote the angular interval of any thread from the 
middle thread ; J the time required by a star whose declination 
is d to pass over this interval. Then i, being expressed in 
seconds of time, will also denote the interval of sidereal time 
required by a star in the equator to describe the space between 

* The prsotioal limite to the nnmber of threads will be oonBidered in another 
place. 
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the threads ; for this is the case in which the apparent path of 
the star is a great circle. Our notation, therefore, may he ex- 
pressed hy putting 

^ == the equatorial interval of a thread from the middle thread, 

1 = the interval for the declination d. 

If now c denotes the collimation constant for the middle thread, 
the distance of the side thread from the collimation axis is ^+ c; 
and if r is the hour angle of a star when on the middle thread, 
J+ r is its hour angle when on the side thi’ead. Hence, by our 
rigorous formula (79), applied to each thread, we have 

sin (/ + T — m) = tan n tan d + sm (i -f c) sec n sec d 
am (r — m) = tan n tan ^ + sin c see n sec d 

the difference of which is 

2 cos (} 7 + T — w) sin } 7= 2 cos (i 2 + sin } i sec n sec d 

for which, since r — m, c, and n are here veiy small quantities, 
we may write, without sensible error, 

2 cos }7 sm J7 = 2 cos sin iz sec d 

or y (88) 

sin 7 = sm i sec d J 

From this, I can be found when i is given. On the other hand, 
if I is observed in the case of a star of known decKnation, we 
deduce i by the formula 

sin z = sin7 cos d (89) 

If the star is not within 10° of the pole, it is quite accurate to 
take for these the more simple forms 

7 = z sec d z = 7 cos ^ (90) 

These formula show that the observed interval will be the 
greater the nearer the star is to the pole. Hence, for finding i 
from observed values of J, it is expedient to take stars near the 
pole, sinca errors in the observed times will be reduced in the 
ratio 1 : cos d. 

When the star is so near to the pole that either (88) or (89) is 
to be used, it will he found convenient to substitute for them 
the following : 

7 = t see ^ A z = ^ (91) 
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/sin 15" 

in Tvhich k= ^ > and its logaritlim may be readily taken 

SID ^ 

from the following table : 


I 

I log I sec rf log A 1 log i seo d log A 


1" 

1778 

0 00000 

15“ 

2 954 

0.00081 

2 

2 079 

00001 

16 

2 982 

00035 

8 

2 255 

.00001 

17 

3 008 

00040 

4 

2 380 

.00002 

18 

8 033 

00045 

6 

2 477 

00003 

19 

8.056 

00050 

6 

2 556 

00006 

20 

3 079 

00055 

7 

2 623 

00007 

21 

8.100 

00061 

8 

2 681 

.00009 

22 

8 120 

00067 

9 

2 732 

.00011 

23 

8139 

00073 

10 

2 778 

00014 

24 

8.158 

00080 

11 

2 819 

00017 

25 1 

8175 

00086 

12 

2 857 

00020 

26 

8 192 

00093 

13 

2.892 

00023 

27 

8.209 

00101 

14 

2 924 

00027 

28 

3 224 

00108 

16 

2 954 

00031 

29 

3.239 

00116 




30 

8 254 

.00124 


Example 1. — ^If for a star whose declination ia S= 88° 33' we 
have observed the interval between a side thread and the middle 
thread to be 1= 25*" 17*.6, required the value of f. 

We have 

logJ 318116 
log cos 5 8 40320 
ar. CO log /c 9 99912 
t = 38* 825 log i 1 58348 

Example 2. — Given i = 38'.825, find Jfor 5 = 87° 15'. 

We have 

log i 1 58348 
log sec d 1 31896 
log i seo ^ 2 90244 
(Argument 2 902) log Z: 0 00024 
J= 799*25 log 7 2 90268 

132. The thread intervals may also be found by Gauss's 
method, with a theodolite, precisely as in the method of deter- 
mining the value of a micrometer screw in Art. 46. 

If the instrument is furnished with a micrometer, the value 
of the screw may be determined by the transits of circumpolai 
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stars over the micrometer thread, and then it may be employed 
to measure the thread intervals. 

REDUOTION TO THE MIDDLE THREAD. 

133. Suppose that tlie reticule contains five transit threads, 
and that they are numbered consecutively from the side next to 
the clamp, so that for “clamp west” stam at their upper cul- 
minations cross the threads in the order of their numbers. Then, 
if we denote the observed clock times of*a transit over them by 
^15 J? 2 J the equatorial intervals of the side threads from 

the middle thread by ? 4 , % (observing that and will be 
essentially negative), the time of passing the middle thread 
according to the five observations is either ^ sec d, 

^35 ^ 4 + ^ 4 secd, or 4+ ^ 5 secd, which, if the observations were per- 
fect, would be equal to each other. Taking their mean, which 
we shall denote by we have 

^ _ ^1 + 4” '^a + ^4 4" ^5 h 4" ^*2 4” U 4” ^5 ^ 

6 5 

[f we put 

5 

and denote the mean of the observed times by jT^j h.Bi,Ye 

T = Tq -f Az sec d for clamp west, 

T = — Az see d for clamp east 

If the threads are equidistant, az vanishes ; otherwise az sec d 
is the correction to be applied to what is called the mean of the 
threads^ to obtain tlie time of passage over the middle thread. 

If there are seven threads, 

Al = 4- 4- ^a') + Ch 4“ h + v) ^92) 

7 

and so on for any number of threads. 

At the lower culmination, a star crosses the threads in the 
reverse order, and, consequently, the sign of the correction 
AZ sec d must be changed ; but this change of sign is effected by 
taking for 8 the supplement of the declination, according to the 
method pointed out in Art. 128. We shall, therefore, regard 
the above formulae as entirely general. 

A. broken iransii (one in which the transits over some of the 
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threads have not been observed) is reduced in the same manner ; 
that is, we take the mean of the observed times and apply to it 
a correction which is the mean of the equatorial intervals of the 
observed threads multiplied by sec 8. Thus, if only the Ist, 3d, 
and 4th of five threads have been observed, we have for T the 
several values + i, sec 8, /j, <4 + li sec 8, the corresponding 
thread intervals being 0, \ • so that we have 

r = g*"*" ^* + *■ ■!■ ** sec S 

In general, if we put 

M = the mean of the observed times on any number of 
threads, 

f = the mean of the equatorial intervals of these threads, 
the time T of transit over the middle thread will be 


T = iHf + / sec ^ 


( 93 ) 


If the clock rate is considerable, the -reduction of -3f to 7 
must be corrected accordingly. Thus, if 

A r == the clock rate per hour, 

the reduction / sec d becomes / sec 5 1 1 — j; or, putting 


p = the factor for rate = 1 — 
T= M pfsQo d 


8600 


} 


( 94 ) 


For a sidereal clock which gains 1' per day, we have ^T= 
— A, whence log /) = 0.000006, and for a gain of x seconds daily 
log/) = 0.000006 a:. 

For a mean time clock which has no rate on mean time, and, 
consequently, loses 9*.88 per hour on sidereal time, we find 
log jO = 9.99881 ; and, if it gains x seconds per day, \ogp = 
9.99881 + 0.000006:. 

If the star is very near the pole, each thread should be sepa- 
rately reduced, the reduction to the middle thread being com- 
puted by the formula z sec 5 . kp, log k being taken from the 
table in Art. 131. 
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REDUCTION TO THE MEAN OE THE THREADS. 

134. Another mode of reducing transits is commonly used in 
the observatory. We may suppose an imaginary thread so 
placed in the field that the time of transit over it will be the 
same as the mean of the times on all the threads, and for brevity 
this imaginary thread is called the mean of the threads^ or the 
mean thread. Then all observations are reduced to this imaginary 
thread, and the constant c as well as the intervals of the several 
threads are referred to it, precisely as if it were a real thread. 
It is evident that, where many complete transits are to be re- 
duced, this method saves labor, as the correction sec d is avoided. 

185. Example 1 — The upper transit of Polaris was observed 
with the meridian instrament of the Naval Academy on Jan. 
26, 1859, as in the second column of the follovring table • 

Clamp East. S =: 88° 88' 64" 8 


Tlirend 

Sid clock 

I 

log/ 

log h 

logtf 

i 

VII 

0*44"' 

66' 

— 23"* 49' 

n8 16608 

0 00079 

wl.66290 

— 86* 720 

VI 

52 

66 

— 16 48 

n2 97681 

84 

wl.87618 

— 28 .721 

V 

IV 

1 0 

8 

64 

44 

— 7 60 

7i2 67210 

09 

nl 07067 

— 11 767 

III 

16 

82 

+ 7 48 

2 07026 

09 

1 06882 

+ 11 717 

II 

24 

81 

-1-16 47 

2 97686 

84 

1.87407 

-1- 28 .696 

I 

82 

80 

-1- 28 40 

8 16412 

78 

1.66200 

+ 36 646 


The table exhibits the computation of the equatorial intervals 
of the side threads from the middle thread. The values of log A 
are taken fi'om the table in Art. 181, and each value of log i is 
found by the formula log i = log I + log cos d — log k. The 
signs of I and i are given for clamp west. 

The values of the intervals must be found fi'om a number of 
observations of this kind, and the mean of all the determina- 
tions should be finally adopted. 

According to this single observation, the value of td for this 
instrument will be 

Ai = — 0'.021 


If the reductions are to be made to the mean of the threads, 
we find the values of I by taking the difference between the 



162 


lEANSIT INSTRUMENT IN THE MERIDIAN. 


mean of all tLe observed times and the time on each thread, 
and compute i as before. The values of i that would I'esult in 
the above example may be immediately inferred, since they 
win be equal to those above found diminished by ai. Thus, 
arranging th« values in their order for c’amp west, we have — 


Thread 

1 

Intervals to 
middle thread 

Intervals to 
mean thread 

1 

+ 35* 645 

+ 35* 666 

n 

-1- 23 696 

+ 23 717 

m 

-f 11 717 

+ 11 738 

lY 

0. 

-f 0 021 

V 

— 11 767 

— 11 .746 

YI 

— 23 721 

— 23 700 

VII 

— 35 720 

— 35 699 


Example 2. — With the same instrument on the same date, the 
transit of a Aneha was observed as follows {clamp east) ; 


Thread 1 


Clook 

Yll 

P 58** 58*2 

YI 


lost 

Y 

1 

59 24.1 

lY 


36 9 

ni 


49 8 

n 

2 

0 2 8 

I 


15 .9 

Mean = 

1 

69 41 28 


8 = + 22° 47' 49". 


The algebraic sum of the intervals to the middle thread for 
the threads here observed, taken from the table in the preceding 
example, is + 23*. 571, or for clamp east — 28*. 671 ; and therefore 
the time of transit over the middle thread is 


T=l* 59- 41*.28 — sec (J == 1* 69’» 87* 02 

6 

To reduce this observation to the mean of the threads, the 
shortest method is to take one-sixth of the interval corresponding 
to the missing thread, — ^thus : 
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700 

P 59« 41* 28 — J seo ^ == 1* 59~ 37-.00 

136. Having shown how the quantity T in (82) or (83) is 
found, I now proceed to show how to determine the constants 
m, n, and c. Since m and n both involve 6, let us begin with the 
investigation of this quantity. 

THE LEVEL CONSTANT. 

137. The inclination of the rotation axis to the horizon is 
usually found by applying the spirit level as explained in Art. 
52, and this inclination expressed in seconds of time is the 
value of the level constant 6, positive when the west end of the 
axis is too high. 

But the spirit level applied to the outer surface of the cylinders 
which form the pivots does not directly determine the inclina- 
tion of the rotation axis which is the common axis of these 
cylinders, unless the pivots are of equal diameters. 

To find the correction for inequality of the pivots, let C, Fig. 38, 


Fig 38 Fig. 39 



be the centre of a cross section of a pivot, A the vortex of the y 
in which the pivot rests, S the vertex of the V of the spirit level 
applied to it. Put 

2i = the angle of the Y of the level, 

2ij= y “ transit inst, 

r = the radius of the pivot, 
cZ = the vortical distance of B above 0, 
it 0 “ A, 

we have 

sin i sin 

If now, in Fig. 39, GG’ is fhe rotation axis, A and B the 
vertices of the transit and level Vs at the end next the clatop, 
A' and £' the vertices of the Vs at the other end of the axis. 
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r' the radius of the pivot at that end, then we have for the dis 
tances B'C', 

r' 




sin i 




Sin 2, 


The level gives the inclination of the line BB' to the horizon, 
and we wish to find that of (7(7'. Let us suppose the clamp at 
first is west, and afterwards east, and that in both positions of 
the axis the inclination given by Ihe level is observed. Let 

B, = the inchnations given by the level for clamp west 
and clamp east, respectively, 

&' = the true inclinations of the rotation axis for clamp 
west and clamp east, 

P = the constant inclination of the line AA\ 

Also draw CB and GF parallel to BB^ and AA', and put 

p == EOG^ p^ = FOC^ 

then, L being the length of the level, we have 

d!^d _ r'—r 
Jj X sin i 

d^^d^ ri — r 


sm^ = 


sin jpj = 

for which we may take 


Jj sin L 


p = 


f—r 

L sin i sin 16" 


Px = 


r'— r 

L sin ij sin 16" 


in which p and are in seconds of time. Now, we have evi 
dently for clamp west (b denoting the elevation of the west end) 


b = B + 

and for clamp east, 

V=B'--^p 




y=/9+^, 


b'—b = B' — B — 2p = 2p^ 


B>—B 

2 


= P +Pl-=P +P =P{ . -•^1 

Sin i \ sin *, / 


whence 
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and, consequently, 




B ' — B / sin ij 
2 \ sin i -|- sin i, 


(95) 


By this formula, when i and \ are known, we can directly com- 
pute the value of •p from the level indications B and B', observed 
in the two positions of the axis. 

If the angles of both the ti’ansit and the level Vs are equal to 
each other, which is usually the case, we have sin i = sin i, ; and 
then we have 


J3 = 



B 


( 96 ) 


The value of p thus found is called the correction for inequality 
of pivots. It is to be carefully found by taking the mean of a 
great number of level determinations in the two positions of the 
axis. By determining it according to the above formula, it is a 
correction algebraically additive to the level indication for clamp 
west : so that the true level constant in any case is found by the 
formulas 

b — B p for clamp west, 1 

b' = B' — p for clamp east. j 

188. The inequality of the pivots may also be found without 
reversing the axis, by using successively two spirit levels, the 
angles of whose Vs are quite different. Let 2i and 2i' be their 
angles, and B and B' the apparent inclination of the axis given 
by the two levels respectively. If then b is the true inclination, 
and we put 

/ — r 

®~isml5" 


we have, by the preceding article. 


b = B 

sin i 


b = B'+ 


whence 


sin r 


q = iB-B') 

Bin 2 — sm V 


(98) 


and the correction of inclinations found with the level the angl^ 
of whose Vs is 2i will be 
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em i 


B') 


sin r 

sin i — sin i' 


(99) 


If we construct tlie levels so that their angles are supplements 
of each other, that is, make 2i' = 180° — 2 i, the formula becomes 

B—B' 

V = 

tani — 1 


For example, if 2z = 167°23' and 2i'=22° 3i', we have 
P = i(jB — B') : so that as accurate a determination of p may- 
be found in this way as by reversing and employing the formula 
(96). 

139. Example 1. — The folio-wing example of a case in which 
the angle of the level V diflered from that of the transit V is 
given by Sawitsoh. A poi’table instrument was mounted in the 
meridian, and three sets of observations were made consecutively 
for the determination of p, as in the following table : 


No of deter- 
mmation 


1 


2 


8 


Olamp 


w, 

B 


■{ 



W j 

E i 


Level readings. 

West 

East. 

B 

13 2 

131 

A 

140 

12 4 

A 

18.4 

84 

B 

17 9 

82 

B 

18 8 

83 

A. 

191 

72 

A 

13 6 

12.0 

B 

13 2 

13 0 

B 

13 6 

13 0 

A 

14 0 

12 5 

A. 

18 2 

8.3 

B. 

18.3 

80 


B and N' 


i diT. 

A = + 0.42 
A' = + 4 92 

|A'=: + 6 60 

1 5 = + 045 

I jB = + 0 62 
I A' = + 6 05 


n 


B'—S 


diT 

+ 4 50 


+ 6.15 


+ 458 


The letters A and B in the first column of level readings refer 
to the position of the level on the axis. 

The value of one division of the level was 1''.68, or, in time, 

0M12. 

The angle of the level Vs was 85°= 2z: that of the transit 
Vs was 91°= 2+ 

"We find, by taking the mean, 

B' — B = -ir 4.73 drv = + 0* 53 



INEQUALITY OF PIVOTS. 


I6T 


and hence, by (96), 

y r.= 0* 14 

If we had assumed i = I'l, we should have found, by (96), 
p = + 0M3, very nearly the same as by the complete formula, 
although there is a considerable difiPerence between i and i. 

To find the true inclination of the axis during these observa- 
tions, we have, by taking the mean of the values of 3 and 3', 

diT. 

B =-)- 046 = -|- 0*.06 
£'=-!- 6 19 = - 1-0 58 

whence 

6 = -f- 0*.06 -1- 0* 14 = -f 0* 19 
6'= -f 0 58 — 0 14 = -f 0 46 

Example 2. — ^In October, 1852, the pivots of the Repsold 
meridian circle of the U.S. Ifaval Academy were examined by 
twenty-four detenninations of the inclination of the axis, twelve 
in each position, and the means were 

div. 

Clamp west, B = -f- 0 68 
“ east, JB' = + 6 74 

One division of the level was equal to 0*.079 ; and hence 

diT 

p = -1- 0 015 = -f 0* 0012 

which was neglected, as of no practical importance. Indeed, it 
is hardly to be presumed that the level readings were sufficient 
to determine so small a quantity with certainty; nevertheless 
they suffice to prove the same excellence of workmanship in 
these pivots as in those of other instruments of Repsold's. In 
the meridian circle of Pulkowa, made by the same distinguished 
artist, Struve found an inequality of pivots of only 0'.0026. 


140. The linear difference of the radii of the pivots may also 
be found ; for, by the above formulee, we have 


r' — r = pli sin i sin 15" = 


(JS' — B)Z sin 16" sin i sin 
2 (sin i -)- sin i,) 


( 100 ) 


The value of L in the Example 1 of the preceding article was 
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10.86 inches, and hence r' — r = 0.000075 inch. Small as th’s 
difference appears, it is satisfactorily determined by the level. 

141. The level constant may also be found by the aid of the 
mercury collimator (Art. 47) and the micrometer. For large 
instruments, it is convenient to have the mercuiy basin perma- 
nently placed immediately under the instrument, a little below 
the level of the floor, and covered only by a small movable 
trap-door m the floor. 

Let CC", Fig. 40, be the rotation axis of the instrument ; EO 
the collimation axis, perpendicular to CC ; 
MN the surface of mercury. There will be 
formed in the field of the telescope a reflected 
image of each thread of the reticule; but 
we shall here use only the movable micro- 
meter thread (which will be assumed to be 
parallel to the transit threads). Let this 
micrometer thread be brought into coinci- 
dence with its own reflected image, which 
occurs when it is at that point a of the 
field which lies in the line hO drawn 
through the optical centre of the objective, 
perpendicular to the horizontal surface of 
the mercury ; and hence it follows that, in 
this position, the angle aOE\.& equal to the 
mclination of the rotation axis CC' to the surface MN, or that 
aOE is equal to the required level constant. Now, let the rota- 
tion axis be reversed ; the directions CC and EO remain un- 
changed (provided the pivots are equal), and the micrometer 
thread is now at a', at the same distance as before from the col- 
limation axis ; if then the thread is again brought into coinci- 
dence with its image, it must be moved over a distance a'a 
= twice the required level constant. If then we put 

M = the micrometer interval (expressed in seconds of time), 
positive or negative according as the micrometer thread 
is east or west of its image after reversal, 

we shall have 

2 

ftnd b will thus be positive when the west end is elevated. 


Fig. 40. 

a JB a' 



0 


u — £ N 


(101) 
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If the pivots are unequal, b and b' being the true inclinations 
of the axis for clamp west and clamp east respectively, we shall 
have, after reversal, EOa' = b, and after making a coincidence 
again, EOa = b' ; and hence 


and, from (96) and (97), 
whence 


b'—b = 2p 


b 




( 102 ) 


It appears, then, that the mercury collimator alone is not ade- 
quate to the determination of the level constant when the pivots 
are unequal, since the quantity p must be otherwise deteimined. 
The only independent method of finding p is by the spirit level ; 
but we shall see hereafter how the level may be dispensed with 
(or its indications verified) by means of the mercury collimator 
in combination with collimating telescopes. 


142. The pivots may be not only unequal, but also of irregular 
figures. To determine the existence of irregularities of form, 
the level should be read ofi:‘ with the telescope placed successively 
at every 10° of zenith distance on each side of the zenith. The 
mean of all the inclinations found being called and 3' being 
that found at a given zenith distance z, 3^ — 3' is the correc- 
tion to be applied to any level reading afterwards taken in the 
same position of the rotation axis and at the same zenith dis- 
tance. The level readings are thus freed from the irregularities 
of the pivots, but we still have to apply the correction for in- 
equality of the two pivots; and this inequality will be deter- 
mined by taking one-fourth of the difference of the mean values 
of 3^ (found as just explained) in the two positions of the rota^ 
tion axis. 

For the examination of the form of the pivots of the great 
Transit Circle of Q-reenwich, “each is perforated, and within 
the hollow of the eastern pivot ie fixed a plate of metal perforated 
with a very small hole, behind which a light can be placed for 
illumination ; and in the hollow of the western pivot there is 
fixed an object glass at a distance from the perforated plate equal 
to its focal length. This combination forms a collimator re- 
volving with the instrument. It is viewed by a telescope of 7 
feet focal length, which, when required, is placed on Ys, one of 
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them planted in the opening of the western pier, and the othei 
in a hole made for that purpose in the western wall of the room. 
By a series of most careful observations in 1850, ’51, and '52, no 
appreciable error could be discovered in the form of the pivots.”* 
These pivots are six inches in diameter. 

THE COLLIMATION CONSTANT. 

143. The constant c may express the distance from the colli- 
mation axis either of the middle thread or of tlie fictitious thread 
denoted by the “mean of the threads;” the former, when Tin 
(82) IS the time of transit over the middle thread, and the latter 
when T is the time of transit over the mean of the threads 

Let us first determine e for the middle thread ; its value for 
the mean of the thi'eads can afterwards be found by adding the 
quantity Ai (Art. 133) ; thus, denoting the latter by Cj, we shall 
have 

c -|- az (103) 

144. Mrst Method. — ^Place the telescope in a horizontal position, 
and select any terrestrial object that presents some well defined 
point, and so remote that the stellar focus of the telescope need 
not be changed to obtain a good definition of the point. f Mea- 
sure with the micrometer the distance of the point from the 
middle thread. Reverse the rotation axis, and again measure 
this distance If it is the same as before, the thread is in tht 
collimation axis, and c = 0 ; otherwise o is one-half the difteroncw 
of the micrometer measures. To obtain a simple practical rub 
which will fix the sign of c for damp west, put 

M, M' = the micrometer distances of the middle thread from 
the point, positive when the thread appears in the 
field to be nearer to the clamp than the point; 

then, for clamp west, 

c = \(M+ M') (104) 

This gives c with the positive sign when the thread is nearer 
to the clamp than the collimation axis, in which case stars at 

* Greenwich Obs for 1862 Introd p ly 

t The meridian mark, if one has been established, will, of oouTBe, be used for 
this point. See Art 159. 
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their upper culminations arrive at the thread before they reach 
the axis, and the correction e sec 8 must he additive. 

By this method, no correction for the inequality of the pivots 
is required, since the telescope is horizontal. 

Instead of a distant terrestrial point, we may substitute th^ 
intersection of two threads in the focus of a horizontal colli- 
mating telescope, placed north or south of the instrument. To 
avoid reversing the axis, two such collimators are used, as in 
the following method. 


146. Second Method . — ^Let two horizontal collimating telescopes 
D and F, Fig. 41, he mounted on piers in the transit room, one 


IS.'- 


Kg. 41. 


^ , 1 

XT 

C 


ff 

1 

jf' 1 


Zll 

1 ■ 


1 

y 




north and the other south of the transit instrument, in the same 
plane with its, rotation axis, their objectives turned towards this 
axis, and, consequently, towai’ds each other. Suppose, for sim- 
plicity, that the collimators have each a single veitical thread 
N or S in the principal focus. The transit instrument being at 
first removed so as not to obstruct the view of one collimator 
from the other, an image of the thread of either collimator will 
he formed at the focus of the other, and either thread may be 
adjusted so as to coincide exactly with the image of the other. 

Then the two sight lines of the collimators are in the same 
line, or at least are parallel to each other, and their threads 
when viewed by the transit telescope represent two infinitely 
distant objects whose difference of azimuth is precisely 180°. 
Keplacing the transit instrument, direct it first towards the 
north collimator. Let GG' be its rotation axis, AA' perpendi- 
cular to GG' its collimation axis, T the middle thread of the 
diaphragm at the distance AT= c west of the axis. An ima^^ 
of N will be formed at N' at a distance AN' from the collima- 
tion axis, which is the measure of the difference of directions of 
voi. n— li 
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the common sight line of the collimators and the axis AA'. 
Measure with the transit micrometer the distance (= M) of T 
from N'. Next revolve the telescope upon its rotation axis and 
direct it towards the south collimator. The axis CC is un- 
changed, and the point A of the focus which represents the 
collimation axis is now found at A'. The image of S is formed 
at S' at a distance A' S' from the collimation axis, which is again 
the measure of the difference of directions of the common sight 
line of the collimators and the axis AA': so that we have AN' 
= A' S'; but the points S' and N' are on opposite sides of the 
axis. The middle transit thread is now at T' on the same side 
of the collimation axis and at the same distance from it as 
before : so that we have also A' T' = e. Hence, remembering 
that 

M, W = the micrometer distances of the middle thread west 
of the north and south collimator threads, respect- 
ively, 

we evidently have 

c = i{M^ M'-) 

To give this method the greatest degree of precision, it will 
not suffice to use single vertical threads in the collimators, on 
account of the difficulty of estimating the coincidence of two 
superposed threads. It is also clear that the sight lines of the 
two collimators must not be marked by two entirely similar and 
equal systems of threads, since to bring the sight lines into coinci- 
dence we should still have to superpose one system upon the other. 
A simple method is to substitute for the single thread in the 
north collimator two very close parallel vertical threads, and in 
the south collimator two threads intersecting at an acute angle 
and making equal angles with the vertical. Then the middle 
point between the close parallel threads marks the sight line of 
the north collimator, and the coincidence of the intersection of 
the cross threads of the south collimator with this point can be 
judged of by the eye with great delicacy. It will assist the eye 
somewhat if the collimators have also two parallel horizontal 
threads equidistant from the middle of the field, but not at the 
same distance from each other in both telescopes. 

In the large transit-circle of tbe Greenwich Observatory the 
whole system of transit threads is moved by the micrometer 
screw In this case let JH and be the micrometer readings 
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when the middle thread is in coincidence ■with the t’wo colli- 
mators respectively; then = ^ [M + J/') is the reading when 
the middle thread is in the axis of collimatiou, and e = 0 ; and 
if during any subsequent observations the micrometer is placed 
at a different reading m, we must take for the reduction of such 
observations c = Mq ~ m. 

Example. — On Eeb. 7, 1853, the collimators of the Q-reenwich 
transit-circle having been brought into coincidence, the middle 
transit thread was brought successively upon each collimator, 
and the reading of the micrometer for the north collimator was 
S1^300, and for the south collimator SI'. 521. Hence, the micro- 
meter being set at the mean 31^411, the middle thread would 
be 111 the collimatiou axis, and then c = 0. But if the transit of 
a star was observed on that date with the micrometer set at 
SB.S, we should have e = 31^411 — 31’'.6 = — 0'.089, or, since 
r = 0'.985, c = — 0*.088. 


146. For merely determining the collimatiou constant, it is 
not necessary, as has been above supposed, that the collimators 
be in the same horizontal plane with 'the axis of the transit 
instrument. They may be in a plane so far above (or below) 
tliat of the transit instrument that the telescope of the latter 
when horizontal will not intercept the view from one to the 
otlier. If then* each collimator is mounted as a transit instru- 
ment and its rotation axis is level, it can be depressed (or 
elevated) until its threads can be -viewed by the transit tele- 
scope. If the inclination of each collimator to the horizon is 
the same, and the measures of the distances of the middle transit 
threads from the two collimating threads are as before M and M', 
ivo still have c = l{M+ M'). The objection to this arrange- 
ment us that the sight lines of the collimators must be made per- 
pendicular to their rotation axes, and these axes must be levelled, 
adjustments which are unnecessary when they are in the same 
or very nearly the same horizontal plane as the axis of the prin- 
cipal instrument. 

To avoid the necessity of raising the transit instrument out 
of the Vs (when the three instruments are in the same horizontal 
plane), two apertures may be made in the cube of the telescope, 
through which, when the telescope is vertical, the horizontal 
rays from the collimators may /jass. 
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147. Third Method . — Direct the instrument vertically towards 
the mercury collimator, and measure with the micrometer the 
distance of the middle thread from its image ; put 

M = the micrometer distance of the thread from its image, 
positive when the thread is west of its image; 

then it is evident that, if the rotation axis is horizontal, we shall 
have M—2e; hut, if the west end is elevated by the quantity b. 
the apparent distance of the thread and its image will be dimin 
ished by 2 b: so that we shall then have JIf = 2 c — 26, whence 


c = :^M-\-h (105; 

which gives e with its proper sign for the actual position of the 
rotation axis. 

If we wish to determine the level constant at the same time, 
we reverse the axis, and again measure the distance of the middle 
thread from its image. Then, putting 

M, M' = the distances of the thread west of its image for 
clamp west and clamp east, respectively, 
h, b' = the level constants in the two positions, 

we h' ve, for clamp west, 

o = :^M+ b 


and (since the sign of c is changed by the 
east. 


whence 


— c = ^M'+b' 


reversal), for clamp 


e = iCM—M'') — K*'— 6 ) 


or, since b' — b = 2^, 


c= I (ilf — Jlf') — p clamp west, 

and c = — 1(M—M'') + p “ east, 

"We have also 

y + 6 = — ^(M + Jf') 
y — b = 2p 

whence 

6 = — ^ {M + M'") — p clamp west, 
V — — 1 (ilf -f- ilf') + “ east. 


} (106) 


} (107) 


When the micrometer thread is at right angles to the meridian, 
and, consequently, moves only in declination, it can nevertheless 
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be used for determining the small quantities c and b according 
to the above method, as follows. Let AB, Fig 42, ^ 

be the middle transit thread, A'B' its reflected a’a'' 

image in the collimator, CD the micrometer thread ^ 

Move the micrometer thread CD until the distance ^ ^ 

between it and its image CD', estimated by the 
eye, is equal to the distance between the transit ^ 
thread AB and its image, that is, until the two threads and 
their images form, to the eye, a perfect square. This square is 
always very small in a tolerably well adjusted instrument, and 
can be very accurately formed by estimation. We have then 
only to* measure the distance of CD and CD' to obtain the 
required distance. Now, if we move CD we also cause the 
image CD' to move ; but it is evident that (the telescope not 
being disturbed) if CD is moved to CD', the image will be seen 
at CD, and, in passing from one position to the other, the thread 
and its image will be in coincidenee at the point midway between 
the two positions If this coincidence could be observed with 
perfect accuracy, we might read the micrometer head first when 
the square was formed, and secondly when the coincidence 
occurred and the difference of the readings would be one-half 
the required measure of the side of the squai’e. But, as the 
threads have sensible thickness, it is difficult to estimate the 
coincidence of the middle of the thread with the middle of its 
image, and therefore it will be better to read the micrometer, 
first when the square is formed by the thread at CD and its image 
at C D', and secondly when the square is again formed by the 
thread at CD' and its image at CD. The difference of the 
readings will then be the required measure of the side of the 
square or of the quantity above denoted by M. 

Example 1. — ^In 1857, June 28, at the Naval Academy, to find 
the collimation constant of the meridian circle, the distance of 
the image of the middle thread from its image in the mercury 
collimator was measured, by forming a square, as above explained, 
with the declination micrometer thread, alternately north and 
south of its own image. The readings of the micrometer were 
63.5 div. and 69.5 div. The middle thread was west of its image. 
The value of one division of the micrometer was 0*,0618. The 
level constant found by the spirit level was h = — 0',247. Clamp 
West. 
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"We find 

diT. 

= + 6 0 = + 0' 371 

c = ^Jlf + 6 = + 0*x86 — 0*247 = — 0*061 

Example 2. — ^In 1855, May 11, with tho same iiiatniment, a 
similar observation was made, both with clamp west and clamp 
east, and there were found 

diT 

Clamp W., M = — 5 4 (Thread east of its image) 

“ E, — 2 7 “ 

Hence, since for this instrument = 0, we find 

c = I (Jlf — ilf') ==: — 0* 042 for clamp W, 
b = — \(M+ Jf')= + 0.126 

148. By combining the collimating telescopes with the mer- 
cury collimator, we can deduce both the colhmation and level 
constants without reversing the rotation axis and without in- 
volving the inequality of the pivots. Eor, by the collimating 
telescopes, we deduce the value of c, and by the mercury colli- 
mator in the same position of the axis, the value of b = c — 

This is the method now employed at the Greenwich Observatory, 
where the transit circle is never reversed ; but it is better also 
to reverse, and thus obtain two independent determinations of 
our constants for verification. 

If we reverse the instrument and determine the level constant 
by this method in both positions, we can find the inequality of 
the pivots ; for we shall have — 6). 

149 Fourth Method. — The preceding methods are very precise 
and convenient, but are practicable only with instruments pro- 
vided with collimators. The following method is independent 
of these auxiliaries, and is practicable' with all instruments which 
admit of reversal ; and, being quite accurate, it may be used 
also with the larger instruments in connection with the other 
methods, as a check upon them. 

Direct the telescope upon a star near the pole, and observe 
its transits over one or more of the side threads (and also over 
the middle thread, if the instrument can be reversed in the 
interval between two threads). Then immediately reverse tlie 
rotation axis and observe the transits of the star over one or 
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more of the same side threads again. Let T and be the 
mean of the clock times of transit over the middle thread, 
deduced from the several observations for clamp west and clamp 
east respectively (Art 183) ; h and the level constants in the 
two positions (the pivots being supposed unequal) ; then, by (82), 
(83), and (87), we have, for clamp west, 

0, ^ T+ a + — 

cos 5 cos 5 cost? ’ cos^ 

and, for clamp east, 

a = T'+ a “■ f 0'021 cos9p 

CQS ^ COS 5 COS 5 COS b 


From the difference of these equations we deduce 

c == (T' — T) cos a + p cos — b') (108) 

in which we have substituted p for J(i' — 6). If the pivots are 
equal, th"e term p cos (p — S) will disappear. 

If T and are the times of passing the mean thread TArt. 134), 

then c is the collimation of this fictitious thread. 


160. If the equatorial intervals have not been previously well 
determined, the mean of the transits over the same thread in the 
two positions must be compared with the transit over the middle 
thread. Thus, if and T/ are the clock times on the same 
thi'ead for clamp west and clamp east, we have, for this thread, 
being its equatorial interval (omitting the diurnal aberration, 
which would be eliminated), 


a 


r.+ J + arn- a + 6 + 

* ‘ COS3 ^ cosa ^ 


c 

cos 3 


mt • I m \ Sin(^5 — 3) . C0S(^ — ^) C 

o= iT/— z^sec <5 + aT+ « ^ 

cos 3 cos 3 cos^ 

and, for the middle thread, supposed to be observed with clamp 
west, 

a = r + A r + a + -i- 


COS 3 


cos 3 


cosd 


The difference between the last equation and the mean of the 
first two gives 

( T 4- \ 

2 ‘ — Tj cos ^ -f j? cos (y — S') 


(109) 
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but, since the error of observation, in T will appear in all the 
values of c thus found from the several threads, their mean will 
also involve this error, so that but a slight increase of accuracy 
will be gained by observing more than one side thread. Hence, 
for the greatest precision, it is indispensable that the thread 
intervals should be previously well determined, and that several 
threads should be used as prescribed in the preceding article. 

These formulse apply without modification to the case of a 
lower transit, if for 8 we use the supplement of the star’s decli- 
nation (Art. 128). 

Example. — On Sept. 30, 1858, the lower transit of Polaris was 
observed with the meridian circle of the Naval Academy on the 
three side threads and the middle thread with clamp east, and 
on the same side threads with clamp west, as below : 

Polaris (lower oulm.) 6 = 91® 26' 84". 


Thread 


Clock. 

Beduction to 
middle thread 

Clock time on 
middle thread 

I 

12*44» 

46*. 

+ 23»» 39* 2 

13»8“ 

24*2 

II 

12 

52 

41 ' 

-h 15 44 8 



25.8 

III 

13 

0 

89 

-f 7 47 6 



26 5 

IV 

13 

8 

24.6 




24 6 





Mean T' = 

13 

8 

25 25 

m 

13 

16 

21. 

- 7 47 5 

13 

8 

33 .5 

II 


24 

20. 

— 15 44 8 



86.2 

I 


82 

13. 

— 28 39 2 



38 8 





Mean T = 

13 

8 

83 .17 


The adopted intervals for these threads were = -+• 85*.67^ 
4 = + 23*.77, 4 = + 11*. 77, with which the reductions to the 
middle thread were computed as in the table. As a test of the 
accuracy of the observation, each thread is here reduced sepa- 
rately. We have then, taJring only the seconds of T and 2’', 
and putting p = 0, by (108), 

c = ~ cos 91‘> 26' 84" = -|- 0* 100 (Cl. W.) 

2 

On the same day the distance of the middle thread west of its 
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image in the mercury collimator -was found with clamp east to 
be — 19.9 div. = — 1*.230, and by the spirit level there was found 
b = + 0’.521, whence e = — 0’.615 + 0*.521 = — 0*,094 (Cl. E.), 
agreeing almost exactly with the value found by Polaris. 


THE AZIMUTH CONSTANT. 

161. To find the azimuth constant, we must have recourse to 
the observations of stars, since it is only by a reference to the 
heavens that the direction of the meridian can be determined. 
"We can either find a directly, or first find n and m, from which 
a can bo deduced. 

To jivd a direeUy . — Observe the transits of two stars of difierent 
declinations 8 and 8', Let T and T' be the clock times of transit 
reduced to the middle thread (or the mean thread), b the level 
constant, e the collimation constant for the middle thread (or 
the mean thread), and put c' = c — 0*.021 cos <p (Art. 126). Let 
aTj he the clock correction at any assumed time %, 6T the 
hourly rate ; then the clock corrections at the times of observa- 
tion are 

Ar = aTj-I- dT(T— T,) 
aT'= aTj-)- dT(T'— t') 

Then, if a and aJ are the apparent right ascensions of the stars 
at the time of the observation, as found from the Ephemeris, 
we have, by (82) and (87), 

o = T A T -f- a sin (<9 — d ) sec d -f- 6 cos (y> — ( 5 ) sec ^ -f- o' sec # 

a'— T'-\- A T'~\- a sin (j9 — if) sec d'-|- b cos (59 — IT) sec d sec H' 

If in these we substitute the above values of A^^and uT', and 
suppose the rate of the clock to be given, every thing in the 
equations will be known except a To and a. To abbreviate, put 

t = T-f dT{T— T„) 6 cob(p — ^)seo ^ + c'sec^ ) 

y == T'-f- 5 r(T'— T.) + b cos (?> — S) sec d'+ daeotfi 

that is, let t and i' denote the observed clock times reduced to 
the assumed epoch TJ, and corrected for level and collimation ; 
then we have 

Ob SIS t A a sm ““ 9 ) sec 3 

ob'= t'-f- aTo+ ® tin (f — i')Bec 8 ' 
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Example, — On May 25, 1854, with the meridian circle of 1 
TJ, S, Naval Academy, the upper and lower transits of Polans n 
the transit of aAneiis were observed, and the clock times redu< 
to the middle thread were as follows : 

T 

Polans TJ 0, 1* 14“ 48' 24 (Clamp Bast ) 

aAnetis 2 8 9 13 “ 

Polans Ij.G. 13 14 40 12 

With the spirit level and mercury collimator, there were fou 
5 = + 0*,004, c = — 0*,203, The hourly rate of the clock 
sidereal time was dT= — 0*,224. The longitude of the inst 
ment was 5* 6“ 65* W, of Greenwich, and the latitude ^ = 88° 
62".6, Find the constants a, m, and n. 

From the Nautical Almanac for this date the right asoen8i< 
and declinations of the stars, reduced to the time of the oba 
vations, are 

a t Nat tan i 

Polans JJ.C 1» 5“ 29*41 88° 81' 39" 88 902 

aAnetis 1 68 66.05 22 46 7 0420 

Polans L,C 13 5 29.76 91 28 21 —38.902 

"We find for the constant of diurnal aberration for the giv 
latitude, 0*.021coa^ = 0*.016, and hence c'= — 0*.208 — 0*,< 
= — 0*,219. Computing c' sec 8, b cos — 8) sec 8 for each st 
and reducing the times for rate to 0*, &e values of t, accord! 
to (110), are found as follows : 


Red for Coir for Corr. for 
rate to 0* oollun. level 


Polans U 0. 1* 14* 48* 24 — 0*.28 8* 62 + O'.IO 1* 14“ 89*. ( 

aAnetis, 2 8 9.13 —0.48 —0.24 0,00 2 8 S.-S 

PolansLC 13 14 40.12 —2,97 -f- 8 52 —0 09 13 14 46. j 

To exemplify the use of the formula (111), we will first t« 
Polaris IT. 0., and ot Arieiis (accenting the (j^uantities for ’ 
second star). We find 


tt' — = 63“ 26*.64 


and hence, by (111), 


P— « = 63“28*.87 
tan I — tan d'= 38.482 


— 2*28 
38,482 eos f 


= — 0*.076 
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To exemplify the use of (111) in the case of two stars, one 
above and the other below the pole, we will take a Arktis and 
JPohm L. 0., for which we find 

o'— a = 11* 6“ 88*70 r— < = 11*6“37'17 

tan d — tan d' = 89.822 

whence 

a= = — 0*114 

89 822 COB y 


To exemplify the use of (112), we will take Polaris TJ. 0. and 
L. 0., for which we have 


o' — o = 12* 0» 0*.84 


whence 


t' — t = 12* 0" 6*.04 
2tan « = 77 80 


a= =-0*.094 

77.80 cos f 


"We adopt this last determination of a, and then, by (80), we find 
m = — 0* 056 n = + 0* 076 


But, where m and n are required, it is preferable to find n 
directly from the observations, and for this pui’pose we do not 
correct the times for level. Thus, correcting the times according 
to (113), we find t as follows : 


Red. for Corr for 
rate to 0* ooU 


Polaris U. C. 1* 14- 48*.24 — 0*.28 — 8*.62 1* 14" 89* 44 

I o Anetts, 2 8 9 18 — 0 48 — 0 .24 2 8 8 41 

I Polaris Jj.O. \ 13 14 40.12 — 2.97i+ 8 62 18 14 46 67 


Taking Polaris IJ. 0, and a Ariefis, we find, by (114), 


+ 2*.38 
88.482 


= + 0*.061 


Taking a Arkds and Polaris L. 0., we find, by the same 


formula, 


+ 3*.66 

89.822 

« 


= + 0*.091 
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Finally, from PolansTS. C. and L. C., we find, by (115), 


n = 


+ 5*89 
77 804 


= + 0* 076 


agreeing exactly with the value above found from the same 
observations. "We now find m by (116), which gives as before 
m = — 0*.056. And then, if a is required, we find, by (117), 
a = — 0'.09 1. 

THE CLOCK CORRECTION, 

152. Having determined all the instrumental constants, the 
clock correction is found from the transit of any known star by 
the formula 

Ar=a— (r + t) 

in which T is the clock time of the star’s transit over the middle 
thi'ead, or the mean thread, and r is the reduction of this thread 
to the meridian, computed by either (81), (86), or (87). 

The finally adopted value of a T will be the mean of all the 
values thus found from a number of stars ; and this mean will 
be the value corresponding to the mean of all the times of obser- 
vation. But the observations thus grouped together for a deter- 
mination of A T should not extend over so great a period of time 
that the clock rate cannot be regarded as constant during that 
period. 

The clock rate is found by comparing the corrections a J’, aZ*', 
corresponding to two times T, T', or 

r— T 


The value a 2^ of the clock correction for an assumed epoch Zj, 
will be found by taking 

aZ; = AT-f 9T(T^ — T) 

It is evident, from BLinsbn’s formula (86), that an error in the 
determination of n (or of a, which involves ri) will have the less 
effect upon r and ATthe lees the difference between the observer’s 
latitude and the star’s declination. Hence, assuming that h and 
c can be found with greater precision than n, it is expedient to 
use for clock stars only fundamental stare which pass nejir to the 
zenith. If two circumzenith stars are observed, such that the 
mean of the tangents of their decimations is equal to the tangent 
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of the latitude, the mean value of a Twill be wholly free from 
any error in n. 

All error in c will be eliminated, either wholly or in part, by 
taking the mean of the two values of a T found in the two posi- 
tions of the rotation axis, since the sign of c, and, consequently, 
also that of any error in c, is changed by reversing the axis. An 
error in the assumed value of the correction for inequality of 
pivots, will also be removed in this manner, but, since the co- 
efficient of h does not change its sign for different stars, nor 
when the instrument is reversed, the?*e is no method of elimi- 
nating an unknown error of h. It is necessary, therefore, that 
the astronomer give particular attention to the precise determi- 
nation of this constant- 

(For the determination of the clock correction by a ti’ansit of 
the sun, see Art 155). 

DETERMINATION OF THE EIGHT ASCENSIONS OF STARS. 

163. The principal application of the transit instrument in the 
observatory is the determination of the apparent right ascensions 
of the celestial bodies. The instrumental constants and the 
clock correction and rate being found from known stars as above 
explained, the right ascension of any other star is immediately 
deduced from the time of its transit by (82), in which we may 
substitute (86) or (87). The form in which the observations are 
reduced will be best learned by referring to any of the printed 
observations of the principal observatories. 

In making a catalogue of stars, the instrument is clamped at 
a certain declination, and all the stars within a zone of the 
breadth of the field of the telescope are observed as they cross 
the threads In this case, it will be expedient to fijid the clock 
correction from fundamental stars nearly in the parallel of decli- 
nation upon which the instrument is set. For if we have found 
A T from a star whose right ascension is a, by the formula 

A!r=:a — (T + t) 
the right ascension of another star will be 

a'= r'+ aT-I- T) + t' 

= a +(r'-r)(i + dr)+ct'-r) 

that is, it will be equal to the right ascension of the fundamental 
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star increased by the clock interval corrected for rate, and for 
the difference r' — r of the instrumental corrections ; and if the 
declinations are the same, we shall have r' — r = 0, and all the 
errors of the instrument will be eliminated. Since, in this appli- 
cation, the absolute clock correction is not required, we may 
substitute in (82) for aT+ m, and m' will be found directly 
from the fundamental stars by the formula 

m'=a— (T+w tan 5 + c' sec S) 

The right ascensions will then be obtained by adding to the 
observed times the correction + n tan 3 + c' sec 5, and it will 
not be necessaiy to separate m' into its constituents ATand m. 
Since m' involves the rate of the clock, its hourly variation will 
be taken into account in precisely the same manner as that of 
A 71 This mode of reduction was adopted by Bessel for his 
Eonigaberg Zone observations. 

The mean right ascensions for the beginning of the year or 
for any assumed epoch, are found, from the apparent right 
ascensions, by the formula (692) of Vol I. 

For the determination of the absolute right ascensions of the 
fundamental stars, see Chapter XlL. Vol. I. 


TRANSITS OE THE MOON, THE SUN, AND THE PLANETS. 


154. Transits of the moon , — The hour angle of the moon's limb, 
when on a side thread, is affected by parallax; and the time 
required by the moon to pass from this thread to the meridian 
differs from that required by a star in consequence of tlie moon's 
proper motion in right ascension. If 5 is the true declination of 
the moon, d' the apparent declination as affected by parallax, i?' 
the apparent east hour angle of the moon’s limb at the instant 
of the observed transit over a thread whose equatorial interval 


Eig. 43. 
p 


z 

M 



from the middle thread is i, then, since 5' is the decli- 
nation of the observed point on the thread, we have 

= m + 71 tan ^' + (i + o') sec d' 

Thus 7?' is known, but to reduce the observation we 
must find the true hour angle •&, Let PM^ Fig. 43, be 
the meridian, P the pole, Zthe geocentric zenith of the 
place of observation, 0 the true place of the moon. O' 
its apparent place ; and denote the true and apparent 


O' 
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zenith distances ZO and ZO^ by z and e'. We have MPO — 
MPO' = z?', and drawing OM^ O^M' perpendicular to the meri- 
dian, we find 


sin MZO = 


sin MO 
sin ZO 


sin MO^ 
sm ZO^ 


or 


whence 


sin d cos sin cos d* 

sin z sin / 


1^'ow, if 


sin z cos 
sin y cos <5 


X = the moon’s increase of right ascension in one second of 
sidereal time, 

the sidereal time required by the moon to describe the hour 
angle is ^ - ; and, therefore, Tbeing the clock time of transit 

of the limb over the thread, the right ascension of the limb at 
the instant of its transit over the meridian will be 


and if we put 

S = the moon’s geocentric apparent semidiameter, 

tiie hour angle of the moon’s centre when the limb is on the 

meridian will be ± ^ ^ . and the time required by the moon 
15 cos ^ ^ 

to describe this hour angle will be zb - _ .. • Hence the 

° 15 (1 — X) cos a 

formula for computing the right ascension of the centre at the 
instant of the transit of the centre over the meridian is 


, = T+ + 




8 


I —X 15 (1 — 1) cos d 


in which the upper or the lower sign will be used according aa 
the first or the second limb is observed. If then we substitute 
thfe values of ^ and and put 


F = 


sin 1 

sm £r' (1 — 1) cos d 


(1183 


voL n — 12 
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a = T+a T-\-iF-\-(jn 4- n tan d '+ sec J')-^cob <5'dr _ ^ . (119) 

15 (1 — A) cos^ 

To compute the factor F conveniently, put 


A = 




then 


Bin z 

Bin / 1 — A 

F = AB sec d 


The value of A may he developed in a simple form. If we put 
ipf = the reduced or geocentric latitude of the place of observa- 
tion, jO = its geocentric distance, n = the moon’s equatorial 
horizontal parallax, we have = and 

sin — ^) = P sin n sin z' 

whence 

A == = cos (jsr — z) — ij sm TT cos z 

sin 2:^ 


or, neglecting the square of the parallax, 

AL = 1 — sin TT cos (^p' — ^ 

which is the form employed by Bessel, who gives the value of 
log Ay in Table XTH. of the Tabulce HegiomontaiKB, with the 
argument log [/> sin n cos — d)]. For a particular observatory, 
where these reductions are frequent, it is more convenient to 
prepare a special table, adapted to the latitude, giving log with 
the arguments d and tt. In Bessel’s table, there are also given 
the values of log B with the argument ‘‘ change of the moon’s 
right ascension in 12^ of mean time,” and the argument is ex-* 
pressed in degrees and minutes of arc ; but as the change in one 
minute, expressed in seconds of time, which I shall denote by Aa, 
IB given in the American Bphemeris, I shall take 


A 


Aa 

60 1648 


B = 


60 1643 
60.1643 


where 60.1643 is the number of sidereal seconds in one minute 
of mean time. The following table gives the values of log B 
computed by this formula : 
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Argument Aa = change of the moon’s right ascension m one minute of 
mean tune 


Aa 

log^ 

1 Aa 

log 3 

Aa 

log.S 

1* 65 

0.01208 

2*05 

0 01606 

2*45 

0 01806 

1 70 

0 01246 

2 10 

0 01543 

2 50 

001848 

1 75 

0 01282 

2 15 

0,01580 

2 55 

0 01881 

1 80 

0 01319 

2 20 

0 01618 

2 60 

0 01919 

1 85' 

0 01356 

2 25 

0.01665 

2 65 

0 01956 

1 90 

0 01394 

2 30 

0 01693 

2 70 

0.01994 

1 95 

0 01431 

2 35 

0 01780 

2 75 

0 02032 

2 00 

0 01468 

2 40 

0 01768 

2 80 

0 02070 


This table will be useful also in computing the term 


S 

15 (1 — X) 008 d 


= SB sec d 


The reduction of an observed transit of the moon is then as 
follows. The transit over each thread is reduced to the middle 
thread (or mean thread) by adding the correction iF to the 
observed times, and the mean of the several results is taken 
as the clock time of transit of the limb over the middle (or 
mean) thread; or this time may be found by multiplying the 
mean of the equatorial intervals of the observed threads by F 
and adding the product to the mean of the obsei'ved times. 
This time is then reduced to the meridian by adding the correc- 
tion (m + w tan d' + o' sec d')J?^co8 5' or {m cos 5' + n siii d' + o')i^, 
in which we may take d' = d — tt sin (^' — d) Then, adding the 
clock correction, we have the right ascension of the limb at the 
instant of its transit over the meridian. Finally, adding or sub- 
tracting the term , _ f we have the right ascension of 

the moon’s centre at the instant of its transit over the meridian. 

When the moon has been observed on all the threads, the 
computation of F by the above method may be dispensed with, 
as an approximate value, sufficient for computing the reduction 
to the meridian, may be inferred from the observed times on the 
first and last thread. For, calling the observed interval between 
these threads and the equatorial interval i, we have J= iF; 
whence 
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If we omit the factor 1 — X throiighout, the right ascension 
obtained is that which corresponds to the instant of the observa- 
tion instead of the instant of meridian passage. 

Example. — The transit of the moon’s first limb was observed 
at the U. S. Naval Academy on May 29, 1855, as follows ; 


Thread Clock 

I 16* 3” 57* 5 
II 4 10 3 

(Clamp east.) Ill 4 23 .2 

17 4 36 2 

V 4 49 0 

VI 5 18 

VII 6 14 6 


For the Naval Academy we have f'= 88° 47' 38", and log|t» 
= 9.99943 , and the longitude from Greenwich is 5* 5“ 57*. 

The constants of the transit instrument wei’e m = + 0*.261, 
)i = — 0*.162, c = + 0*.093 , and hence (Art. 126) c' = + 0*.093 
— 0*.016 = + 0*.077. The clock correction to sidereal time was 
+ 1“ 25*.ll. The equatorial intervals of the threads from the 
middle thread were 

*1 *2 *3 *3 *8 H 

+ 35* 65 + 23* 72 + 11* 78 — 11* 77 — 23* 77 — 85* 67 

From the American Ephemeris we find for the culmination 
at the Naval Academy on May 29, 1865, 

2 r = 57'46"l iS=16'46"6 

d = — 17° 58' 53" Aa = 2* 2147 

To illustrate the method of reducing the observations to the 
middle thread, we will first find the factor jFby direct computa- 
tion. "We have <p' — 8 = 66° 46' 31", log p sm n cos (^' — 8) = 
T.96365 ; and hence 

log = 9 99599 
log 5 = 0 01629 V 

log seo d = 0 02176 
log F == 0 08403 

Multiplying the equatorial intervals by rre find the reductions 
of the several threads to the middle thread to be 

I n III V VI VII 

^-38*66 -1-26*66 -fl2*74 — 12*.78 —26*71 — 38*.68 
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The clock times of transit over the middle thread, according 
to the observations on the several threads, 'were, therefore, 


I 

15*4” 

‘36* 

06 

II 


35 

96 

III 


35 

94 

IV 


36 

.20 

V 


86 

27 

VI 


36 

09 

YII 


86 

02 

Mean T = 

15 4 

36 

08 


To compute the instrumental correction, we have n sin — S) 
= 48'.3, whence b' = — 18° 47'.2, m + wtau 8' + c' sec 8' = 
+ 0*.387, and therefore 

(m -\-n tan S' d sec S') I’cob S'= -j- 0*.40 

Applying this term to the above mean, we have 

Clock time of transit of the limb = 16* 4“ 36' 48 
Clock correction, A T = -t- 1 25 11 

B A. of the limb at transit = 15 6 1 .59 

15 (1 — A) cos « ~ ^ ® 

E A ofmoon's centre at transit, a = 16 7 10 47 

The factor JF might have been approximately deduced from 
the first and last observations, which give the interval J= 77M, 
and the equatorial interval between the extreme threads is 
I = 35\65 + 35'.67 = 71*.32, whence 

log i?’= log -^ = 0.0388 

which is sufficiently accurate for reducing the instrumental cor-.- 
rection. 

The “ sidereal time of the semidiameter passing the meridian," 

or , ^ „ .. may be taken from the table of Moan Culmi.' 

16 (1 — A) cos S '' 

nations given in the Ephemeris, 

The clock correction employed in deducing the moon’s rightj 
ascension should be deduced from stars as nearly as possible in 
the same parallel of declination. (See Art. 163.) The “moon cul- 
minating stars’’ are stars lying nearly in the mooii'spath whoso. 
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positions have been carefully determined for this purpose. (See 
Vol. 1. Art. 229.) 

155. Transits of the mi or a plcmel . — The formula (119) is applic- 
able in general to any celestial body ; but, in the case of the sun 
and planets, the parallaa: is so small that its effect upon the time 
of transit over a side thread is inappreciable: so that we may 
take simply 

F= ^ =B sec d 
(1 — A) cos d 

and, consequently, also put 8 for 8'. The formula for computing 
the light ascension of the centre of the sun or a planet over any 
given thread is, therefore, 

0 = 2 * * -|- A T-l- sec i + (m -j- n tan i o' sec 5) A ± -jij SBbqo d ( 120 ) 

in which (1 denoting the change of right ascension in one sidereal 
second) we have 



The logarithm of B may be readily computed. Putting aa for 
the change of right ascension in one hour of mean time (which 
change is given in the Bphemeris for the sun), we have, since 
one mean hour is equal to 3610 sidereal seconds. 


M 

8610 

in which M= 0.43429, the modulus of the common system of 
logarithms. Performing the division of ilfby 3610, we find 

log B = 0.00012 X Ao (121) 

in which aa must be expressed in seconds of time. 

In the British IS'autical Almanac, the change of right ascension 
Att in one hour of longitude is given for each planet. In this 
case, we have 

* By i>he foramla log (1 — ^ ”1“ i ***■!“ )i vhero the squAro and 

lugLer povera of « are ao amall aa to be inappreciable in the present oaae. 



TEANSITS OE THE SUN. 


18S 


5 = 1 + — 
^ 3600 


the logarithm of which may also be found by (121) with suffi- 
cient accuracy, that is, within a unit of the fifth decimal place. 

The term ^ 8JB sec 5, or ‘‘ the sidereal time of the semidiameter 
passing the meridian,” is given in the Ephemeris for the sun and 
each of the planets. ‘When both limbs have been observed on 
all the thi'eads, this term is not required, since the mean of all 
the observations is evidently the time of the passage of the centre 
over the mean of the threads. K this mean is to be reduced to 
the middle thread, there will remain the small correction sec d 
to be applied (Art. 133), for which we may take Ai sec S. We may 
also put m + n tan 3 + c' sec d instead of («^ + ti tan 3 + c' sec 3) jB, 
unless m, n, and c' are unusually great. 

The reduction of transits of the sun observed with a sidereal 
clock is greatly facilitated by the use of Table XII. of Bessel’s 
Tabulae Begiomoniance, which contains every thing necessary for 
the purpose, for each day of the fictitious year (Vol. I. Art. 406). 

156. Th^aimis of the sun observed with a mean time chronometer , — 
A mean time chronometer is often used with the portable transit 
instrument, and transits of the sun are then observed solely for 
the purpose of determining the chronometer correction. In this 
case, the mean motion of the sun corresponds with that of the 
chronometer, and therefore the factor B may be put equal to 
unity, unless we wish to obtain extreme precision by taking into 
account the small difference between the mean motion of the sun 
and its actual motion at different seasons of the year, a degree 
of precision quite superfluous in the ime of a portable instrument. 
If we put 

JE = the equation of time for the instant of transit, positive 
when additive to apparent time, 

S' = S sec 9 = the mean time of the sun^s semidiameter 
passing the meridian, which may be taken from the 
Ephemeris, 

T = the reduction to the meridian, found either by (82), (86), 
or (87), 

r=z=the observed chronometer time of the transit of the 
sun’s limb over a thread whose equatorial interval is i, 
uT= the chronometer correction to mean time, 
t — the chronometer ticn© of the transit of the sun's centre. 
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then we have 


and 


t=T-\-i see 3 ± /Si ' + *■ 
12» + ^ = aT 


or 


A!r=12» + E — t 


(1 

(1 


Example. — On May 17, 1856, the toansit of the sun was 
served at the Faval Academy with a poi-tahle instrument as l>el 
< Clamp West): 


Mean time chronometer 

Thread 



Ist Lunl) 

2d Limb 

I 

11* 56“ 42* 2 

11* 57“ 56* 6 

II 

65 57 4 

lost 

III 

66 12.0 

68 26.7 

IT 

lost 

58 41 7 

Y 

66 42 8 

lost 


There had been found a = + 0*.35, b = — 0*.27, e — — 0*.' 
The thread intervals from middle thread were 

*1 *4 

+ 28* 26 + 14* 16 — 14* 27 - 28* 81 

The longitude being S' 5“ 67* west of Greenwich, we find fr< 
the Ephemeris for the transit over this meridian, 

3 = + 19“ 29' 1 5' = 67* 24 E= — 3" 49*.71 

The reductions of the several threads to the middle thread, 
the values of isec5, are, therefore, 

I II IV v 

+ 29*.97 4- 16*,01 — 16*.14 — 80*.08 

Applying these to the observed times, and also the quaiiti 
± S\ we have the chronometer time of the transit of the sui 
centre over the middle thread, as deduced from the Beve]| 
threads, as follows : \ 
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Thread 


1st Limb, 


I 

II 

III 

V 


Chronometer 

11* 57”* 19*41 
19.65 
19 .24 
19 51 


2d Limb, j III 
I IV 
Mean 


19 33 
19.46 
19 32 
11 57 19 42 


The latitude being <p = 38° 58' 9, we find, by (87), t == — 0*.27, 
and hence, finally, 

t = 11* SI” 19* 15 
12*4-^?= 11 56 10 29 
£,T=— 1 8 86 


167. Correction of the transit of the moon or a planet when the 
defective limb has been observed . — ^Let ua considex’ the general ease 
of a spheroidal planet pai-tially illuminated. The transit of the 
observed limb is reduced to that of the centre by employing 
instead of S in (119) the perpendicular distance fi’om the centre 
of the planet to that tangent to the hmb which lies in the direc- 
tion of the ti'ansit thi’eads, or, in the case of meridian transits, 
the perpendicular upon the dechnation circle which is tangent 
to the limb. The formulse for computing this perpendicular, in 
general, are discussed in Vol. L, Oceidtations of Planets, where we 
have found tliat in all practical eases the formulae (628) of p. 680 
may be considered as rigorous. Li those formulae the angle ■d- 
ie the angle which the required peipeiidicular makes with the 
axis of the planet, so that, p being the angle which this axis 
makes with a declination circle, we have here 


# = 270°— p or iSi = 90° — p 

according as the first or second limb is observed. The values 
of p as well as of V and c required are found as in Vol. I. Arts. 
861, 352. 

But this rigorous process will seldom be required ; and when 
wo regard the planet as spherical, the formulas can be simplified 
as follows For a spherical planet we make c = l, and substi- 
tute the value 90° — p for d-, which applies to the 2d limb, 
whence, by Vol. I. formulae (628) and (628), 

sin;^ = cosp sinV 
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or 


It 

sin — cos D sin {a! — A) 


5"= s 008 ;^ = ^ cos X 


( 124 ) 


where a' and A are the right ascensions of the planet and the 
sun respectively (and a' — J. is therefore in the present case the 
sun’s hour angle at the time of the observation) ; D = the sun's 
declination ; B, H' = the heliocentric distances of the eai’th and 
the planet respectively , 5 = the apparent semidiameter of the 
planet at the time of the observation ; Sq = the mean semi- 
diameter (V ol. I. p. 578) ; r = the geocentric distance of the 
planet ; and s" = the required perpendicular. For the moon we 
may put B = 

The above value of sin^f is deduced for the second limb, and, 
therefore, by Vol. 1. Art, 354, it will be positive when the second 
limb 18 defective. Since we should have to substitute 270° — p 
for or — co&p for sine?, in the case of the first limb, which 
would only change the sign, it follows that the value of com- 
puted by the above formula will be positive or negative according as the 
2d or the 1st limb is defective. 

The value of 5 " is to be substituted for S in (119). 


BEFBOT OF REFRACTION IN TRANSIT OBSERVATIONS. 

158. Since the refraction changes the zenith distance, its effect 
upon the time of transit over a side thread has the same form as 
that of the parallax. If then z and z' denote respectively the 
true and apparent zenith distances, the time required by the star 
to describe the interval i is iJP, where F is found by (118) ; or, 
denoting this time by J', and putting ^ = 0, 

i sin z 

cos 5 sin/ 

How, the refraction is represented by the formula r = Atanz', 
k being nearly constant ; and for values of z not greater than 85°, 
we may here assume 4 = 58", and z = z' + ^tanz', whence 
we find 


1 + A sin 1"= 1.00028 

sm / 
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Hence the error in computing the interval by the formula 
1= zsec5 is JX .00028, which amounts to O'.Ol when 1= 86'; 
and this is as great an interval as is ever used for an equatorial 
star. The error of observation for other stars increases with the 
interval J, or as the value of sec 8 . so that the error produced 
by neglecting the refraction is always much less than the proba- 
ble error of observation. Moreover, the error is wholly elimi- 
nated when the star is observed on all the threads, or on an equal 
number on each aide of the middle thread. 

If, for any special purpose, it becomes necessary to correct an 
observation on an extreme thread for refraction, we can take, as 
a very accurate formula, 

7' = 1 sec ^ (1 -f A sin 1") 

k being found by Bessel’s Refraction Table (Table n.), and, for 
a near approximation, 

T = i sec ^ X 1 00028 

MERIDIAN MARK. 

169. For a fixed instrument, it is desii’able to have a perma- 
nent meridian mark by which the azimuth of the telescope may 
be frequently verified. A triangular aperture (for example) in a 
metallic plate mounted upon a firm pier, with a sky background, 
makes a good day mark, the thread of the telescope being brought 
into coincidence with it by bisecting the vertical angle of the 
triangle. If the mark is sufficiently near, a light may be placed 
behind it for night obseiwations. A simple mark lilce this, how- 
ever, must be so remote as to be distinctly defined in the tele 
scope without a change of the stellar focus, and even for insti’U' 
ments of moderate power this requires a distance of upwai’ds 
of a mile. 

It is found, however, that the apparent direction of these 
distant marks is often subject to changes from the anomalous 
lateral refractions which take place in the lower strata of the 
atmosphere, produced chiefly by variations of temperature. If 
a sheet of water intervenes, the mark is found to be especially 
unsteady. It was to remedy this diflSiculty that Rittenhotjsb 
first proposed the plan of placing the mark comparatively near 
to the instrument, but in the focus of a lens which receives 
th« divergent rays from the mark and transmits them to the 
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telescope in parallel lines; a suggestion which has resulted in 
various important improvements in the methods of investigat- 
ing instrumental errors, such as the coUimating telescopes, the 
mercury collimator, &c., which have already been fully treated 
of in the preceding pages. The apparent direction of the mark 
will be that of the line joining the optical centre of the lens 
and the mark. At Pulkowa, the lens for this purpose is placed 
on a pier within ‘the transit room, and has the extraordinary 
focal length of about 566 feet,* which is, therefore, the distance 
of the mark from the pier. The mark consists of a circular 
aperture ^ of an inch in diameter, in a metallic plate, presenting 
in the telescope a planetary disc of only 2" in diameter, which 
can be bisected by the thread of the telescope with the greatest 
precision. The merit of such a mark depends on the stability 
of the two points, the mark and the lens, which determine the 
direction of its optical line. These points, mounted as they are 
upon solid stone piers, are not liable to greater relative changes 
than the piers of the telescope itself, and therefore the changes 
of direction of their optical line will be less than those of the 
telescope in the proportion of the focal length of the lens to the 
length of the rotation axis of the telescope, which in this case 
was as 566 feet to 3.61 feet, or as 154 : 1. Wow, according to 
STRTrvB,t the diurnal changes in the direction of the axis of a 
well mounted transit instrument are seldom more than one or 
two seconds of arc ; but of a second of arc is a quantity abso- 
lutely imperceptible even in the best transit telescopes. Two 
marks of the same kind were used by Struve, one north and 
the other south of the telescope, and they served not only as 
meridian marks, but as collimators according to the method of 
Art. 145. 

In the same manner, one of the collimators of the Q-reenwich 
transit circle is used as a meridian mark, although it is within 
the transit room. In this case, the advantage gained is com- 
paratively small. 

It is not necessary that tlie mark be precisely in the meridian 
of the instrument. It is sufB.cient if it is so near to it that its 
deviation in azimuth can be measured with the telescope micro- 
meter. Let A be its azimuth west of north. Direct the telescope 
to it, and measure its distance m from the middle thread, giving 


* Daenpium ie V Obtervatovrt it Povlkova, p 126 


t Ibid. p. 128. 
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tlie measure the positive sign when the mark, as seen in the 
field, is to the apparent west of the tliread; then, a being the 
azimuth constant of the telescope determined by stars, and c the 
eollimation constant, we have 


AL == a — m c (125) 

So long as the values of A thus found appear to vary only within 
the limits of the probable errors of observation, their mean is to 
be taken as expressing the constant position of the mark, and 
during this period the azimuths of the transit instrument will be 
found at any time by the formula 

CL = A — |- Tfi C 

If the instrument is reversed and the micrometer distance of 
the mark west of the middle thread is now m', we have 


a = + m ! — c 

which, combined with the former equation, gives 

Qi = jA. — |- i QfJfl -|— 771^) 

c = i (wi' — m) 

which lilst equation gives c with its proper sign for the fii'st posi- 
tion of the instrument. 


} (126) 


PBESONAL EQUATION, 

160. It is often found tliat two observers, both of acknowledged 
skill, will differ in the time of transit of a star observed by “ eye 
and ear,” by a quantity which is nearly the same for all stars. 
Such a constant difference does not necessarily prove a want of 
skill in subdividing the second according to the method of Art. 
121, but may proceed from a discordance between the eye and 
the ear, which affects the judgment as to the point of the field to 
which the clock beats are to be referred. Thus, if ^ 
a and h. Fig. 44, are the true positions of a star at 
tv^o successive beats of the clock, we may suppose 
the observer to allow a certain interval of time to ^ f g * 
elapse' after each beat before he associates it with the 
star’s position (possibly in some cases he may antici- 
pate the beat) : so that he refers the beats to two different points 
ft' and h', whose distance from each other is, however, the same 
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as that of a and b. The ratio in which the distance a'b' is divided 
he may still estimate correctly. 

The distance between a and a' may he called the absolute 'per- 
sonal egmtion of the observer, and, if it could be determined, 
might be applied as a correction to all hie observations. But, so 
long as his observations are not combined with those of another 
observer, the existence of such an error cannot be discovered; 
nor is it then of any consequence. For the process of deter- 
mining the right ascension of an unknown star consists essen- 
tially in applying to the right ascension of a knoyoi star the 
difference of the clock times of the transit of the two stars (cor- 
rected for instrumental errors and rate), and this difference will 
evidently be the same as if the observer had no personal equation. 

In order to combine the observations of two individuals — ^for 
example, to deduce the right ascension of an unknown star 
whose transit is observed by A, from the time of transit of a 
known star observed by B — it is necessary to know the difference 
of their absolute equations, — i.e. their relative personal equation. 
Thus, if the times observed by A are later than those observed 
by B by the quantity E, then B’s observations may be reduced 
to A’s (that is, to what they would have been if observed by A) 
by increasing them all by E. 

The relative personal equation may be found by the following 
methods : 

First Method. — Let one observer note a star’s transit over the 
first three or four threads, and the other observer its transit 
over the remaining threads. Eeduce the observations of each 
to the middle thread (or to any assumed thread) by applying the 
known equatorial intervals multiplied by sec d. The difference 
between the mean results for the two observers will be a value 
of their required personal equation. The mean of the values 
found from twenty or thirty (or more) such observations will be 
adopted, provided the probable error of such a determination (as 
found from the discrepancies of the individual results) is not 
greater than the equation itself; in which case the difference 
between them should, of course, be regarded as accidental, and 
the use ‘of a constant equation would introduce error instead of 
eliminating it. This remark may be necessary to guard inexpe- 
rienced observers against an incautious adoption of an equation 
derived from insufficient data, "We may also remark here that 
constant personal equations are more apt to exist between trained 
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observers than between inexperienced ones, the former having 
by practice acquired a fixed habU of observation. 

Second Method . — The preceding method is liable to the objection 
that as the second observer takes the place of the first in a some- 
what hurried manner, his usual habit of observation may be 
disturbed. To obviate this, let each obseiwer independently 
determine the clock correction by fundamental stars ; then the 
difference of these corrections, both reduced for clock rate to the 
same epoch, will be the personal equation. The equation thus 
found involves the eiTors of the stars’ places and of the clock 
rate. The first will be inconsiderable if only fundamental stars 
are used, but may be entii’ely eliminated by the observers’ ex- 
changing stars on a following day and taking the mean of the 
two results. The effect of error in the rate will be insensible if 
the stars are so distributed that the means of the right ascensions 
of the stars of the two groups employed by the two observers 
are nearly equal. 

3 hard Method . — ^An equatorial telescope is sometimes used for 
the purpose, as follows. Two transit threads of the micrometer 
are adjusted in the direction of a declination circle, and the tele- 
scope is directed towards a point in advance of any star not far 
from the meridian, and clamped. The observer A notes the 
transit of the star over the first thread, and the observer B the 
transit over the second thread. The telescope is then moved 
forward again in advance of the star, and clamped. The ob- 
server B now notes the transit over the first thread, and A the 
transit over the second thread. This gives one detennination 
of their personal equation; for, putting .& = the reduction of 
B’s observation to A’s, and I = the interval of the threads for 
the observed star, M and M' the observed intervals, we have 

whence 

M-M' 

2 

This process being repeated a number of times, M will be the 
mean of all the intervals when A begins, and M' the mean of 
those when B begins. 

This method is also open to the objection that the observers 
succeed each other so rapidly that their usual habit of deliberate 
observation is likely to be disturbed. Moreover, if their per- 
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sonal equation is required to reduce their obsei’vations made 
with a transit instrument, it should be determined with this in- 
strument; for it is possible that the equation may not be the 
same with instruments of different powers. 

The same clock, also, should be used in determining the per- 
sonal equation that is used in the observations, for it is very 
probable that the peculiarity of the clock-beat affects the equa- 
tion * 

It is one of the advantages of the American (the electro-chro- 
nographic) method of recording transits that the personal equa- 
tion is very much reduced : still it is not wholly destroyed. The 
same methods may be employed to determine its amount as 
when the observations are made by eye and ear. 

It may also be remarked that not gnly should the same tele- 
scope and the same clock be employed in determining tlie per- 
sonal equation, as in the observations to which it is to be 
applied, but also the observer’s general physical condition should 
be as nearly as possible the same. Even the posture of tlie body 
has been found to have some effect upon the observer’s estimate 
of the time of transit ; and it can hardly be doubted that the 
personal equation will fluctuate more or less with the observer’s 
health, or the condition of his nervous system. 

That the personal equation depends upon no organic defect 
of either the eye or the ear, but upon an acquired habit of ob- 
servation, seems to follow from the fact that it is usually greatest 
in the case of the most practised observers. In 1814 there was 
no personal equation between those eminently skilful astrono- 
mers Bessel and Struve; but in 1821 they differed by 0\8, 
and in 1823 by a whole second; a progressive increase indicat- 
ing the gradual formation of certain fixed habits of observation. 
So far from invalidating the results of either observer, this fact 
would indicate that their absolute personal equations were in all 
probability very constant for moderate intervals of time, and 
therefore had no appreciable effect upon their results so long as 
these results did not depend upon a combination of their obser- 
vations with those of other observers. 

* Bbssbl found that with a chronometer beatmg half seoouda he obserred tranute 
0*.49 later than with a clock beating whole secondi. 
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PERSONAL SCALE. 

161, Prof. Peirce has called attention to the fact that expe- 
rienced observers often acquire a fixed erroneous habit of esti- 
mating particular fractions of the second. Thus, when a star is 
really at 0* 3 from a thread, one observer may have a habit of 
calling it 0".4, while another may incline rather to 0^2 ; or^ again, 
when the fraction is less than 0.1, one invariably takes 0.1, while the 
other as invariably neglects it and puts 0.0. Thus each obseiwer 
is conceived to have his own personal scale for the division of the 
second. 

Jii a very large number of individual ti'ansits over threads by 
the same observer, there is, according to the doctrine of proba^ 
bilities, the same chance for the occurrence of each of the deci- 
mals .0, .1, .2, &c., if the ohsermtions are 2 )erfecily made, or if the 
e7rors of the observers are purely accidental; otherwise, one or more 
of these decimals will occur more frequently than the rest. 
Hence, by simply counting the number of times each decimal 
occurs in a very large number of observations by the same 
observer, the personal scale of this observer may be determined. 

It is easily shown that the effect of an erroneous personal 
scale is to increase or diminish the mean result of a large 
number of observations by a constant quantity. For example, 
suppose that m 1000 observations of a cei’tain observer the frac- 
tion 0,3 appears but 20 times, while 0.4 appears 180 times, and 
that each of the other fractions appears 100 times. Then, since 
each fraction should appear 100 times, the mean of any large 
number of observations by this observer will probably be too 
great by the quantity 

(0 4 x 180 + 08 X 20) (0 4 X 100 + 03 X 100) ^ 

1000 

The effect, therefore, being constant, will be combined with 
the personal equation determined from a large number of obser-* 
vations, and may be regarded as always forming a part of it. 
Hence it follows that the application of the personal equation, 
which involves the errors of the personal scale, does not neces- 
sarily eliminate the observer’s constant error from each observa- 
tion, but that it probably does eliminate it from the mean of a 
large number of observations. 


Vofc. 11—18 
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PROBABLE ERROR OF A TRANSIT OBSERVATION. 

162. That part of the error in the observed time of transit of 
a star which is independent of the personal equation and other 
constant errors, and is irregular or accidental, may be distin- 
guished as 'probable error; and it will be the only error of 
observation which will affect the final result, if the observations 
of two observers are not combined. It may be determined for 
each observer by comparing the several values of the thread 
intervals given by his observations. Let 

I = the observed interval of two threads whose equatorial ^ 
interval is i; 

then, since we should have i = 1 cos 5, each observation furnishes 
a value of and from a great number of values the probable 
error r of each single determination is deduced by the formula-*' 

r = 0.6745 J 

» m — 1 


in wHcli the values of v are the residuals found by subtracting 
the known value of i from each value found from observation, 
and m is the number of observations. 

E'ow put 


e s= the probable error of the observed time of transit of an 
equatorial star over a thread; 


then, since the time of transit over each thread is affected by 
this error, we have 


whence 


2e*r=r> 


» = 0 6746 


V 


2 (m — 1) 


Example. — ^From the transit observations made by Mr. Et.t.tb 
at the Greenwich Observatory in 1843, the observed intervale 
between the successive threads {ie. from 1st to 2d, from 2d to 8d, 
&c.) were found as in the following table : the true equatorial 
intervals being those given in the fourth column. The difference 


* Appendix, Art. 17 
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between tlie computed and the true equatorial interval (v) is 
given in the fifth column, and the last column gives v^. 


1848 

Observed Computed 

True 

1 

V 



I 

i=/8ecd 

( 




March 8 

13-8 

12*79 

12*89 

— 

0*10 

0 0100 

/ Tauri 

13 8 

79 

.76 

+ 

08 

9 

d == + 22 ® 27 ' 

14 0 

J 

.93 

.87 

+ 

.06 

86 


14.0 

.93 

91 

+ 

02 

4 


' 18 7 

66 

.88 

— 

22 

484 


13 6 

57 

86 

— 

29 

841 


13 8 

86 

.89 

— 

.04 

16 

e Taun 

13 8 

.86 

.76 

+ 

.09 

81 

^ = + 21 ® 21 ' 

13 .9 

94 

87 

+ 

07 

49 


13 9 

94 

91 

+ 

03 

9 


13 8 

86 

88 

— 

.08 

9 


13 .7 

76 

86 

— 

10 

100 


13 7 

66 

89 

— 

24 

576 

fx Geminor, 

14 0 

93 

76 

+ 

.17 

289 

^ + 22 ® 85 ' 

14 0 

93 

87 

+ 

.06 

86 


14 0 

93 

91 

+ 

02 

4 


13 9 

84 

.88 

— 

04 

16 


18 8 

74 

86 

— 

12 

144 


m = 

18 , 


!:(«■) = 

0 2803 


Hence we find, by the above formula, 

e = 0 * 06 

Taking a much greater number of the observations made by 
Mr. Ellis of stars from the 3d to the 6th magnitude, I found 
e = 0 '. 056 , which is probably smaller than will be found for 
most observers. In the case of another well trained observer, I 
found e = 0 *. 08 . 

In Ihe same manner, from a large number of Mr. Ellis’s ob- 
servations of the moon I found his probable error in observing 
the transit of the first limb over a single thread to be 0 *. 074 , and 
for the second limb 0 *. 071 . In the case of another observer, I 
found for tlie first limb 0 *. 078 , and for the second limb 0 '. 094 . 
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K we assume, then, that for moderately skilful observers 
f =z 0* 08 for a star, the probable error of the mean of the ob- 
servations over seven threads will be 0" 08 — |/7, or only 0*.030, 
the star being in the equator. For the declination d the pro- 
bable error will be 0*.03 sec d. 

The probable error thus found is the accidental error, com- 
posed of the error of the observer in estimating the fractions of 
a second (including the errors of his personal scale), and of the 
error arising from unsteadiness of the star ; but it must not bo 
taken as the measure of the degree of precision in the deduced 
right ascension or time.* 

163. The error of the right ascension derived from a single 
complete transit is composed of the following errors : 

let The undetermined instrumental errors, depending upon the 
errors in the determination of the constants a, b, and Cj 

2d The eiTors of the assumed clock correction and rate; 

8d The error arising from irregularity of the clock; 

4th The error in the observer's personal equation, arising from 
an imperfect determination of the equation, or ft*om fluctua- 
tions in its value, depending on the observer’s physical and 
mental condition , 

6th. The accidental error of observation, composed of the ob- 
server’s error in estimating the fractions of a second, and of 
eriors arising from unsteadiness of the star, 

6th The error arising from an atmospheric displacement of the 
star, which may possibly be constant doling the transit over 
the field of the telescope, and may bo called the culmination 
error, 

We may form an estimate of the total effect of all these 
^sources of error by examining the several values of the right 
ascension of a fundamental star deduced from different culmi- 
nations, and reduced for precession and nutation to a common 
epoch Thus, there were found from the different observations 
of the transit of a Anetis^ in the year 1852 at the Greenwich Ob- 
servatory; the following values of its mean right ascension on 
Jan. 1, 1852. Putting a = P 58" 50* + x, the values of x were— 

* In this oonneo'jon see the remarks of Bbbsbl in the Berlin Jahrbuoh for 1828 

p 166. 
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X 

X 

X 

X 

0*40 

0*34 

0*59 

0*37 

44 

31 

42 

34 

89 

.42 

42 

34 

.39 

45 

46 

59 

42 

63 

.83 

24 

.40 

35 

.32 

81 


Tho mojin is a; = 0".40 ; and from the differences between this 
mean and the several values of x we deduce 7’ = 0* 057 as the 
probable error of a single determination of the right ascension 
of this star. In the same manner, I find from the observations 
of y Ceil during the same year r = 0* 063, and for a Uvscb Majoris 
r = 0M31. If these be multiplied by the respective values of 
cos 5, we have 0*.053, 0^063, 0*.063, the mean of which, or 0*.06, 
expresses neai'ly the probable error of a single determination of 
an equatorial star with the transit circle of the Greenwich Ob- 
servatory in 1852. A larger number of stars should be ex- 
amined to determine this error with certainty ; but the above 
will suffice to illustrate the mode of proceeding. It must not 
bo forgotten, however, that this instrument is never reversed, 
and all its results may be affected by small constant errors 
peculiar to the several stars. 

If we denote the probable error of observation, or the 5th of 
the above enumerated errors, by e, and the combined effect of 
all tho rest by we have 


whence, taking r = 0\06, and e = 0\03, as above found, wo 
deduce = 0*.052 : so that if e were reduced to zero — ^that is, 
if the observations were made perfectly — the right ascension 
determined by a single transit would be improved by only 0*.01. 
Hence it follows that an increase of the number of threads for the 
purpose of reducing the error of ohseroation would he attended by no 
important advantage. 

Bessel thought five threads sufficient. 

164. We see from these principles that the weight of an ob- 
served transit is not to be assumed to vary as the number of 
threads, as it would do were there no culmination error or un- 
known instrumental errors. For practical purposes it will be 
sufficient to regard the probable error of a transit as composed 
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only of the error of observation and the culmination error. The 
latter will then be the quantity denoted above by Si ; and, if we 
now put 

e = the probable error of a transit over a siiigle threadi 
n = the number of threads observed, 
r =s the probable error of the observed right ascension. 


we shall have 



If then we also put 

H = the probable error of an observation whose weight Is 
unity, 

p = the weight of the given observation. 


we shall have, according to the tlieory of least squares, 


*i‘ + « 


(127, 


The unit of weight is arbitraiy, and hence E also is arbitrary. 
If JVis the total number of threads in the reticule, and a complete 
observation on them all is to have the weight unity, we shall 
have 




and the formula will become 

p = 


®i’+ - 


(128) 


If we substitute the values ei= 0.052, e = 0.09, which are suffi- 
ciently accurate for an approximate estimation of the weights of 
observations, we shall find, very nearly,* 


P = 


1 + 4 


(129} 


* See also Yol I Art 286, where a slightly different formula is obtain^dt 


t f 
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This will be a very convenient formula in practice in cases 
where there is no reason to depart from the above assumed values 
of Ej and e. The observer who has determined these quantities 
for himself will, of course, employ (128) directly. 

It may be useful to illustrate, by the aid of this formula, the 
proposition announced at the end of the preceding article. If 
JV = 7 and JEJ= O' 062, the weights and probable errors of obser- 
vations on one or more threads will be as below : 


n 

p 

E 

s/p 

1 

0 36 

0*104 

2 

0 67 

0 082 

3 

0 71 

0 073 

4 

082 

0 069 

5 

0 90 

0 066 

6 

0 95 

0.063 

7 

100 

0 062 

25 

125 

0 066 

00 

143 

0 062 


We see that the advantage of seven threads over five is almost 
insignificant, and Bessel’s opinion is confirmed 

166. The probable error of a single transit of a star recorded 
by the electro-chronograph does not appear to be much less 
than that of one observed by eye and ear by experienced ob- 
servers ;* but it must be remembered that it takes but a short 
time to acquire the requisite skill in the use of the chronograph, 
while the small probable errors by eye and ear above adduced 
are evidences of long training. The personal equation, however, 
is much less in the use of the chronograph, and probably 
more constant. It is not unlikely that a considerable portion of 
the total error of a determination of right ascension, as above 
found, is the result of variations in the observer’s personal equsr 
tion ; and, if so, the substitution of the chronograph for eye and 
ear will cany these determinations to a still more remarkable 
degree of accuracy. 

* See Dr. B A Gould’s Report in the U S Coast Survey Report for 1867, p. 807 
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APPLIOJTION OP THE METHOD OF LEAST SQUARES TO THE DETER- 
MINATION OF THE TIME WITH A PORTABLE TRANSIT INSTRUMENT 
IN THE MERIDIAN, 

166. In the use of the portable transit instrument in the field, 
it is not always possible to mount it so firmly that its azimuth 
and level can be absolutely relied upon as constant for a whole 
day. Frequently it is necessary to take all the observations at 
a given place within a few hours We must then observe such 
stars as are available at the time, and so conduct the observations 
and their reduction as to obtain the ynost probable result 

First, as to the observations. — The instrument having been 
brought very near to the meridian (see Art. 125), a number of 
stars must be observed in both positions of the rotation axis, 
and, in general, about the same number of stars in each position. 
Among these must be included at least one circumpolar star, 
and, if possible, two or three, one or more being below the pole. 
The level should be observed at the beginning and end of the 
eenes, and before and after each reveiml of tlie axis. 

Secondly, as to the computation. — We assume that the thread 
intervals have been well determined, as also the value of a 
division of the level. If they have not been found before the 
observations, they must, of course, be determined subsequently, 
only obseiwmg that no change of the instrument has occurred 
which might change the value of the thread intervals The 
mean of all the level determinations should be adopted as 
the constant value of b for all the observations, unless the dif- 
ferences of the several values are greater than the probable 
errors of observations made with the particular spirit-level used, 
in which case it will he better to interpolate a value of b for 
each star from the actually observed values. The chronometer 
time T of transit over the middle thread or the mean tliread 
being found for each star by employing the thread intervals when 
necessary, we shall suppose that ohseiwation has furnished only 
Tand b for each star. The rate dT of the chronometer is also 
supposed to he approximately known. The constants a and c, 
and the clock correction a T, are then to be found by a proper 
combination of the observations. Let us put in formula (87), for 
each star, 

A = the azimuth factor = sin — d) see S, 

B = the level factor = co8(^p — S) sec 
C = the colli m&tion factor = sec 



IN THE MERIDIAN 


201 


also, let each observation be reduced to some assumed time 
and put 

^2^^= the chronometer correction at the time 

whence 


Let 

so that 


Ar = A2;-f- 8T(^T^ t;) 

T? == an assumed approximate value of a 
A t? = the required correction of i? 

!? 4- At? = A Tq 


then the formula ( 82 ) becomes 


a = r + t? + A»? + dT{T— ^ Aa^ Bh+ Cc 


in which every thing is known except the small quantities a??, a, 
and c. If we now put* 


t=T^ 8T{T-~T^+ JBb 

W= t? — (a — t) 

then, since a i and are each nearly equal to the clock cor- 
rection, is a small residual, and the equation is 

Aa 4“ Cfc 4- At? 4" ^ ^ (^30) 


Each star gives an equation of condition of this form, and from 
all these equations the most probable values of a, c, and a^ will 
be found by the method of least squares. The sign of the tenn 
Cc will be changed when the axis of the instrument is reversed. 

If the obsorvations are extended over a number of hours, it 
will not always be safe to assume that the azimuth a has been 
constant during the whole time. "We may then divide the obser- 
vations into two groups, in one of which the azimuth will be 
denoted by a and in the other by a'. The normal equations, 
formed by combining all the equations in the usual manner, will 
then involve the four unknown quantities a, a', c, and a??. 

To determine the mean error of the resulting value of a 2?, it 
must be remembered that when a and c have been eliminated by 

* For greater preo'iBion (not always required in the use of a portable inatrument), 
we may allow for the diurnal aberration Since a requires the oorreotion + O' 021 
OOP ^ seo dy we huTe merely to take 

' ts=T-^ 6T{T’^ 4- -56 — O'. 021 ooB^ seo 6 
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successive sulDstitution, taking care to introduce no new factor 
into the equations, the coefficient of in the resulting final 
equation will be the weight jo of the value of Ai? thus determined.* 
Then, substituting the values of a, c, and in the equations of 
condition, and denoting the residual in each by v, we have the 
mean error of a single observation by the formula 



in which [rv] = the sum of the squares of the residuals, m = the 
number of observations, and ji = the number of unknown 
quantities. 

The mean error of a& and aT^ will be 

e 

and if we wish the •probable errors, we multiply the mean errors 
by 0.6T46. 

If any residuals are so large as to throw a doubt upon the 
observations, such doubtful observations may be examined by 
Peieob’s Oriterion-t 

If an observation consists of transits over only a portion of the 
threads, it may be well to give it a diminished weight, multiply- 
ing its equation of condition by the square root of the weight 
found by (129). 

If the coUimation constant c has been previously determined, 
we have only to include the term Cfc in the quantity t; thus, 
putting 

t=T-\- dT(_T— T^) +£b+ Oo 

«7= — (a — t) 

the equation for each star will be 

.dfl -|- w = 0 (ISl) 

and the determination of a and from these equations is then 
exceedingly simple. 

Example. — The following observations were taken on the 
United States !N’orth-V estem Boundary Survey with a portable 


* See Appendix. 


■f See Appendix, Art, . ^7-60. 
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transit instrument in the meridian. The stars were mostly 
selected from the British Association Catalogue, and are con- 
veniently designated by tlieir numbers in this catalogue. But 
their apparent places have been derived from the more reliable 
authority the Q-reenvnch Twelve Year Catalogue. The apparent 
place of a Utscb Majoris is derived from the American Ephemens 
Other stars from the British Association Catalogue, observed 
on the same evening, have been excluded because they are not 
given in the later catalogues. 


Camp Simiahmoo — 1857, July 27 Latitude 49° 0' N 


Tlireflda. 


No Star. 


Mean. 


Level 


II HI IV 


VI VII 


1 B A 0 6390 W 16* 8 48' 6 12* 8 40' 8 9'287'9 6'222'‘ 4"* 40> 76 + 0“ 76 


2 

<( 

6484 


(< 

27 2 16 

2 38 

8 2 8 26 8 60 1 22 

10 

88 68 

1 

f 1 

S 

tt 

6441 


tt 

28 8 47 811 

8 86 

8 68 6 22 0 46 3 22 

11 

86 10 


(< 

4 

4( 

6489 


tt 

21 8 46 8 12 6 87 8 2 8 22 

18 

87.68 



5 

(( 

6886 1 


tt 

80 8 88 8 88 2 42 

0 28 

13 

41 68 


(( 

6 

tt 

” 1 


£ 

62 .8 48 2 48 

9 

28 

18 

40 49 

— 0 

70 

7 

it 

8282 S 

P 

it 

82 1 86 0 48 

2 49 4 64 6 60 9 6 9 0 

46 

48 84 

— 0 

51 

8 

it 

8846 S. P 

tt 

39.7 22.7 7 

0 60.188 6 16 9 0 8 1 

6 

50 04 

— 0 

48 

9 

it 

7680 


tt 

68 1 40 0 26 

7 18 

9 0 7 48.0 86 8 1 

22 

14 04 

-0 

44 

10 

ti 

7778 


It 

48.8 8 9 29.249 

4 10 8 80 8 61 2 1 

84 

49 78, 

— 0 

42 

11 

tt 

8647 S 

P 

tt 

20 8 20 7 17 

6 11 

8 7 8 1 .9 67 0| 1 

67 

11 86| 

— 0 

88 

12 a Urs 

Maj S 

P. 

tt 

82,7 19 8 7 

9 56 

0 42 6 80.017 4l 2 

19 

55 06| 

-0 

88 


The threads are numbered from the end of the axis at which the 
illuminating lamp is placed, and the seconds of the chronometer 
are recorded, not in the order of observation, but in the columns 
appropriated to the several threads. The column “ Mean” gives 
the time of passage over the mean of the threads, employing in 
the case of the defective transits the following equatorial inter- 
vals from the mean : 

h »S '» *, h »6 ^ 

-t-65'.82 + 44'.05 4-21'.84 — 0*.08 — 22'.00 — 43'.T9 — 66'.86 

where the signs are given for Lamp "West. The column marked 
L gives the position of the lamp end of the axis. The value of 
one division of the level was ()*.105. Only one observation of 
the level was made during the observations “lamp west.” Two 
observations of the level were made during the observations 
“ lamp east,” one near the beginning, the other near the end, of 
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the senes, from which those giveu in the table are obtained hy 
interpolation. 

Stars observed at their lower culminations are marked S. P. 
(sub polo). 

The chronometer was sidereal, and its rate was losing 0*.40 
daily. 

A first computation of the observations having shown that the 
observations lamp west and lamp east give very different results, 
the presumption is that m reversing the axis the observer dis- 
turbed the instrument, a supposition rendered still more probable 
by the change of level. It will, therefore, be proper to compute 
the observations upon the supposition of a different azimuth for 
the two positions of the axis. 

The apparent places of the stars on the given date were as 
follows : 


star a 6 


BAG. 

6390 

18» 

39" 

‘88* 

71 

+ 

39° 

sr 

tl 

6434 

18 

45 

35 

70 

— 

22 

55 

le 

6441 

18 

46 

31 

91 

— 

22 

61 

it 

6489 

18 

53 

84 

36 

— 

80 

5 

u 

6836 

19 

48 

41 

61 ' 

+ 

69 

63 

u 

3232 

9 

21 

46 

76 

+ 

70 

29 

u 

3346 

9 

40 

48 

22 

+ 

59 

44 


7686 

21 

57 

14 

44 

+ 

72 

28 

i( 

7778 

22 

9 

49 

07 

+ 

66 

18 

it 

3647 

10 

32 

9 

.78 

+ 

66 

30 

a TJrs Maj 

10 

54 

53 

21 

+ 

62 

31 


The observed times of transit are to be reduced for the chro- 
nometer’s rate to some common epoch, which we shall here 
assume to be Tq = 0* by the chronometer. The assumed correc- 
tion of the chronometer at this time will be 


= — 3* 26*^ 0*. 

The formation of the equations of condition for the first and 
last stars is as follows : 
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d 

<p — d 

log sec 8 
log cos — 8) 
log sin — d) 
log COB (<p — <5) sec 5 = log 5 
log sin — S) sec d = log A 

A 

sec (5 = G 
h 

Observed mean 
Eate to 0* 
Bb 

Diurnal ab = — 0*.021 cos ^ sec <5 

f 

a 

a — t 

Assumed ^ 
w 


L W 

L E J 

BAG 6390 

a Urste Miy. S P ^ 

+ 39° 31' 

117° 29' 

4 9 29 

— 68 29 

01127 

nO 3368 

9 9940 

9 6644 

9 2169 

n9 9686 

0.1067 

n9 9002 

9 3296 

0 3044 

4 0 214 

4 2 016 

4 1296 

— 2166 

4 0*08 

4 0*03 

22* 4'” 40* 76 

2* W™ 55*06 

— 0.03 

4 0 04 

4 0 10 

4 0 02 

— 0 02 

4 0 03 

22 4 40 81 

2 19 65 15 

18 39 38 71 

22 64 63 21 

—3 25 2.10 

— 3 25 1 94 

— 3 25 0 

— 3 26 0. 

4 2.10 

4 1 94 


Denoting the azimuth of the instrument for L. W. by a, and 
that for i. £1. by and changing the sign of e for L. JS., the 
equations of condition for these two stars are, therefore, 


+ 0.214 a + 1 296 c + A.? + 2*10 = 0 
-|- 2 016 “{“ 2.166 c -|- 1 94 0 

The equations for the other stars being found in the same 
manner, we have then : 


1 . 

2 . 


8 . 


4. 

6 . 

6 . 


0 214 a -|- 1 296 c -j* -j- 2*.10 = 0 

1 032 a 1 086 c 2 .96 5= 0 

+ 1 031 a + 1.085c + + 8 17 = 0 

+ 1.136 a + 1.166 c-f- ai»4-3-19 = 0 

— 0 732 a + 2 066 c+ 0 707 AO 4- 0 .16 = 0 

— 0 732 a' — 2.066 c + 0.707 aO — 0 .97 = 0 
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7. + 2.606 a' + 2 993 c + aj? + 2 22 = 0 

8 + 1.879 a' + 1984c + A.> + 1 91 = 0 

9. —1822a' — 3.319c + A# — 0 68 = 0 

10. — 0 229a' — 1 802c + AtfH- 0 58 = 0 

11. + 2 264 a' + 2 608 c + A.> + 2 .18 = 0 

12. + 2 016 a' + 2.166c + ai> + 1 94 = 0 

where the 5th and 6th equations have been multiplied by -j/J, 
thus giving each but one-half the weight of an ordinaiy obser- 
vation, because the star was observed on but half the threads.* 

The normal equations are 

3 998a -f 0 -|- 2 326c-f- 2 894 a-? - f 10 283 = 0 

0 -I- 21 848 a' -f 27 881c -f- 6 697 a.> - f 19 569 = 0 

2 325 a -t- 27 881 a' -f 51 969 c -|- 9 153 -|- 36 352 = 0 

2 894a-|- 6697a' -I- 9 163 c -f- 11 000 A« -j- 19.090 = 0 

from which we find 

a = — 1*681 
a'= — 0 083 
c = — 0 428 

Atf = — 0 891 with the weight p = 6 776 

This example' is instructive in several respects. The instru- 
ment was reversed upon the star B.A. C. 6836 for the purpose 
of deducing the value of c. But, upon the supposition that the 
azimuth remained unchanged during the reversal, we find 
c = — 0*.267. The danger of disturbing the instrument in re- 
versing the axis is, of course, greater with small instruments, 
and always requires great caution. Again, the observer neglected 
to observe the level immediately before and after the reversal, 
the values of b given in the table being inferred from observa- 
tions taken at the time of the transits of ITos. 1, 7, and 11. If 
the level had been observed more frequently, as it should be, 
the disturbance of the azimuth might have been suggested to the 
observer himself, who, however, appears not to have suspected it. 

But we shall obtain still further instruction from this example 
by substituting the values of a, a', c, ai? in the original equa- 
tions of condition. The residuals » will exhibit to us the ano- 
malous observations. We find : 

* To proceed more accurately, we Bhould have computed, by (120), the weights of 
the four defective obBervations, the 2d, 4th, 6th, and 6th Wo should have found 
the weights 0 96^ 0 89, 0 82, 0 71 respectively 
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No. 


1 in; 

1 

+ 0*302 

0 0912 

2. 

— 0 125 

0156 

3. 

+ 0 .086 

.0074 

4 

— 0 098 

0096 

5. 

— 0 120 

0144 

6 

— 0 669 

4475 

7 

— 0.163 

.0234 

8. 

+ 0 024 

0006 

9. 

+ 0 043 

0018 

10. 

+ 0 470 

.2209 

11. 

+ 0 040 

0016 

12 

— 0 034 

0012 


[ur] 

= 0 8362 


Hence, the number of observations being denoted by m = 12, 
and the number of unknown quantities in our equations by 
/i = 4, we have the mean error of an observation of the weight 
unity, 

, = JJH£L = 0.828 

\ m — /i 

The large residuals of Nos. 6 and 10 point them out as probably 
anomalous ; but, before rejecting them, we will apply Pbirob’s 
Criterion. Since Table X. is adapted only to the cases of one 
and two unknown quantities, we shall have to employ Table X. A. 
Commencing with the hypothesis of but one doubtful observa- 
tion, we assume for a first trial x = 1.6. 


iBt Approx. 2d Approx. 

m = 12, /I = i, n = 1 *16 1.78 

Table i.A. log T 8 6061 8 5051 

“ « log.E 9 3973 9 3464 

log I" 9.1078 9.1687 

m-«=n 1»8'’=1»8(5)* 9.8878 9 8470 

1 — 0.3117 0.2970 

”l~'‘~" = 7, X*— 1 = 7(1 — !•) 2 1819 2 0790 

” 31819 3.0790 

X 1 78 1.76 


xe =5 0*.668 
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The residual 0.669 surpasses the limit 0'.568, and hence the 
6th ohservation is to be rejected. We must then pass to the 
hypothesis of two doubtful observations, for which we com- 
mence by assuming x = 1.5, and then with n = 2 we find 
X = 1.49, xe = 0*.481. Hence the 10th observation is noi to bo 
rejected. Thus the only observation to be rejected as anomalous 
is the 6th ; and our hypothesis of a disturbed state of the instru- 
ment produced by reversal is confirmed. 

If we now form normal equations from the remaining eleven 
equations of condition, v e shall find the values of the unknown 
quantities to be 

= — 1* 636 
a'= — 0 092 
c = — 0 367 

A# = — 0 999 with weight p s= 5 963 

and these values substituted in the equations of condition give 
the residuals and mean eiTOrs as follows : 


No 

V 


1. 

-b 0* 276 

0.0762 

2. 

— 0 126 

.0159 

8 

-t- 0 086 

.0074 

4. 

— 0.089 

.0079 

6 

— 0.114 

.0130 

7. 

— 0.120 

.0144 

8 

-f 0 010 

0001 

9 

— 0 .239 

.0571 

10. 

-f 0 264 

.0697 

11 

+ 0 051 

.0026 

12. 

— 0.040 

0016 

m — 

-jti = 7 

[w] = 0.2659 


. = JJ!2L„o-is6 

\ m — fii 


The 10th observation is now well representeii, and the Oiite- 
rion does not reject any of them. 

The mean error of is 


*0 = 


l/P 


= 0*.08 


and the probable error 0' 05. 
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Heuce we have, finally, the chronometer correction at 0\ 

+ a»9 = — 3* 25* 1'00± 0*05 

THE TRANSIT INSTRUMENT IN ANY VERTICAL PLANE. 

167. The formnlje (78) and (79) apply to any position of the 
insti’ument. When the instrumental constants m and ii are known, 
or when a and b are given, from which m and ii can be found by 
(78), the formula (79) determines the apparent east hour angle 
r of the observed object at the time of its transit over any 
given thread whose distance from the collimation axis is c. The 
constants are found by combining Observations of stars near to 
and remote from the pole, as will be illustrated liereafter. 
When the transits over several threads have been observed, 
each may be separately reduced by the general formulpe , but it 
is necessaiy also to have the means of reducing them all to a 
common instant. I shall, therefore, here consider the most 
general case of an observation of the moon’s limb on any given 
thi'ead, and investigate the formula for reducing it to the middle 
thread, or to the collimation axis of the instrument This 
general formula vdll be applicable to any other object which 
has a proper motion and a sensible diameter. Let 

© = the sidereal time of the observed transit of the 
moon’s limb over the given thread, 
i = the equatorial interval of the thread from the middle 
thread, 

a, ^ = the true E A and decl of the moon’s centre at the 
time 0, 

o',(}'== the apparent E A and declination, 
s = the moon’s geocentric semidiameter, 
r= the moon’s apparent somi diameter. 

At the instant the moon’s limb touches the thread whose dis- 
tance from the middle thread is ?, the centre of the moon is at 
the distance i ± s' from the middle thread, and, consequently, at 
the distance c + z ± 5 ' from the collimation axis of the telescope. 
The apparent east hour angle of the moon’s centre at this 
instant is 

T = a' -© 

Putting then c + i ± s' for c and a' — © for r in (79), we have 

You IX— u 
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sin (c I ± sO = — Bin n sin S' — cos n cos S' sin (0 — a' 
= — sin sin S' — cos n cos m cos S' sin (€ 
— cos n sin m cos S' cos(€ 

where the apparent declination and right ascension are en 
since it is the moon’s apparent place which is observed, 
trodnce the geocentric quantities, let 

TT = the moon’s equatorial horizontal parallax, 

9 »'== the earth’s radius and reduced latitude of the j 
of observation, 

J, = the moon's distance from the centre of the e 
and the observer respectively; 

then, putting 



we find from VoL L, equations (132), 

fooB S' sin (0 — a') = cos S sin (0 
/ cos S' cos (0 — tt') = cos S COB (0 
f sin S' = sin ^ 

Substituting these values, we obtain 

/ (c + i ± sin 1" == — Bin n sin S — cos n cos S sin (0 — ■ 
-f ^ sin TT sin sin n + /o sin tt cos cc 


^a) 

— a) — p sin w cos t 
— p sin 1C sin « 


The right ascension and declination are, however, varial 
we should introduce into the formula their values fc 
assumed epoch. Let this epoch be the sidereal time, ©, 
is the common instant to which the observations on the 
threads are to be reduced. Let 

Sq =. the true right ascension and declination at the t 

eo, 

Aa = the increase of the right ascension in one mil 
of mean time, 

= the increase of the declination (towards the noi 
in one minute of mean time, 

and put 


I 
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J= ©j, — © = the required reduotiou, 

A ft. 

^ == rr-T— r = the increase of a in 1* of sidereal time 
60 164 


X'= 


Ad 

mjm'' 


tt i 


then, if I is expressed in seconds of arc, we have 
a = a,-A7, — 

0 ^ a = 0, - a,-(©, -- 0) + (a, _ a) = 0„ - a, - (1 - ;) J 

sin (0 — a + m) = sin (0,, — ag + m) 

— (1 — 1) co8[©o — tto + m — } (1 — J] 2 sin } 1 

[in which (1 — 1) sin J J is put for sin J (1 — X) J] 

X' 

sin <> == sin ^0 — — cos d. 2 sin i i 

15 

X' 

cos ^ = cos ^0 + — sin . 2 sin } 2 

16 


Substituting these values, our formula becomes (omitting a term 
multiplied by the exceedingly small quantity ^ X' sin^ J I) 

f(c +%±: «') flinl"= — sin n sin — cos n cos d^ sin (0^ — ao + ^) 
sin TT sm f>'sin n + /> sin w cos ^p'cos n sin m 
-|-(1— -l)cos n cos ^^^cos [0q-— ao+Tn — }(1— -1)7] 2 sin J2 
+ [siu n cos cos n sin Jo8in(0o— 2 sinii 

(183) 


In this formula, we may consider J as the only quantity which 
varies with the time ; for, although/, s', and i: vary slightly, their 
variations will not usually he sensible, or, if sensible for a single 
thread, their effect will disappear when the epoch is nearly the 
mean of all the observed times. 

If now ©Q is the time of transit of the moon’s centre over the 
great circle of the instrument, this formula gives 


0 = — sin n sin — cos n cos sin (0^ — + m) 

-|- jO sin JT sin y' sin n 



Subtracting this from (133), and, for brevity, putting 


t = ©0 — “o + ^ 

J8 = sin » cos — cos n sin sin t 
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we find 


2 sm i 2 = 


(1 


/ (c -f i ± s') sin 1" 

X) cos n eoa cos p — i (1 — 2] + 7*, XB 


This is equivalent to the formula fjiveii by Sam'itsoii {PracL 
Asiron., Vol. I. p. 303); but he has not observed that the expres- 
sion for It may be put under a much more simple form. In so 
BTn n.11 a term as we need not consider the effect of the 

parallax upon the factor 22; but when we neglect the pamllax 
we have, by (134), 


0 = — sin « sin Sf, — cos n cos ^jSin t 


Multiplying this by sin^j, and subtracting the product flam 
22 cos we find 

B cos = sin n, or 22 = sin n sec 

It is also to be observed that by the formula (246) of Vol. I. 
we have 

fs! = $ = the true semidiametor. 

Hence our formula becomes 


2 sin 12= /(« + 0 sin 1" ± « 1" 

(1 — X) cos n cos cos p— 1(1 — -*) 2] -f- I'sm n sec 

or, when J is small, as it usually is, 

2 = /(c + i) ± 5 

(1 — X) cos n cos <5o cos p — 1 (1 — 1) 2] -|- ^5 A'sin n sec 


This formula, then, gives the reduction of the observed time 
of transit of the moon’s limb over any given thread to the time 
of transit of the moon’s centre over the great circle of the instru- 
ment. 

If we omit s in the numerator of the second member, 2 
becomes the reduction to the time of transit of the limb over the 
great circle of the instrument. 

If we omit fc ± s, /becomes the reduction to the time of 
transit of the limb over the middle thread. 

The factor /is determined rigorously by (137), Vol. I. ; but it 
generally suffices to take 

sin C 
sin C' 
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which is very nearly exact, according to (101) of Vol. I The 
finder of the instrument will give the apparent zenith distance 
and the difference between this and the true zenith distance 
will be found with sufficient accuracy by the formula 

sin (C' — C) = p sin TT sin (C' — y) 

in which, a being’ the azimuth constant of the instrument, 


or, very nearly, 


^ — <p') cos a 

y — ^o') cos n cos m 


For the sun or a planet we can always put A' = 0 and ^ = J**, 
and the formula becomes 


J_ C^-^±S 

(1 — X) cos n cos cos (t — }7) 


For a fixed star, we further put A = 0, 5 = 0, ^ = ©o — a + wij 
and the formula becomes for stars near the pole, 


COS n cos d cos (t — H) 

and for other stars, 

J = 0 i 

cos n cos ^ cos — } /) 


(137) 

(137*) 


In all cases, we must carefully observe tbe sign of I in tbe 
denominator of the second member. I will be negative when 
the observed time is later than the time to which the reduction 
is made, and then — J- Jwill be essentially positive. An approxi- 
mate value of I must first be found by neglecting Jin the second 
member, and then a more precise value by the complete formula. 

If the azimuth a and the level b are given, m and n must first 
be found by (78), in which, however, we may usually neglect b 
when ouV object is merely to reduce the several threads to a 
common instwt. 


168. For a fixed star, another .formula has been given by 
Hansbbt. We have 

Bin (c -1- i) = — sin asm d — cosncos^sin (t — 1) 

= — sin » sin i — cos n cos d sin toos Z-|- cos n cos S cos t sin 1 
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If the reduction is made to the collimation axis, we have 
0 = — sin Ji sin 9 — cos n cos 9 sin t 
which, subtracted from the above, gives 

Bin (c + 1 ) = 2cos n cos 9 sin t sin* } J + cos n cos 9 cos f sin J 
whence 

8ml= + _2tanf8in*il (1381 

COS n cos d COB t 

which is a rigorous formula. We see also that t may be found 
by the formula 

sin t = — tan n tan d (139) 

169. To deduce the moon's right ascension from an observed transit 
in any given jposiiuon of the instrument — ^We first find the clock time 
of transit of the moon's centre over the great cii'cle of the 
instrument, from each thread, by applying to the observed time 
the reduction given by the formula (135). Let be the mean 
of the resulting times, and aTJ, the corresponding correction of 
the clock ; then we have ©q = ^ deduce 

sm(©Q— ao+m)=— tanntan5o4-/)Sin7r| ^ ^ j (140) 

in which (Kg and dg are tiie true right ascension and declinatioD 
at the sidereal time ©g. 

If it is preferred, we may first find the apparent right ascen- 
sion by the formula 

sin (©g — ttg' -|- m) = — tan n tan 9^' 

and deduce the true right ascension by applying the parallax 
computed by Art. 102, Yol. I; but it will then be necessary to 
compute the apparent declination ^g'. 

It win be easy to deduce from (140) the formula for the case 
where the instrument is in the meridian, which has already been 
given in Art. 154. 

The constants m and n, above supposed to be known, may be 
found from the transits of two stars as in the next article. 


I 
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EINDINO THE TIME WITH A PORTABLE TRANSIT INSTRUMENT OUT 
OE THE MERIDUN. 

170. The number of Nautical Almanac stars near the pole is 
80 small, that the observer in the field, when pressed for time, 
cannot always wait for their transits over the meridian, and 
must then either employ catalogue stars whose places are not so 
well determined, or have recourse to extra-meridian observations. 
If the transit instrument is mounted so as to be readily revolved 
in azimuth and clamped in any assumed position (as is the case 
with the “ universal instruments”), it may he directed at once to 
a fundamental star near the pole, and then, its rotation axis being 
levelled, its collimation axis will descnbe a vertical circle not far 
from the meridian. The transit of any star over this circle being 
observed, the general e(][uations of Art. 123 will enable us to find 
the hour angle of this stai*, and hence the time, when we have 
determined the constants m and n for the assumed position of 
the instrument. 

The stare best adapted for the purpose in the northern hemi- 
sphere are Polaris (a Ursa Mmons) and 8 Ursa Mmoris, one of these 
being always near the meridian when the other is most remote 
from it , and it will be advisable always to employ that which is 
nearest to the raendian. In the sou'&ern hemisphere, the best 
star is a Octantis, which is less than 1° from the pole ; but, as it 
is of the 6th magnitude, it may be necessary, with small instru- 
ments, to use either ^ Hydn or ^ Ghamakonlis. 

To take the observation, make the axis approximately level, 
and turn the telescope upon the circum-polar star. The star 
moving very slowly, set the instrument, so that a few minutes 
must elapse before the star will cross the middle thread. During 
this interval, apply the spirit level and determine the constant b. 
Observe the transit of the star over the middle thread by the 
chronometer. The instrument now remaining clamped in azi- 
muth, revolve tlie telescope upon its axis, and observe the transit 
of an equatorial star over all the threads. Then determine the 
constant b again, and employ the mean of its two values. 

In order to eliminate an error of collimation, the rotation axis 
IS to be reversed, and another similar observation is to be taken, 
the instrument being set at a new azimuth slightly in advance 
of the polar star as before. Each observation of a pair of stare 
must, of course, be separately reduced. "We may, however, 
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combine each, transit of the polar star with the transits of several 
equatorial stars. 

The collimation constant should have been made as small 
as possible before the observations ; but, in any case, we shall 
assume that its value is known. 

To reduce the observations, we must first find the constants 
which determine the position of the instrument. For this pur- 
pose, we use only the observations on the middle thread. Let 
then and The the observed chronometer times of transit of 
the polar and equatorial star respectively over the middle thread, 
reduced for rate to an assumed time , and let a 7], be the chro- 
nometer correction at this time ; a', a, the right ascensions, d\ 5, 
the declinations; r', t, the east hour angles, or reductions to the 
meridian; 90°—???, and ??, the hour angle and declination of 
the point in which the rotation axis produced towards the west 
meets the celestial sphere, c the collimation constant : then we 
have, by (79), 

sin (t — m)= tan n tan ^ sm c sec n sec ^ I 
Bin (t' — m) = tan n tan (J'-)- siii c sec n sec j 

ID which we have 

r = a-(T+A2;) 
r'=a'-(T'+A7;) 

If we could put c = 0, these equations would give us m and ?? 
by a very simple transformation ; but, retaining c, we can still 
reduce them to the fonn they would have if c were zero.* For 
this purpose, let m' and 'n! be approximate values of vi and ?i, 
determined by the conditions 

sin (t — w!) = tan in! tan d 
sin (t' — m/) = tan n' tan ^ ' 

from which we shall find ?i' and tlien the correction to reduce it 
to n. Put 

- r) >1 = }(/ + r) — m' 

then Y is known from the observation, since we have 


} [a' - (a Ty\ (142) 


* TMb transformation is given by Hansbn, Asir Ifach , Vol. XLVIIT, d 116, 
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We have then 

A — y = V — fll' 


A + y = t' — m' 


and hence 

em (A — r) = tan n' tan 3 sin (A 4 - j-) = tan n' tan 3' 

the sum and difference of which give 

28in A cos r cos 3 cos 3' = tan n' sin (3' + 3) 

2 cos A sin y COS 3 cos 3' = tan n' sin (i' — 3) 


If, therefore, we make 


, . , a n (3' + 5) 
i sin A = '• ^ 

cos Y 

T , sin [3' — 3'\ 
i cos A = '• > 

sin Y 


(143) 


these equations will give us A and L, and then we shall have 

2 cos 3 cos 3’ 


tan n' = 


(144) 


It is to he observed that a' is always to he regarded as greater 
than T', and in finding y by (142) the difference a' — T' is to he 
found by increasing a' by 24* when necessary, but a — Twill be 
positive or negative. This makes lees than 180°, and, since 
A -|- ^ (= t' — m') must he less than 360°, it follows that X must * 
also he less than 180°. Hence, L will have the same sign as 
cos Y, and n' will be negative when y > 90°. 

Now, we have r — m = T — m' {m' — m), and, since m' — m 
is very small, 

sin (t — m) = sin (t — m') + sin Qn' — m) cos (r — m') 

which, substituted in the first equation of (141), gives 

sin 0 =a sin (t — m’) cos » cos * — sin n sin 8 
+ sin (m' — m) cos (t — m') cos n cos 3 

To simplify this, let us put 

¥ 

sin w = 

from which and the equation 

sin (r — w') = 


B in d 
COB)? 


tan in! tan d 
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there follows also 

cos to = 008 (r — m') cos 3 

for, if we add together the squares of the first and third of these 
equations, the sum is reduced by means of the second to the 
identical equation 1 = 1. By substituting the values of sin (r — m'), 
cos (r — m'), and sin d, which these equations give, in the expres- 
sion for c, it becomes 

sin c = sin (n' — n) sm w sin (m' — m) cos n cos to 

In the same manner, if for the polar star we take 

. sm 3 I f t 

sm It/ = cos w' = cos (r — m') cos 3‘^ 

cos n' 

we shall have 


sin 0 = sin (n' — n) sin w' -f- sin (m' — m) cos n cos «/ 
Oombining these two values of sin c, we have 

sin c (cos w — cos vf) = sin (w' — n) sm («?' — w) 

sin } (^ + 


whence 


sin (w' — n)= sin c 
or, putting v/ — n = v, 

V = c 


cos } (w' — to) 
sin } (w' to) 


cos J (wj' — to) 


(146) 


n = 71" 


The angles to' and w here required are found by the equations 


tan td = 


tan d 


008(1 + /') COSTl' 


^ tan (> 

tan 10 = ^ - (146) 

cos (1 — y) cos n' 


observing that for a negative value of tan zo', to' is to be taken 
in the 2d quadrant, but that for a negative value of tan to, to is 
to be taken numerically less than 90°, and with the negative sign- 
To find m, we have, by eliminating a from (78), 


whence 


sin 771 cos n cos + sin ti sin =: sin h 


sin 771 = — tan n tan ^ + 


sin h 

cos 71 cos ip 
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If then we take 


we have 


sin /i = — tan n tan tp 




b 

cos n cos II cos (p 


m = jti /9 


(1473 


The constants being thus found, we proceed to find the cor- 
rection of the chronometer by the equatorial star. We must 
first reduce the transits over the several threads to the collima- 
tion axis, which may here be done by the formula (138), omitting 
the last term, which is insensible when the instrument is so near 
the meridian as we here suppose it to be. If, therefore, we first 
find t by the formula 


and then put 


sin ^ = — tan n tan b 
F= cos n cos 5 COB t 


(1483 


we must apply to the observed time on each thread the correction 

1 =^ ( 149 ) 

(where i is the equatorial interval of a thread from the middle 
thread), and to the mean of the results we must apply also the 

Q 

correction ^ to reduce to the collimation axis. Let the resulting 

time, reduced for rate to the assumed epoch T^, be denoted by ( r). 
Then, if ©j is the true sidereal time at the same instant, we have 


and, by Art. 167, 
whence we derive* 


e, = (T) + A7; 
i = ©0 — o + m 




(160) 


If we wish to take into account the diurnal aberration, we must 
add to the right ascension of each star the correction 0*.021 cos ^ 
sec S cos r. 


171. In the above, we have supposed c to be given. To inves- 
tigate the eft'ect of an error in the assumed value of c, let c + ac 

* It ia easily aeen that tbe general formula (160) reduoes to Eairaiii’s formula (86) 
vrlien the metrument is in the mendiftn. 
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be its true value ; then the correction of n corresponding to bA 
IS, by (146), 


A?? = — AC 


sin i (^ + w)) 
cos i (ic' — w) 


and, by differentiating the expressions (147), (148), and (149), we 
find the corresponding corrections of m, and I to be 


Am = — a;i • 


A^ = — ATI 


tan <p 
COB* 71 cos m 

tan (J 
cos* n cos t 


AC 


= AC 


sin i (w' + w) tan ^ 
cos i (w* — w) cos* 71 cos m 

Bin i (tc' + w) tan d 
cos i (ic' — w) cos* n cos t 


a7 = 


AC 

cos d cos n cos t 


The correction of the quantity {T) — i + m will be composed of 
the corrections of I (by which ( T) is obtained), of m, and of L 
Denoting the whole correction by Ar, we have 

At = aJ — AiT + 

Substituting the values of the corrections, we find 


AC r 1 sin } (ic'+ w) tan w ^ sin } (u’' + w) tan tp 
cos n Lcos w cos i (m/ — w) cos i (tc' — w) cos n cos m. 


By observing that J (?c' — w) = + w) — w, the fijfst two 

terms within the parentheses become 


whence 

At = 


cos w) — sin \(yc/ -\-w) sinic cos}(7c'+U7) 

cos Hyc/ — w) cos w cos J (tc' — w) 


AC 

cos n cos } (yf 
Ifinally, if we put 


rcos}(w/+ tc) + sin }(w/ + tc) ^ 1 
“-w;)L cosncosmj 

tan <p 


tan «/ = 


cos n cos m 


the expression becomes’** 

at = ac. cos[}(«/+ w) — y'] 


(161) 

(162) 


cos n cos y>' cos } («/ — to) 

* As giyen by Hansbn, Atir. NacK, Vol XL VIII, p. IgO 

U In < . . f 
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If we denote the coef&cient of ac in this equation by C, and the 
true chronometer correction by a T, the first computed correction 
being (a IT), we have 

Ar=(A2’)— Cac (163) 

For another observation in the reversed position of the axis 
the coefficient of ac computed by (162) being denoted by C", ahd 
the computed chronometer correction by (aT'), we have, since 
the sigu of AC is changed, 

+C'&c (164) 

and, combining the two results, we can determine both ATand 
AC If we have taken a number of stars in each position, we 
can treat all the equations of this kind by the method of least 
squares. 

172. The designation “ equatorial star,” in the preceding ex. 
planations, has been used to designate the star from which the 
chronometer correction has been deduced; but it is by no means 
necessary that this star should be very near the equator. A star 
which passes near the zenith will be preferable, since an error in 
the determination of n will then have little or no effect upon the 
computed time. 

Example.* — ^In 1843, August 17, at Cronstadt, latitude ^ = 
59° 59'. 5, the following observations wore taken. The value 
of one division of the level was 0'.113. The- correction- for in- 
equality of pivots was p = + 0*.14 for circle west. The equatorial 
intervals of the threads, numbered from the circle end of the 
axis, were 

^2 *4 *8 

-|- 84*.50 -t-18'.74 — 16*.14 83*33 

The assumed collimation constant was c = — 0*.83 for circle west. 

The chronometer correction was approximately £^T= -h 40*; 
its losing rate, 1*,72, or 8T= + 1*.72 daily. 


* Sawitsoh, Tract Attron , Vol. I p 848. 
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Ist poaition of the instTument Ovrele Weti. 


E. 

w 



Level Direct — 12 0 

+ 27.0 


+ 0*62 

Beversed — 17.8 

+ 21.2 

jp = 

+ 0 14 

Mean B = + ^ 

b = 

+ 0.66 

Transits observed with ohronometer “Haut No 

19 ” 


Thread. I II 

III 

IV 

V 

a Urs, Jfin. — — 

17* 23“ 10* 0 

— 

— 

fi Braconis 88* 0 8* 9 

17 28 36.0 

1*4 

29*3 

E. 

W 



Level Direct — 18.0 

+ 210 

B=z 

+ 0-49 

Beversed — 12 4 

+ 26.8 

j) = 

+ 0 14 

Mean B = 

6 = 

+ 0.63 

2d position 

Ctrelt Ettxt 



E. 

W. 



Level Direct — 18.4 

f 21.0 

B = 

+ 0*.24 

Beversed — 17 4 

+ 23.1 

f — 

- 0.14 


M.ewB= +2'*08 6 = + 0.10 


Thread. V 

IT 

III 

II 

I 

a — 



17* 62» 45' 6 

— 

__ 

Y Braconis 8*.l 

86*8 

17 66 1 .4 

81*.6 

67M 


B. 

W. 



Level Direct 

— 162 

+ 23.6 


+ 0'.80 

Beversed 

— 183 

+ 21.6 

P = 

— 0.14 

Mean B 

= +2‘‘66 

6 = 

+ 0.16 


For the ^ven date tve find, from the Nautical Almanac, 
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a Vrs. Min. 1* 8“ 45*.70 
Draconia, 17 26 65 .73 
Y Draconis, 17 63 0 .36 


i 

88“ 28' 24".2 
62 26 26 .6 
51 80 61 .0 


Oomputation of the observations, circle loest. — W e shall reduce 
the observed times for the chronometer rate to the common 
epoch 7’^= 18*. To allow for the diurnal aberration, we take 
for the approximate times of the observation of a Ursoe Minons and 
^ DracmiSy 17* 24" aiid 17* 29", which, subtracted from the re- 
spective right ascensions, give for their eastern hour angles, oi 
the values of r, 7* 40“ and — 0* 2”, and hence the values of 
0*.021 cos ^ seed COB r for the two stars are — 0M7 and -1- 0‘.02, 
which are to be added to the right ascensions. The corrected 
quantities are then : 

».Ura.Min a'= 1* 3" 45* 58 2"= 17* 23" 9'.96 d'= 88“28'24".2 
B Draconis, <* = 17. 26 65 75 T == 17 28 34.96 62 26 26 5 

cJ — T'= 7 40 85 67 ^'-{-^=140 63 49~i7 

a— r=— 1 39.21 d' -9= 86 2 58.7 

2r= 7 42 14.78 = 115“83'41".7 
r= 67“46'50".9 

Hence, by the formulse (143) and (144), 


logsin(^'+^)9 799833 log sin (5' — d) 9 769736 

log COB S' 8 426664 

log cos ^ 9.726867 

log sin;' 9 927878 

log cos d 9 786199 

log i sin A 0.072976 

log L cos 1 9.842368 

log 2 

0 301080 

log tan X 0-230618 

log cos 1 9.704899 


8.611783 

69° 32' 89" 2 

log L 0 137469 



log2eo8i'cosJ 8.611783 



n'= -f 1“21 22".8 

log tann' 8 874324 



By the formulss (145) and (146), 



117“ 20' 

X - 

-r = 

1“46' 

log sec (1 -|- y) ftO 8880 

log sec (1 

-r) 

0.0002 

log sec n' 0 0001 

log sec n' 

0 0001 

log tan i' 1 6743 

log tan d 

01138 

log tan to' nl 9124 

log tan V) 

0.1141 

«?'= 90“ 42' 


w = 

62“ 27' 

J(tt)'-1-W)=: 71 36 

i (w' 

— to) 

19 8 


log sin i(w'-l- w) 

9.9772 


log sec J(u/ 

— Vi) 

0.0247 

* = — 0*.88 = — 4".96 


log c 

wO.6946 

v = — 4 97 


log V 

»0 6965 


n' — v==n=-f P 2r27''.8 
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By the formulse (147) : 


log ( — tan n) 

n8 374769 

6 = + 0- 046 = 

= + 9" 68 

log tan f 

0 238415 

log 5 

0 9859 

log sin fx 

n8 613184 

log soc n 

0.0001 

= — 

• 2° 21' 7" 0 

log sec fi 

0 0004 


+ 19 4 

log sec y 

0 800^ 

m = — 

■2 20 47 .6 

log ,9 

12873 


The constants of the instrument being thus found, we proceed 
to find the chronometer correction by ^Draconis. We first fiud 
( and the thread intervals by (148) and (149) : 



log tan n 8 874769 

log COB n 

9 99988 


log tan d 0 113823 

log COB d 

9.78520 

t = — 1° 45' 

54".6 log sin t nS 488692 

log COB t 

9 99979 




log if 

9 78487 

I 

n IV 

V 

c = 

=—0*33 

log t 1 53782 

1.27277 nl.20790 

nl 52284 

log c 

n9 518 

log J 176295 

1.48790 nl 42303 

nl.73797 


n9 738 

2 + 66 62 

+ 30*76 — 26*49 

— 64* 70 

c 

r\m a A 


Applying these reductions, we have, for the time of passage over 
the middle thread, and the chronometer correction by (160), 


/? Dracontt, 

17* 28" 84* 62 
34 65 
85 00 
84 91 
84 60 
17 28 34 76 

C A I- j 

— = — 0 54 

F 

Sod for rate to 18* == — 0 .04 

(r) = fr 28 84.18 
a = 17_26 55 75 

. — = — 1 38 48 

— wi = + 0° 34' 63" 0 = -(- 2 19 .&3 

Ohron correction at 18* = a.T„ = 41 10 
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Computation of the observations, circh east. — This being in all 
respects similar to the above, we shall only put down the prin- 
cipal results. The approximate hour angles (r) of a XJrsm Mmons 
and yDraconis are 7* lO”* and — 0* 3'“, whence the correction of 
the right ascensions for diurnal aberration are — 0*.12 and -f- 0'.02. 
Reducing the times for rate to 18*, we find 

a Urs Mm a'= 1* 3” 45* 68 T'= 11* 62** 45*49 S'= SS” 28' 24'* 2 
rI>}aeonis a,= n bS 0 87 T = 17 66 1 39 i = 51 80 61.0 


whence 


y = 

54° 7' 38" 8 

A= 55° 55' 64 "2 

n' = + 

1 26 2 .5 

c = + 0* 33 = + 4" 95 

x + r = 

H0° 4' 

x — r= 1“ 48' 

v/ — 

90 31 

w= 51 32 

n = + 

-f- 5"0 
1° 26' 67" 5 

6 = + 0' 13 = -+- 1".96 


2 28 64 7 

/S = + 3" 9 

m = — 

2 28 60 8 
1 48 9 6 

logi?’= 9 79366 

JFor the reductions of the 

threads for yDracoms, we find 


y IV II I 

I + 63* 60 + 25* 96 — 30*.14 — 65*.48 — = f- 0' 68 


and hence 


y Draconia 

Transit over middle thread = 17* 55” K69 


1= -f 0.53 

Bed for rate to 18* = — 9 .01 

(7) = 17 65 2.11 

a = 17 63 0 37 

a — (T) = — 2 1.74 

t — m = -+• 2 42 .76 

a2;= + 41.01 


The mean value derived from the observations in both positions 
of the instrument is, therefore, 

AT»=-t-41* 06 at 18*. 

In general, however, unless the declinations of the two stars are 
nearly equal, the true value of a 7^ will not be the mean of the 
values found in the two positions; but we shall have to proceed 
as follows. 

VoL. IL— 16 
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By the formulffi (147) : 


log (— tan n) 

n8 374769 

6 = + 0* 646 = 

= + 9".6S 

log tan ^ 

0 238415 

log 5 

0 9859 

log sin fi 

n8 613184 

log sec n 

0.0001 

fi = — ~ 

. 2° 21' 7".0 

log sec 11 

0 0004 

/S = 

+ 19 .4 

log sec f 

0 300^ 

m = — 

■ 2 20 47 .6 

log ,9 

l'2873 


The constants of the instrument being thus found, we proceed 
to find the chronometer correction hy )9 Draconis. W e first fiud 
t and the thread inteiwals by (148) and (149) : 


log tan n 8 374769 
log tan d 0 113823 
^ — 1® 46' 64".0 log sin t n8 488592 

log cos n 
log cos <5 
log cos ^ 

9 99988 
9 78520 

9 99979 

I 

n TV 

V 

log J? 

c = 

9 78487 

=—0*38 

log i 1 63782 

1 27277 nl 20790 

nl 52284 

log c 

n9.518 

log! 175295 

1 48790 nl 42303 

nl 78797 

log — 

® JF 

n9 733 

2 + 66.62 

+ 30* 76 — 26*.49 

— 64* 70 

c 

=—0*64 


Applying these reductions, we have, for the time of passage over 
the middle thread, and the chronometer correction by (160), 


/3 Draootu* 

17* 28" 34* 62 
34 .65 
35 00 
34 .91 
34 _^ 
17 28 34.76 

- = — 0 54 

F 

Bed. for rate to 18* = — 0 .04 

(!r) = fr 28 34.18 
a = 17_26 55.75 
. — (7’) = — 1 38.48 

r — m = + 0® 34' 53" 0 = -f- 2 19 53 

Ohron. correction at 18* = a 21, = + 41 10 


r I j 1 ^ 
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Computation of the observations, circle east — This being in all 
respects similar to the above, we shall only put down the prin- 
cipal results. The approximate hour angles (r) of a Vrsce Mmons 
and Y Draconis are 7^ 10’" and — 0^ 8’", whence the correction of 
the right ascensions for diurnal aberration are — 0*.12 and + 0*.02. 
Reducing the times for rate to 18*, we find 


a Urs Min, a! = 3“ 45* 58 T= 17* 62" 45' 49 d^= 88° 28' 24'' 2 

rl^iaconis a = 17 53 0.37 T = 17 55 1.39 ^ = 51 SO 51 0 


whence 


r = 

54° 7' 38" 3 

A= 66° 55' 64 "2 

n' = -[- 

1 26 2 5 

c = + 0* 33 = + 4".96 

1 + y = 

1-10° 4' 

1 

II 

•— 1 
O 

OO 

10* = 

90 31 

w= 51 32 

V = 

+ 6"0 


n = + 

1° 25' 67" 5 

J = + 0* 13 = 4- 1" 96 

fl = 

2 28 54 7 

yS = + 3" 9 

m = — 

2 28 60 8 


t =. — 

1 48 9 6 

log 2^= 9 79366 


For the reductions of the threads for YDraconis, we find 

V IV II I 

I -I- 53*60 + 26*96 —30*14 —65*48 -=|-0*63 

F 

and hence 

y JDraconu 

Transit over middle thread = 17* 55“ 1* 59 

1 == + 0 63 

F 

Eed for rate to 18* = — 0 01 

(r) = 17 66 2.11 

a = 17 63 0.37 

o — (S’) = — 2 1 74 

t — m =+ 2 42.76 

a2;= + 41.01 


The mean value derived from the observations in both positions 
of the instrument is, therefore, 

A 2; = + 41* 06 at 18*. 

In general, however, unless the declinations of the two stars are 
nearly equal, the true value of a?^ will not be the mean of the 
values found in the two positions; but we shall have to proceed 
as follows. 

VoL II— 1* 
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To estimate the effect of an error in the assumed value of c in 
this computation, we might here put ^ in (152), since n and 
m are here small ; hut, for the sake of illustration, we shall use 
the complete formulse. We find 



Oirele We*L 


Otrele Eait 


60° 1' 2 


60° r.4 

} (w' +w)—<p'=: 

11 84 


11 0 

log cos [} (to' -h — p'] 

9 9911 


9 9919 

log sec J («>' — to) 

0.0247 


0 0257 

seen 

0 0001 


0 0001 

sec/ 

0 3013 


0 3013 

logC 

0 8172 

logC" 

0 3190 

0 = 

-f 2 076 

C' = 

-j- 2 084 


Hence 


(Circle west) A = + 41*. 10 — 2.075 Ac 
(Circle east) a = + 41 .01 + 2 084 Ac 

whence 

(Cirolo west) A Z; = + 41* 10 — 0'.04 = + 41*.06 
(Circle east) aT, = + 41 .01 + 0 06 = + 41 .06 

This result agrees with the mean value found before, because 
here the declinations of the stai’s were nearly equal, and the posi- 
tion of the instrument with respect to the meridian was nearly 
the same in both observations. 

As the value of c is often but imperfectly known, it will be 
best always to take a pair of stars in each position of the axis, 
and then to compute the two clock corrections upon the supposi- 
tion of e = 0. The true correction will then be found by com- 
puting Cac as above, and the value of ac will be the true value 
of c. Thus, in the preceding example, if we had first taken 
c = 0, we should have found from ^Draeonia (aST) = -)- 40*.42, 
and from fBraconis (a IT') = -|- 41'.70, and, computing the coeflS.- 
cients (7 and G’ as above, we should have had 


whence 



(Circle west) a T, = -f- 40*.42 — 2.076 c 
(Circle east) a Z; = -f 41 .70 -I- 2.084 c 


(Oirole west) 
(Circle east) 


= — 0*.808 

4.169 

aZ; = -t- 40*.42 -H o*.04 
aZ; = -I- 41 .70 — 0 .64 


-f- 4i*.oe 
-f41 06 


I. \ 



OUT OP THE MERIDIAN. 


227 


APPLICATION OF THE METHOD OF LEAST SQUARES TO THE DETER- 
MINATION OF THE TIME WITH A PORTABLE TRANSIT INSTRUMENT 

IN THE VERTICAL CIRCLE OP A CIRCUMPOLAR STAR. 

173. We here suppose the observations to be made essentially 
as directed in Art. 170, with this difference, however, that we 
shall not restrict the observation of the star near the pole to its 
transit over the middle thread. The instrument being bi’ought 
near the vertical of a circumpolar star : 1st, the transit of this star 
over any one of the threads is observed ; 2d, the transits of a number 
of equatorial stars are observed , 3d, the axis of the instrument is 
reversed, and the transit of the polar star again observed over 
one thread ; and 4th, the transits of a number of equatorial stars 
are observed. The level is read for each star. If, however, the 
circumpolar star has passed all the threads by the time the axis has 
been reversed, the azimuth of the instrument must be changed, 
so as to bring the star near a thread ; then, clamping the instru- 
ment ill azimuth, the transit over this thread will be observed, 
and also the transits of a set of equatorial stars as before. In 
this case the observations, being made in two different vertical 
circles, must be separately computed according to the following 
method It is hardly necessary to obseiwe that the observations 
of the equatorial stars may either precede or follow that of the 
circumpolar star, as may happen to be most convenient In this 
method, we form an equation of condition from the observation 
of each star, and all tiiose for which the azimuth of the iustru- 
meut is the same are combined by the method of least squares. 

Let c denote the colhmation constant for the mean of the 
threads, and i the equatorial distance of a tb’ead from the 
mean; then, r denoting the hour angle of the star when observed 
on the thread, i -|- c must be substituted for c in our fundamental 
equation (79) ; and, since this quantity is always sufficiently small, 
we shall put it in the place of its sine. Thus, we have for each 
thread 

c -j- I = — sin » sini 4- cob« cos i sin (t — m) 

WTien several threads are observed, the mean of the observed 
times corresponds to that point of the field which we call the 
mean of the threads only when the instrument is m the meridian. 
When the instrument is not in the meridian, two methods of 
procedure offer themselves. The first is that which has been used 
M\ the preceding articles, and consists in reducing each thread 
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either to the middle or the mean thread by means of the com- 
puted intervals. But to compute these intervals we must, as 
has been seen, know the position of the instrument. The second 
method, which we owe to Bessel, is not only more simple in 
practice, but is wholly independent of the position of the instru- 
ment ; and, as it will be useful both in the present problem and 
in that of finding the latitude by ti-ansits over the prime vertical, 
I shall treat of it here. 

If we denote the number of observed threads by q, we have q 
equations of the above form, i and r being different in each. 
The mean of these equations is 

c -|- i .Si = — sin n sin 3 4- cos ” cos 5 ^ sin (r — jn) 

where S is the usual summation sign. How let 

T= the mean of the obseived times on the several 
threads, 

T — 1= the observed time on any thread; 

then Jis the interval found by subtracting each observed time 
from the mean of all, and, consequently, the algebraic suna of 
all these intervals is zero. Also let 

= the clock correction, 

< =a — (T-f 

then for each thread we have 


T = a — (T — = 

sin (t — m) = sin (t — m -|- J) = sin (t — m) cos I -|- cos (t — m) sin I 
—S Bin(T — m) = sin(t — m) i cos J -|- oos(t — m) ii’sinV 

Let k and x be determined by the conditions 


then we have 


1 1 r T 

^ COS X = — .P cos J 

A q 

1 ■ 1 - • T 

- 5 - sin X 1 Bin I 

A q 


sinCr — m) = y 8m(t — X — m) 
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Hence, putting 


= ^ — x = o — (r+x + t>) 




} 


(166) 


our equation becomes 
c 


, • • * . COB n COB d sin (t, — m) 

+ 2o = — Sin n Sin 5 ^ 

li 


Thus, x and k being found, we find by using the corrected 
time T+ x instead of jT, as in (155), and then this single equation 
represents the mean of the q equations. We may bring this 
equation still nearer in form to that for each thread, by substi- 
tuting 

Y cos — cos d 

k 

Y sin = sin d 

which give 

€ - 4 - I 

- - = — sin n sin 9^ + ^ (156) 


where y is so nearly equal to unity (as will presently appear) that, 
as the divisor of the small term c + may usually be omitted. 
Thus, the mean equation is precisely of the form for one thread, 
when we use both a corrected mean time and a corrected decli- 
nation. The quantities x and or else x and log A, are readily 
found by the aid of tables such as Tables VITE. and VUI.A at 
the end of this volume, the construction of which is as follows. 
The equations which determine k and x may be widtten thus : 

-lco8x = l — ^Z2 sin * } I 
k q 

i sin X = i 2* (7 — sin 7) 
k q 


for, since 21= 0, this last equation is the same as the one before 
given. But the quantity I— sin J is of the order P, and there- 
fore extremely small, so that we may put cos x = 1, and hence 

= 1 — —72 sin* } 7 
k q 

H =1^(J— sinJ) 

g. 
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and since 
we hava* 


^x = <> + 


tan d^ = k tan S 

k — 1 sin 2 3 , Ik — l\’8in43 


i + 1 sin 1" 
or, substitating the value of k, 


+ 


(— r 

\a+ l/ 5 


+ 1/ 2Binl" 


+ & 0 . 


», = i + 


-l^sin^JI 


1 — -^sin'JJ 
3 


sin2(J 
sin 1 


Bbsshi. givesf a table from which with the argument I we fina 

sin^ ^ X 

I — sinJ" in seconds, and The means of the tabular 

sin 1" 

quantities taken for the several values of I are respectively x and 
the numerator of the coefficient of 25. A small subsidiary table 
corrects for the neglect of the denominator. In the tables at the 
end of this volume I have adopted a different arrangement. By 
the logarithmic formula 

log(l — x) = ~M(x-\- ix* + ) 

in which M = 0.4342945, we find 


log A = — log 1 = Jlf J 2 sin* i J + J I i .T 2 8in« i J y + &c j 

where the second term of the series will mostly be inappreciable. 
The approximate value of log A, neglecting this term, will be 


log k = ^2 2M sin* i 2 


and, employing this value in the second term, the complete 
value will be 

log A = -i Z 2 ilf sin* } J + 

q ^ 2Jlf 


Table ViU. gives, in the column log A, the value of 2M sin* J J 
corresponding to each interval J. The mean value of log A, 
which is required in reducing several threads, will be found by 
taking the mean of the several values from the table. When 


* PI Trig , Art 264 


f Aairon, ^ach,j Vol VI. p 246 
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extreme precision is desired, this mean is to be increased by the 
small correction given in Table Viil.A, which contains the value 

of the term ^ argument “mean log k.” The 

column marked x gives the value of J— sin I in seconds for each 
value of I; and the mean of the several values is likewise to be 
taken as the correction of the mean of the observed times T. 
The sign of I is different for threads on opposite sides of the 
mean, and the sign of k must be the same as that of L Hence 
the mean x will be evanescent when the observed threads are 
symmetrically disposed about the mean. 

These tables, then, effect the reduction of the threads to a single 
instant in a remarkably simple manner, without requiring a pre- 
vious knowledge of the position of the instrument We have 
only to add x to the mean of the observed times, and to find the 
corrected declination by the formula 

tan d^ = k tan d (157) 

Then, taking the mean of the equatorial intervals i of the ob- 
served threads, we proceed to use equation (156), as representing 
the mean of all the threads. The divisor y is found, from the 
equations which determine y and to be 

^ COS — d) 

where we may put cos — 5) = 1. Since is zero when all 
the threads are observed, we may put j' = 1 in such cases with- 
out hesitation, since it is then the divisor only of the veiy small 
quantity c. But in the method of observation here adopted we 
may in all cases put j* = 1 ; for we suppose the slow-moving star 
to be observed on but one thread, in which case we have rigor- 
ously y = 1 ; and for the equatorial star (even if we extend this 
denomination to stars of the declination 50* or 60*) the intervals 
J will always be less than 2", and then the mean log k will always 
be less than 0.00001, and log j- will be less than 0.00002. We 
take then, as complete, the equation 


I cos’ d 


c -}- 1 , = — Bin n sin -f cos n cos sin (tj — m) 
Substituting sin r, cos m — cos Ti sin m for sin (vj — m) and then 
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substituting the values of sin n, cos n cos tti, cos n sm w?, from (78), 
the equation becomes 

= — b (sin <p sin + cos (p cos cos Tj) + cos a cos am 
+ sin a (cos <p sin — sin ^ cos cos rj 

This equation will be satisfied when a is the true value of the 
azimuth of the instrument and has been found by employing 
the true clock correction t?. But, if a and denote assumed 
approximate values of these quantities, Aa and az? their required 
corrections, and if is found by the formula 

= + (158) 

then we must substitute in the above equation a + for a, and 
Ti — Az> for Ty We thus find (neglecting the products of the 
small quantities 5, Aa, and az?) 

c + *9 = — 2* (sm (p ^ am -f cos ^ cos cos 

+ cos a cos sin + sin a (cos <p sin <5^ — sin tp cos cos t^) 
— Aa sina cos5^sinTj+ Aa cos a (cos <p sin — sin <p cos <5 jCob t^) 
— ai9 cob (5j (cos a COB ^ sin tp sin t^) 

To adapt this for computation, let z and ^ be the zenith distance 
and azimuth of the point of the sphere whose declination is 
and hour angle : then we have (VoL I Aii:. 14) 

cos z = sin ^ sin -f ^os tp cos cos Tj 
sin z QOQ A = — cos ^ sin + sm ^ cos cos 
sin 2 r sin J. = cos sin 

and our equation becomes 

c -}- ijj == — b cos z — sm (a — A) sin z — Aa cos (a — A) sin z 
— A I? cos 9^ (cos a cos + sin a sin ^ sin t^) 

Here a — A must be of the same order as c + and there- 
fore may also he put for its sine, and its cosine may be put = 1. 
In the coefficient of az? we may put cos d for cos dy Transposing 
the equation, and coUectmg the known terms, by putting 

A = 2 ^ + b cos z (a — A) sin z (160) 

we obtain the equation of condition 

r + Aa sm z + a»? cos d (cos a cos + sin a sin tp sin r^) + A = 0 (161) 



} 



233 


OUT of' the meridian. 

I 

in which the sign of e must be changed when the axis of the 
instriiinent is reversed. It must also be observed that, (as in 
meridian observations where z = <p — 5), sin z must be negative 
when the star is north of the zenith : this sign, however, will bo 
given by the equations (159) if attention is paid to the signs of 
the other quantities To compute ^ and A by logarithms, let ff 
and Gr bo determined by the conditions 


then 


^ sin 6 ^ = sin 
g qqbO = cos cos 

cos 2 : =:g cos (93 — ff) 
sin z cos AL = ^ Bin — (?) 
sin 2f sin A = cos sin 


or (obseiwing that tan k tan 8) 


tan(? = 


k tan d 
cos Tj 


tan A = 


tan Tj cos 
sin (tp — (?) 


cos A 



in which G and A are to he taken less than 90°, positive or 
negative according to the sign of their tangents, and the sign of 
tan z will be determined by that of tan {f — G). 

If we put 

tan JF = tan sm ^ (163) 

the coefficient of ai? may be computed under the form 


P = 


cos d COS Tj COS (a — F) 
cos F 


(164) 


The whole process of forming the equation of condition for 
each star is, therefore, as follows : 

1st. Find X and log k from Table Vm., and add x to the mean 
of the observed times on the several threads. Call the resulting 
time Ti, and hud 

r, = a-(r,+ .>) 

in which d- is the assumed clock correction reduced to the time T^. 
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2d, Compute J., 2 , P by the equations (162), (163), and (164), 
and h by the equation 

A = 6 cos 2 + (a — ,4) sm 2 

in which ^ is the mean of the equatorial intervals of the observed 
threads from the mean thread, b is the inclination of the rotation 
axis, and a is the assumed azimuth of the instrument. 

Then the equation of condition is 

± c + -P- ^ ® 

in which the sign of c is to be determined by the position of the 
rotation axis of the instrument 

From all the equations thus formed, the most probable values 
of e, CM, and will be found by the method of least squares. 

If the azimuth of the instrument has been changed during 
the observations, these must be divided into two sets, and two 
diflEereiit assumed azimuths a, a', with the corrections au and Aa', 
will be used in the foi-mation of the equations. 

It is hardly necessaiy to remark that all the quantities fj, 6, 
a—A,e, Aa, ai? are expressed in the same umt, either of time or 
arc : the latter will perhaps be most convenient. 

Example. — ^The following observations were taken by Bessel 
with a very small portable instrument, to determine the time. 

Munioh, 1827, June 27. 

' I 

Circle East I II IVL IV V Level. 


X Scorpii S’" 12* 2 7"* 52*.5 11* . . — 1''.080 

£ Ophiuchi 14 22.414 2.611 13 43 213«22*713- 1'6— 0 608 
aUrscBMinoria 11 20 3.2 — 0 079 

Circle West 

aUrsceMinons 13* 19” 52* 8 +1'*683 

* a {Anon ) 21” 36*.5 21” 56* 2 13 22 16 .2 22” 37* 0 22” 58*.8 + 1 670 
24:8cutiSob. 26 11 426 31 613 26 62.3 27 12 8 27 84.4+1 .887 


!! 


The azimuth of the instrument was changed between the two 
sets of observations, circle east and cvrcle west. 

The place of observation was in the garden of Br. Stbinhbil’s 
house, where the latitude was f = 48° 8' 40". 

The chronometer was a pocket mean time chronometer of 
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Kessbl. Its correction to sidereal time at 12* (chronometer time) 
was assumed to he = 6* 3', 00, and its rate on sidereal time 
was + 9*.19 per hour (losing). 

The equatorial intervals of the threads from the mean thread 
were as follows for circle loest: 


I II III rv V 

+ 598" 08 + 303" 09 + 6" 19 — 294".91 ~ 612" 46 


The value of one division of the level was 4".49. The pivots 
were of unequal thickness, the correction for which had pre- 
viously been found to be — 1".89 for circle west 

The apparent places of the stars on the given date were as 
follows : 


X Scorpii 
e Ophiuehi 
a UrscB Minoris 
* a (Anon ) 

24 Scuti Sob. 


16* 2«36*71 
16 9 13 90 
0 69 6.28 

18 18 8 49 

18 19 24.11 


— 9^ 36' 34".2 

— 4 16 8 9 
+ 88 23 2 6 
-f 14 62 36 7 

— 14 39 56 0 


The reduction of the observations of x Scorpii and e Ophuchi on 
the several threads to a mean will serve to illustrate the mode 
of using our Table VUE., although in this case the quantity x is 
quite insensible and log k nearly so. We have, then, 


Cirolo East. 


T 



log * 

t 

/ Scorpii I 

ii» 

8" 

12*.2 

— 9*.85 0 00 

0.0000001 

— 698" 08 

II. 


-7 

62.6 

+ 9.85 0 00 

1 

— 303 09 

Means 

11 

8 

2.36 

0 00 0.00 

0.0000001 

— 460 .69 

* Ophiuehi 

11 

14 

22 4 

— 39*.90 0.00 

0.0000018 

— 698 "08 



14 

2 6 

— 20.10 

6 

— 308 .09 



13 

43.2 

- 0.70 

0 

— 6 .19 



13 

22 7 

+ 19 80 

6 

+ 294 91 



13 

1 6 

+ 40. 90 0 00 

19 

, + 612 46 

Means 

11 

13 

42.50 

0.00 0 00 

0.0000009 

0 .00 
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To form the equations of condition for the three stars observed, 
circle east, we now find by the formulse (158, &c.)* 



X Scorptt 

« Opkiuchx 

a Ursa JUin> 

II 

+ 

11* 8« 2^86 

11* 18'«42» 60 

11*20»»» 8»20 

Assumed 

+61 3 00 

+61 8 00 

+ 6 1 8 00 

Bate to 12* 

— 7 96 

— 7 09 

— 6 12 


16 8 67 39 

16 14 88 41 

16 21 0 08 

a 

16 2 86 71 

16 9 18 90 

0 56 6 28 

n 

— 6 20 68 

— 6 24*^ 

+ 8 88 6.20 

(in arc) 

~ 1® 36' 10" 2 

— 1° 21' 7" 66 

129® 81' 18".0 

log seo Tj 

0 000166 

0 000121 

nO 196200 

log tan 6 

n9 228677 

n8 878022 

1 649678 

log k 

0 000000 

0 000001 

0 OOOOOO 

log tan G 

n9 228848 

n8 873144 

nl 746868 

G 

— 9° 86' 47" 2 

— 4° 16' 18" 2 

— 88° 68' 17" 8 

^—G 

67 46 27 2 

62 24 68 2 

187 6 67 .8 

log tan Tj 

7i8 442887 

nS 872976 

nO 088561 

log OOB G 

9 993868 

9 998793 

8.264067 

log ooseo (0 — G) 

0 072784 

0.101030 

0.167161 

log tan A 

n8 608929 

fi8 472798 

n8 604789 

log OOB A 

9 999774 

9 999808 

9 999778 

log tan (0' — G) 

0 200180 

0 118688 

fi9 967894 

log tan z 

0 20086 

0 11887 

nO 96812 

log Bin z 

9 92788 

9 89904 

n9.88296 

log OOB 2 

9.72697 

9 78617 

9 86484 

A 

Assumed a 

— 1° 60' 66^ 
— 1 42 0 

— l^^ 42' 4" 86 

— 1° 49' 62".74 

a — A 

+ 8' 66" 86 

+ 4" 86 

+ 7' 62". 74 

b 

— 2 .96 

— 0 .84 

+ 1 .64 


(fl — A) sin z -|_ 

i oos z 

<0 — 


468" 29 + 
1 .68 — 
450 69 


8" 84 — 

0 61 + 

0 00 + 


821" 80 
1 18 
294 .91 


h 

+ 1" 12 

+ 8".88 

— 26' 

1 tan sin 0 = 1, tan F 

nS 814894 

n8 246082 

n9 956618 

F 

-- 1®10'64" 

— 1“ 0'26" 

— 42® 4' 89" 

a — F 

— 31 S 

— 41 84 

40 22 89 

log OOB 6 

9 99886 

9 99879 

8 46026 

log 008 

9 99988 

9.99988 

n9 80871 

log oos {a — F) 

9 99998 

9 99997 

9 88184 

log aeo F 

0.00009 

0 00007 

0.12946 

logP 

9 9D876 

0 99878 

n8.26626 


* We have neglected the diumal aberration, as on insensible quanti^ m observa^ 
tions with BO small an instrument 
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Hence the equations of condition, circle east, are : 

X Seorpii — c + 0 8459 aa -|- 0 9857 -f" 12 = 0 

c Ophiuchi — c + 0 7926 aa -|- 0 9971 Ai? -f- 3 33 = 0 

a Urs. Min. — c — 0 6807 Aa — 0.0184 Ai> — 26 76 = 0 

In the same manner, we find for the stars observed, circle west^ 


log* 
log tan A 
log Bin z 
log COB z 
A 

Assumed a' 
a'— A 
b 

(a' — A) sini! 
b COS z 

h 

h 

logP 


a Vrta Mm 


18»2l" 8*.03 
99° 29' 18".75 
0 000000 
n8.617903 
n9.82674 
9.87007 

_ 2° 22' 32".22 

— 2 22 40 . 

— 7 .78 

+ 6 22 

+ 5 .22 

+ 3 .87 

+ 6 19 

+ 16 .28 

?i7 74071 


*a 


18‘ 23“ 32* 34 

— 1°20'67".75 
0.000001 

J18.618105 
9 73943 
9.92217 

— 2° 22' 36" 20 

— 3 80 

+ 6 61 

— 2 09 

+ 4 69 

0 00 

+ 2 .60 

9.98501 


24 Scuti Sob, 

18»28” 8*81 
— 2 ° 11 ' 10 " 6 
0 000001 
n8.618199 
9 94926 
9 65941 

— 2°22'38".06 

— 1 95 

+ 6 36 

— 1 .74 

-I- 2 90 

0 W 

+ 1 .16 

9 98544 


and hence the equations for these stars are 

a Urs. Min. -f c — 0.6710 aa' — 0.0055 a.> + 16".28 = 0 

*a -j- c + 0.6488 Afl' + 0 9661 A>> + 2.60 = 0 

24 Seuti Sob + c + 0.8897 aa' + 0.9670 a.> + 1 16 = 0 

The six equations involve four unknown quantities, which 

might be determined from the four normal equations formed in 
the usual manner. But, where the number of equations is so 
little greater than that of the unknown quantities, it is not 
worth while to employ this method. "We can here obtain the 
same result by eliminating aa from the first set and aa' from 
the second, and then combining the resulting equations for the 
determination of e and Thus, substituting the values of aa 
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and M,' found from the equations for a Ursce Min. in the equa- 
tions of the other two stars in the two groups respectively, we 
have the four equations 

X Scorpii — 2 2427 c 0 9629 ai> — 30" 89 = 0 

t Ophiuchi — 2 1642 c -|- 0 9757 — 26 66 = 0 

*a + 1 8179c + 0 9616 a.? -f- 16 10 = 0 

24 Scuti Sob. + 2.8269 c -f 0 9697 a-J -|- 21 .42 = 0 

from which we derive the normal equations 

18 4281 c — 0 2908 a^ + 204".25 = 0 
— 0 2908 c -I- 3 7249 a^i — 20 68 = 0 

which give 

a.J = 4- 4" 69 = + 0*81 
c = — 11" 01 = — 0‘ 73 

Hence we have, finally. 


= -f 5*1" 3* 81 

By the four time stars, severally, we have 3'.43, 3*.18, 3'.34, 3'.29. 

The methods which have here been given, for finding the 
time with a transit instrument out of the meridian, are intended 
for the use of observers in the field who have hut little time to 
adjust their instruments and wish to collect all the data possible, 
reserving their reduction for a ftiture time. The greater labor 
of these reductions, compared with those of meridian observa- 
tions, is often more than compensated by the saving of time in 
the field. 


DETERMINATION OE THE GBOORAPHIOAL LATITUDE BT A TRANSIT 
INSTRUMENT IN THE PRIME VERTICAL. 

174. The transit instrument is said to be in the prime vertical 
when the great circle described by its collimation axis is in the 
prime vertical. The rotation axis is then perpendicular to the 
plane of the prime vertical, and lies in the intersection of the 
planes of the meridian and horizon. "We owe to Bessel the ap- 
plication of the instrument in this position to the determination 
of the latitude of the place of observation. 

The fundamental principle of the method may be briefly 
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stated as follows* Let PZ^ Fig. 45, be the meridian; SZ8* 
the prime vertical of the observer ; SMS^ 
the diurnal circle of a star which crosses 
the meridiaii" between the zenith and the 
equator. Such a star crosses the prime 
vertical above the horizon at two points 
S and 8^ on opposite sides of the zenith 
and at equal distances from the meridian. 

If then we obaeiwe the transits at these 
two points Mdtli an instalment perfectly adjusted in the prime 
vertical, and note the times by a clock whose rate is well known, 
we determine the hour angle ZPS^ = U which is equal to one- 
half the elapsed sidereal time between the two observations; 
and, therefore, in the right triangle PZ8^ wo know this angle 
and the hypotheiiuse PS' == 90° — from which we find title 
aide PZ = 90° — f ; whence the formula 



tan <p =. tan t sec t 


in which p is the latitude. It is evident that only those stars 
can be observed on the prime vertical whose declinations are 
between 0 and <p. The nearer the observations to the zenith, that 
is, the less the difference between the declination and the latitude, 
the less the effect of errors in the observed times upon the value 
of sec and, consequently, upon the computed latitude 

The advantage of this method of finding the latitude lies 
chiefly in the facility with which all the instrumental errors may 
be eliminated by using the instrument alternately in opposite 
positions of the rotation axis, reversing it either between the 
observations on two different stars or between observations of 
the same star, or using it in one position on one night and in 
the reverse position on the same stars on another night. Dif- 
ferent methods of reduction apply to these several methods of 
observation, which will bo hereafter investigated. We must first 
3 how how to place the instrument in or near the prime vertical. 

175. Approximate adjustment in the prime vertical — The middle 
thread must be carefully adjusted in the collimation axis, or as 
nearly so as possible. Then compute the sidereal time of pass- 
ing the prime vertical for some star whose declination is small, 

* See also Vol I Arts. 102 and 198. 
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that is, a stav which passes the prime vertical at a low altitude. 
If t = the hour angle in the prime vertical, d = the declination, 
a-nd ^ = 1he assumed latitude, we have 

cost = tan S cot 59 

and, if a = the star’s right ascension, © = the sidereal time of 
passing the prime vertical, 

_ f — for east transit ) 

® = 1+ » west “ I 

-A.t this time, therefore, by the clock (allowing for the correction 
of the clock), bring the middle thread upon the star, obseiwing 
■fco keep the rotation axis as nearly horizontal as possible. The 
zenith distance at which the star will be observed may also be 
previously computed, to facilitate the finding. For this purpose 
we have 

Bind 

cos z = 

sm^i 

wliich gives the true zenith distance, from which we should sub- 
tract the refraction in the case of very low stars. 

After the instrument has thus been brought near the prime 
•V'ertical by one star, the rotation axis should be carefully'levelled, 
and the adjustment verified by another star. In the first adjust- 
ment the frame of the instrument would be moved ; but in the 
second only the V which is provided with a small motion in 
azimuth. When the instrument is provided with a graduated 
liorizontal circle, the most satisfactory method is to atyust it 
first in the meridian and then revolve it in azimuth 90°. 

In preparing for an observation on the extreme threads, we 
must know the interval required by the star to pass from one of 
tlieBe to the middle thread. It will be shown hereafter that if 
i = the equatorial interval of the sidereal thread from the middle, 
tlie corresponding star interval J, near the prime vertical, will be 
nearly 

1 = * . = . * 

Bin 99 cos d sin t sin f sin^ 

£Lixd it is easily shown that when the hour angle t becomes t:hl^ 
tlie zenith distance becomes z ±: 15 J cos <p, where the factor 16 
is used to reduce I from time to arc. The first observation on a 
side thread at the east transit wiU, therefore, be expected about 1 


J 
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seconds before the time of transit already computed, and at a 
greater zenith distance by about 15 1 cos <p , while the first ob- 
servation at the west transit will also be expected 1 seconds 
before the time of transit computed, but nearer the zenith by 
about 15 /cos These simple calculations are accurate enough 
for the purpose of preparing for the observation. When the 
intervals of the threads are not known at first, they will be 
obtained accurately enough from the early observations for sub- 
sequent use in finding stam. 

For stars whose declination is veiy nearly equal to the lati- 
tude, the zenith distance and hour angle on the prime vertical 
may be more accurately computed by the formulse 


l/sin {<p — 8) sin ^ sin z 

sin^ cos(^ 

176. Gorrection for inclination of the axis , — When the rotation 
axis is in the meridian, but is inclined to the horizon, the great 
circle described by the collimation axis is still perpendicular to 
the meridian, but intemects it in a point whose angular distance 
from the zenith of the observer is precisely equal to the inclina- 
tion of the rotation axis. This point may be called the zenith of 
the instrument; and the great circle described by the collimation 
axis, the pnme vertical of the instrument If we put 


= latitude of the zenith of the instrument, 

“ observer, 

h = inclination of the rotation axis, positive when north 
end is elevated, 

we have 




and the only consideration of the level correction required in 
this case is to apply it directly to the latitude found from the 
instrument by the same methods that are used when the axis is 
truly horizontal. 

But if the rotation axis is not in the meridian, nor the middle 
thread in the collimation axis, the simple solution given in Art 
174 requires some modification. I proceed now to consider 
the instrument in the most general manner, with deviations in 
azimuth, level, and collimation, and to show how to eliminate 
the eflfects of these deviations. 

VoL. IL— 16 
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177. 51) find the laUtude from the observed times of transit of a 
)en star over a given thread east and west of the meridian^ the rota- 

iwn axis being in the same ^position at both 
observadons. — ^Let the rotation axis lie 
in the vertical circle ZA, Fig. 46, and 
suppose the north end elevated, so 
that the great circle of the instrument 
is and a thread at the dis- 

tance c south of the collimation axis 
describes the small circle SS'. Let A 
be the point in which the rotation axis 
produced meets the celestial sphere, 
and through A and the pole P draw 
This great circle is perpendicular to 
WZ'^ W, and the observations of the star on the thread at S and 
8 ' are equally distant from it. We may call PZ" the meridian, 
E'Z" W the prime vertical, and Z" the zenith of the instrument. 

Now, the equations (78) and (79) of Art. 123, being entirely 
general, apply to the instrument in this position, but it is con- 
venient to make some modifications of the notation. The point A 
being now near the north point of the horizon, its azimuth is 
nearly zero and its hour angle nearly 180°. If we put 

the azimuth ot A — 90° -|- (a) = — a, or (a) = — (90° -f- a) 
the hour angle of = 90° — m = 180° 1 , or m = — (90° -|- A) 

where we distinguish the a of the equations (78) by enclosing it 
in brackets ; then a is the small azimuth of the rotation axis 
reckoned from the north towards the east, and A is the hour angle 
of the meridian of the instrument (or, as we might call it, the 
west longitude of the instrument) ; and the substitution of these 
quantities in equations (78) gives 


Fig. 46. 
N 



the great circle APZ". 


cos n cos A = — sin & cos -f- cos h cos a sin <p 

cos n sin A = cos b sin a 

sin n = sin 6 sin 9 ) -j- cos 6 00 s a cos 9 


} 


(166) 


and as r in (79) is the hour angle east of the meridian, while it 
is here more convenient to reckon it, in the usual manner, 
towards the west, we shall change its sign, so that the factor 
sin (r — to) will become 

sin ( — T -j- 90“ -f A) = 008 (r — A) 
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and the equation (79) will become 

sm c = — sin n sin S + cos n cos d cos (t — A) (10^) 

For the convenience of future reference, I shall here recapitulate 
the notation used in these our fundamental equations : namely, 

f = the latitude of the place of observation, positive when 
north; 

S = the declination of the star, positive when north; 
r = the hour angle of the star; 

a = the azimuth of the rotation axis, positive when east of 
north; 

h = the inclination of the rotation positive when the north 
end IS elevated^ 

c = the collimation constant of a thread, positive when the 
threal is north^ of the collimation axis; 

A = the longitude of the meridian of the instrument, 
when west; 

n = the declination of the north end of the axis 

If, further, when the star is observed at both the east and west 
transits, we put 

T, t' = the hour angles of the east and west observations, 
respectively; 

r, r' = the clock times of observation; 
aT, the corresponding clock corrections; 

a = the right ascension of the star, 

2^=the elapsed sidereal time between the east and 
west observations on the same thread; 

we have 

r:;= r+ aT— a 1^== 7'+ aT'— a 

= aT'— T — aT) 

A =i(!r' + Ar'+ r+ a^t) — Dt 
whence — A = A — r 

We see that will be well determined when the clock mfe, or 
— A is known ; but to find A we must also know the clock 
correction and the star’s right ascension. 


* When the thread is north of the prime vertical, the smaU circle of the sphere 
which corresponds to it is south of the vertical, and vice versa. 
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JSTow, let h and ^ be assumed so as to satisfy the conditions 

A sin ^ = sin h 
A COB y? = cos h cos a 

then the equations (165) become 

cos n cos ^ = A Bin (<p — y5) 
cos n sin A = cos h sin a 
sin n = A cos (jp — /9) 

Substituting in (166) the values of cos n, sin n, given by these 
equations, and also cos (r — - ^1) = cos (A — t') = cos we have 



sin c = 


— A cos {p — 13) sin -f A sin — j3) cos 3 


cos t? 
cos X 


to reduce which we assume A' and to satisfy the conditions 

A' sin = sin 5 

X/ / , cos 

h cos p = cos 3 r 

cos X 



which transform the preceding equation into 
sin c = AA' Bin (^p — — /9) 

whence 

• / / AN 

-;?)=_ 

But, as c is never more than 15', and h' = ^ will never be less 

sin / 

than J, while h dififers from unily only by a quantify depending 
upon sin* a, the angle tp — <p' — ^ will never exceed 30' : so that 
we may write, without sensible error. 


— /9 = 


c sinj)' 
sin d 


To find we have 

tan = tan h see a 


or, since h is only a few seconds and a but a few minutes, 


and f' is determined by (168), which give 


tan = tan 8 seo cos 1 


(169) 
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and then we have 


V = + 


c sin 
sin 5 


(170) 


It is evident that the factor cos^ in (169) coiTects for azimuth 

deviation, the term b m (170) for inclination of the rotation axis, 
c Bin 

and tlie term . ^ for the distance of the thread from the col- 
V . sin d 

limation axis. 

In these equations, d- and i. are obtained from the observed 
times on tlie same thread, tlie rotation axis being in the same 
position at the two observations The constant c has then the 
same sign at botli observations, + for north thi'eads,— for south 
threads, and its value must be known for each thread. We 
deduce then, by (169) and (170), from each thread separately, a 
value of the latitude, and take the mean of all the results as the 
latitude given by the instrument in this position of the axis. But 
if the pivots are unequal the striding level does not give the 
true value of b directly (See Art. 137.) Moreover, the constant 
c 18 composed of the equatorial interval of the given thread from 
the middle tliread combined with the collimation constant of the 
middle thread, and will, therefore, involve both the error in the 
determination of the inteiwal and in the adjustment for colli- 
mation. 

How, to eliminate all these instrumental errors, repeat the 
obseiwations on the same star on a subsequent night in the 
reverse position of the axis. Let p be the (unknowm) correction 
for inequality of pivots, q the (unknown) correction of c for error 
in the interval of thread and collimation adjustment, let p', 
be the latitudes given by (169) for the same star on different 
nights and in reverse positions of the axis ; 6, V the inclinations 
of the rotation axis given by the spirit level. The true inclina- 
tions are h + p and 4' — p^ and the true value of the collimation 
constant for the given thread is c + j : so that in the first posi- 
tion of the axis we have 




sin 
sin d 


and in the second position, 






sin^' 
sin d 


and the mean of these is 
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c q fsin p' — ^ 


L 


Bin d 


in y" j 


BO that the inequality of pivots is wholly eliminated, ai 
error of thread and collimation is reduced to the term 


g rsin — sin ^ q sin (/ — <p") cos n 

2 L sin a J 2 sin a 

which for q — cp' — q>" = 1°, is O^'.OOS cos <p cosec an 
part of this small quantity which depends on the collimat 
the middle thread will have different signs for north and 
threads, and will also wholly disappear from the mean, 
will remain, therefore, in the result only that part of thi 
which depends on the errors of the thread intervals, 
thread intervals can easily he determined in the meridian 
V, this remaining error in the* latitude will be insensi 
practice, and we may assume the mean of two nights’ ol 
tions to he wholly free from the instrumental eiTors, 

There remain yet the errors of observation and of tlie 
These affect both the angles i? and 2. As A is always smal 
effect will not generally be appreciable in cos ^ and theii 
in sec i? will be less the nearer the star is to the zenith ; 1 
clock errors that appear in are only the variations of ra 
the less the interval the less the effect of these upon i 
the same time, the less the angle i? the less effect will any < 
in ^ produce in sec d. 

The expression for the error in (p resulting from an erri 
is found by differentiating (169) ; whence 


d<p sec’ f)' = d-f tan 8 sec ^ tan ^ cos X = d^ tany*’ tan 


or nearly 


' = — sm 2 f tan # 
2 


and sin 2 f is greatest for ^> = 45°, in which case w« 
ijp = -^ tand. For d- = V', dip = X 0,18 ; or an error i 

r = 15" produces an error in <p of less than 2". If we a 
then, that can always be obtained within 1*, we ought to 
the mean of the latitudes obtained in two nights from th' 
thread and with the same star to agree with f4i:|4d 
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same way fipom any other thread, within 2", when the observa* 
tions are taken within one hour of the meridian. This, in fact, 
is the experience of observera in the use of this method. 

Finally, the latitude is affected by an error in the tabulated 
declination of the star. When ^ < 45°, the error in the latitude 
is always greater than the error of the declination; but when 
^ > 45°, the error in the latitude will be lees than the error in 
the declination, if we use stare whose decimations fall between 
the limits 90° and 90° — p, as will be seen at once by examining 
the equation 


d<p = dd 


Bin 2^7 
sin 2d 


which is found by differentiating (169) with reference to ^ and B. 
It 18 evident, therefore, that this method is better suited to high 
latitudes than to low ones, although satisfactory results may be 
obtained by it even in latitudes not greater than 30°. 


178 Instead of deducing a value of the latitude from each 
thread, it is usually more convenient to reduce the observations 
on the several threads to the middle thread, and then to find the 
value of the latitude from the mean. This value will, of course, 
be the same as the mean of the several values found from the 
threads individually. I proceed, therefore, to investigate the 
formula for reducing the observations on the side threads to the 
middle thread. 

Let 

i = the equatorial interval of any given thread north of the 
middle thread, 

I = the cori’espondnig star mterval, 

then, T being the hour angle of the star when on the middle 
thread, r — /is its hour angle when on the given thread : so that 
e now denoting the collimation constant of the middle thread, 
and, consequently, c + * being now put for c in (166), we have 

sin (Ji + c) = — sin n sin ^ 4- cos n cos oos (t — 1 — T) 
while for the middle thread we have 


sin c = — sin n sin i -f- cos n cos i cos (r — A) 

The difference of these equations gives 

2 cos (} t -|- c) sin' it = 2 cos n cos 3 sin (t — A — il) sin i J 
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In th^ first member, since i and c are both small, we may put 
2 cos J 2 sin J 2 , or sin 2 , and hence 


2 sin i Z = 


sin 2 

cos n cos 8 Bm(T — X — i Z) 


If the azimuth a of the instrument is even as great as 20' (and 
it will always be much less), it is easily shown that log h in (167) 
will not be less than 9.999993, that is, it will not change the 
fifth decimal place by a unit in the computation of log cos 72 ; 
and, as this degree of accuracy is evidently even more than suf- 
ficient in computing Z, we shall hei'e take cos n = sin (^ — i), and 
hence 


2 sm i Z = 


Bin i 

sin {<p — &) cos (5 sin (t — X — i Z) 


(171) 


This very exact formula will be required, however, only where 
the star is very near tlie zenith. In most cases we can employ 
sin ip for sin {(p — b) and put \I instead of its sine. 

'\^en the star has been observed on the middle thread, both 
east and west of the meridian, we may find r — X=^ & with 
sufficient accuracy for computing the reductions of the threads, 
by taking the half difierence of the observed times on this 
thread; and hence the formula will be 


2 sin } Z 

or, in most cases, 

Z 

In applying these formulse, the signs of 2 , J, and 2 ? must be 
carefully observed. Thus, 2 will be positive for north and 
negative for south threads ; t? positive for a star west, and 
negative for a star east of the meridian. The value of I re- 
quired m the second member may be found with sufficient 
accuracy from the observations themselves; and, in order to 
obtain it with the proper sign, it is to be observed that the ob- 
served time on the given thread is always to be subtracted fi?om 
that on the middle thread 

Having reduced the several observations to the middle thread 
by adding the values of I thus found, the means of the results 


sm 2 

sin — h) cos d sin ( 1 ^ — }Z) 


(172) 


sin <p cos 8 sin (d' — } Z) 


(172*) 


■'I’lT). 
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for the east and west transits, respectively, will now be denoted 
by T and T\ after which & and .1 will be accurately found, and 
the latitude computed precisely as in the preceding article. The 
quantity o in equation (170) will now denote the collimation con- 
stant of the middle thread. 

The level constant should be determined both before and after 
each transit east and west, and the mean of the four values 
employed for 6, particular cai'e being required in the determina- 
tion of this quantity, since any error in it affects the resulting 
latitude by its whole amount. 


Example. — The following observations were taken by Hansen 
in Heligoland with a transit instrument in the prime veiiical.* 
The hours are given only for the middle thread, and the observa- 
tions on threads VH., VI , and V. are placed immediately below 
those on L, H , and HI , respectively, 

1824, July 81 — Cvdt North 

y Dracamt 1 and VII II and VI III and V IV. Leyel I 


East transit 
West “ 


14“ 28* 8 18“ 36* 8 12“ 46* 16* 11“ 64*. 

9 26 10 18 11 8 8 

27 36 28 26 .8 29 17 5 19 80 9 .8 

32 37 5 31 60. 31 0 


J— 0‘'.40 
J— 1 37 


Clock correction (sidereal) at 14* 22“ = -)- 1“ 47* 40 Daily rate, + 4* 12 


1824, August 8 — (7trcl« South 


yDracomt I and VII. II and VI. Ill andV. IV. LeveL 


GlaBt transit 
West “ 


8“ 67* 
13 69. 
32 15. 
27 14 


9“ 47* 10“ 36*. 16* 11“ 27* 6 

18 9 .6 12 17 6 
31 26. 80 36 6 19 29 44. 

28 3. 28 66 


Clock oorrecUon at 14* 8“ = -(- 1“ 69* 98. Daily rate, + 4* 27 


|~1‘'.60 
0 .03 


The threads are numbered from the circle end of the axis, so 
that for “ circle north” stars at the east transit are observed first 
on thread YII. Their equatorial intervals, as found by observa- 
tions in the meridian, were — 

I n m V VI VH 

^Clrol6nortl^)t, -|-82«.882 +21>667 -f 10* 968 —10*662 — 21*426 — 8K672 


♦ Astron. ATacA., Vol VI p 117. 
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The value of one division of the level was 2".5 (of arc). 

The eollimation constant was c = + 2".18 (in arc), circle north. 
The assumed latitude was ^ = 54° lO'.S. 

For the given dates, the apparent places of the star were — 

y Draeonu a i 

1824, July 31, 17* 52* 34*.42 + 51“ 30' 67" 64 

“ Aug 3, “ “ 34.37 “ “ 68 04 

"We shall first reduce the observations of July 31. To compute 
the thread intervals, we find an approximate value of ?? from the 
observed times on the middle thread, the difterence of which is 
3* 18* 16*.8, and, since m this time the clock rate is -f- 0'.6, we 
take 2i? = 3*^ 18* 16*.4, and hence 


(Approx ) # = 1* 39“ 8* 2 

Taking the differences between the observed times on each side 
thread and that on the middle thread for both tlie east and west 
transits, the mean of the two values for each thread may be used 
as a sufficiently exact value of I to be used in the second member 
of (172), namely: 

I n rn V VI VII 

(Approx.)/,-!- 2* 84* 8 + 1“42*.9 + 0™62»2 — 0“ 60' 2 — 1“ 40* G — 2"‘ 27'.8 
— J/, I* 87 50 8 1*88 18 7 1*88 42.1 1*39 88 8 1*89 68 6 1*40 22 1 

whence the reductions to the middle thread are, for the west 
transit. 


/, -I- 2“ 84* 97 -f- 1*42' 74 -f 0“ 62* 04 — 0*60* 16 — 1*40* 49 — 2*28*.01 
and the same values, with their signs changed, are used for the 
east transit. These being applied to the observed times, we have— 


East 

I 16*11*63*83 
II 64 .06 

in 53 96 

IT 64 .00 

T 68 96 

VI 63 49 

Vn 64 01 

r= 16 11 53 90 
aT= + 1 47 71 
T + £lT= 16 18 41 61 
19 31 57 95 
} sum = 17 62 49 y 
* = 17 62 34.42 
1 15 ^ 

= 0“ 3' 6 " 


West 

19* 30" 9* 97 
9.64 
9 .54 
9.80 
9.84 
9.61 
9.49 

T'=19 80^ 9 .67 
^T'=+ 148.28 
T’-\-o,T'=19 8167.96 
16 18 41^ 
f 1 diff = 1 39 8 .17 
( =i> = 24“47'2".66 
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Hence, by (169) and (170), 

log tan 8 0.0996440 
log sec 8 0.0419648 
log cos X 9 9999997 
log tan / 0 1416085 

y'=54° 10' 47" 41 

+ 2 26 

sind 

b = — 2 21 

¥> = 54 10 47 .46 


c = + 2" 18 
log c 0 3386 
log sin 9 9089 
log cosec 8 0 1064 
0 3688 


For the obsei’vations of August 8, we find, from the observed 
times on the middle thread. 


(Approx.) 8- = 1* 39" 8' 5 

and from the observed times on the side threads compared with 
the middle thread, 

I n in T Ti vn 

(Approx.)/, —2" 80*8 — 1'»41'2 — 0"62*0 +0™49‘6 +1»41*6 + 2" 80» 8 
j/, 1A40 28 9 1*89 69.1 1*89 84 6 1*88 48.7 1*88 17 7 1*87 68.1 

with which we find the true values of I to be as follows : 


Applying 
have — 

East. 

!r=16*ll- 27*61 
a2’=H- 2 0 36 

Ar = 16 13 27.96 
X= 0® 0' 87". 


+ 0® 60* 66 + 1" 42* 10 + 2 "81*.62 
times, and taking the means, we 

West. 

T' = 19* 29- 44* 81 
Ar'=+ 2 0.94 

ir'+Ar'=19 81 46.76 
tf=24®47' 13".6 


/, — 2" 81*.28— 1-41* 10— 0®61*.61 
these to the observed 


"With these we find, taking now c = — 2".18, 

/ = 64® 10' 60".26 
c sin ^ _ _ 2 26 

sin 8 

b - ^ 1 91 

64 10 46 08 


The mean of the results in the two positions of the instrument 
is, therefore, <p =?= 64® 10' 46".77. From numerous observations 
of the B^e kind, Hansen found ^9 = 64° 10' 46".68. _ 
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179. To find the latitude lohen the mtrument is reversed between the 
east and west transits of the same star on the same night . — Reduce the 
ohservations to the middle thread, and let T and T' be the mean 
of the resulting clock times at the east and west transits, respect- 
ively If the middle thread was north of the collimatioii axis at 
the east toansit, it will be south of that axis at the west transit, 
and the interval T' — T will he sensibly the same as the interval 
between the two transits over the collimation axis itself. We 
may, therefore, compute the latitude precisely as in the preceding 
method, and regard c as zero. Thus, our formulae will be 

d = i[(r'+An-(2 ’+ aT’)] 

; = ^[ T' + aT' -f T+ aT] — a 
tan = tan d sec cos 1 

in which b is the mean of the level determinations in the two 
positions of the axis, and is, therefore, free from the error of 
inequality of pivots. This method, then, enables us to obtain 
from the ohservations of a single night a value of the latitude 
free from all the instnimental errors.* We may remark here that 
the result by this method, as well as the mean of the results of 
two ohservations in reveme positions of the axis by the preceding 
method, is free from errors arising from flexure of the rotation 
axis. 

Example. — The following observations were taken at Oron- 
stadt with a transit insti'ument in the prime veitical, the axis of 
which was reversed between the east and west transits. 


1848, August 9 Oronstadt Assumed ^ = 69’’ 69'. 6. 



Clrole Sonth. 

I 


n 

ni 

IV 

v 

LereL 

£ 

y Oasstopete 18"* 

28* 

17m 46* 

0*24"» 6' 

81"»82* 

. 

+ 6". 86 


6 Casstopese 20 

82 

28 

6 

0 26 21. 

29 19 

82"* 44* 

+ 6 .66 


Circle North. 







r — 2'MO 

t — 2 .08 

W 

y Casnopess 


Ifn 2*. 

9"* 66* 

16"» 26* 

20"* 21* 


6 OatnopeSB fi?"" 

86* 

0 

46 

2 4 11. 

7 0 

9 60. 

r — 1 60 
1 — 1 .10 


* There is a theoretical inaccuracy m finding A, since this quantity will lie affQQfcfid 
■bv the oollimation error , but the error will have no sensible effect upon the cosine of 
so smaU a quantity, unless c is unusnaUy large It will, indeed, be always inappre- 
ciable wben the observer has bestowed ordinary care upon the at^justment of the 
middle thread. 
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The level was observed before the east transit of y Cassiop. and 
after that of t Ckssiop. : so that the mean b = + 5"A6 will be 
used for both stai's at the east transit. But at the west transit 
the level was observed before and after each star : so that for 
y Cassiop. at this transit we shall use b = — 2".09, and for 
S Cassiop,^ 6 = — V'.30. 

The threads are numbered from the circle end of the axis, 
and thread L was first observed at both the east and west 
transits. The equatorial: mteiwals from the middle thread were — 

I II IV V 

(Circle North) i, + 34* 40 -f- 18* 74 — 16* 14 — 33* 33 

The collimation constant, as found from observations in the 
meridian, was c = + 4".60 (in arc) for “circle south.” 

The chronometer correction (sidereal) was + 30*.20 at 24“ ; 
its daily rate, + 0* 90 

The apparent places of the stai’s for this date were — 

a 6 

Y Gassiopece, 0* 47“ 21' 49 -1- 69° 52' 2".3 

S Gasstopece, 1 15 40 .88 -j- 69° 26 6 2 

To reduce the observations of yCassiopece, we first find the 
approximate value of t? from the difference of the observed, times 
on the middle thread to he 

= 0* 22“ 64* 6 

from which we find, by (172), the reductions of the side threads 
to the middle thread to be as follows . 

I II IV V 

Y Gassiop. E -|- 10" 48* 2 -|- 6“ 19' 7 — 7“ 23' 9 

» W. + 8 65 .6 — 5 82 2 — 10“ 26'.4 

Applying these, and proceeding by (173), we find,-- 
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Eaet 

I 0» 24» 6*.2 
II 6.7 

ni 6.0 

rv 8.1 

V 

r=0 24 6 6 
Ar= +80.2 

r+ A!r = ^ 24 36 .7 
1 10 26.5 

}Bimi = 0 47 31.1 
a = 0 47 21 6 
X= 9.6 
_ 0“ 2' 24". 


West. 

1 9 67.6 
66 0 
63 8 
64.6 

T'^ 1 9 66 3 
Ar'= +80 2 

T’+ 47'= 1 10 26 5 
0 24 36 .7 

/ J difP. = 0 22 64 4 
\ =d = 6°43'36". 


log tan 9 0.2362409 

log see 0.0021729 

log COB X 9 9999999 

log tan 0.2384137 

p'=69® 69' 29" 78 
6 = i (6" 46 — 2".09) = + 1 69 

?. = 59 69 31 ,47 

The observations of y Cassiopece, reduced in the same manner, 
give <p = 59° 59' 30".98, and the mean is ^ = 59° 59' 31".23. 

The preceding methqdB of reduction leave nothing to be 
desired when the intervals of the threads are known. When, 
however, these are unknown, we may resort to one or the other 
of the following methods, according to the nature of the obser- 
vation. 


180. To find the latitude from the observed transits of a star over the 
prime vertical, east and west of the meridian, when the instrument is 
reversed only between the observations of different nights, the intervals 
of the threads being mknoum. 

Put 

e = the distance of any thread from the colliixiation axis, 

= i the elapsed sidereal time between the east and 
west transits over the same thread when the circle 
or finder is north, 

= ditto for the same star when the axis is reversed, 

6, = the level constants in the two positions; 

then, by (169) and (ITO), we shall have 
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tan 0 = tan d sec cos X 

tan = tan d sec cos A 

c sin 
sin d 


f = 9n + K + 


, = . +6 

^ * sm ^ 


The last two equations involve but two unknown quantities, 
f> and c, both of which may, therefore, be determined. Put 


Po = i (?•» + *» + ?’. + 
r =i(y>, + ^ — p. — *,) 


then our equations become 

9 ^ — fo = 


r + 


€ sin 
sin d 


9 — 9o = 


— r — 


c sin f ^ 
sin d 


Multiplying the first by sin the second by sin and adding 
them together, we find 


P - P. = - r p!“ ^*1 = - r tan J (?,. - 0,) cot } (P. + P.) 

Lain <p^ + sm <p^ 


Since y is veiy nearly equal to i — f,), the second member of 
this equation involves the square of f, and is, consequently, an 
exceedingly small quantily, in computing which we may, evi- 
dently, put 7 * = iC?*. “ 9,) substitute f for J -f f,), whereby 
we obtain 

0 = 0^ — ^ y* sin 1" cot 0 

This method may, therefore, be expressed by the following 
equations : 

tan 0^ = tan d sec cos A 
tan 0^ = tan 8 sec cos X 

Po = i (Pn + ^» + P. + 

Ajs = J (y, — 0,y sin 1 " cot 0 

P = P« — ^P 

in which the assumed value of <p may be used in computing ^<p. 

181 . In this form of the method, only pairs of observations 
of the same star made on different nights in reverse positions of 
the axis can be reduced. But it often happens that Ihe observa- 
tion on a thread is lost, and the corresponding observation on 



256 


TRANSIT INSTRUMENT 


the same thread in the reverse position of the axis becomes useless. 
In order to avail ourselves of every observation, we may, after a 
8ufiB.cient number of observations have been made on the same 
star, detei'mine for this star the mean difference between (p and 
f’n'b K between tp and + h„ and these differences may be 
used to reduce the observations on the several nights independ- 
ently of each other. Thus, if we put 

= (,9n + U = — 

=9 — ( 5 ^, + ^,) = + i — O — 

each complete pair of observations on two nights furnishes a 
value of and and, the mean of all being taken, any indi- 
vidual observation may be reduced by the formulee 

tan tan <5 sec t^^cos X <p = <p^-^ h^-\- \<p 

or, tan <p^ = tan 8 sec cos A 

^his method of reduction is given by Professor Peiecb.* 

182, The quantity ^ which is the difference between the right 
ascension of the star and the mean of the sidereal times of obser- 
vation on the same thread east and west of the meridian, should 
have the same or nearly the same value throughout the series of 
observations, since any change of sufficient magnitude to affect 
the value of eosA sensibly will give different values of (p^ or 
and, consequently also of \<p or A^p, which are here supposed to 
be constant. To secure this condition, the stability of the instru- 
ment in azimuth must be secured, or it must be verified and 
corrected from time to time by means of a terrestrial mark to 
which the middle thread is referred. 

183. The factor cos A may be omitted (not only in this, but in 
all other methods) throughout the reduction of a series of obser- 
vations where it can be regarded as constant, and a small cor- 
rection for the azimuth of the instrument can be applied to the 
final mean latitude. If we denote this mean by found by 
neglecting the factor cos A, the true latitude will be found by the 
formula 

tan 9? = tan (^p) cob A 

* In a memoir on the latitude of Cambridge, Mass , Memoirs cf Am, Academy <d 
Sciences, Vol IT p 188 
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or 

^ = (^) — sin 1" sm 2 ^ (176) 

Tf the azimuth deviation a is required, it may be found by tlie 
second equation of (167), which gives, very nearly, 

sm a = sin ii sin ^ (176) 

If the azimuth of the instrument is known independently of 
the observations for latitude, we have, by substituting a for k sin 9 ?, 

^ = (^) — ^ a* sin 1 " cot ^ (1 76*) 

184. The thread inteiwals may also be found ; for the difference 
of the equations for <p, Art, 180, gives 

g _ _ ^ 

2 sin J + jf,) cos i 

for which we may take 

c = (W + sin ^ \ 

Sin ^ cos Ajp I 

or, in most cases, \ (177) 

C ^ ^ \ 

sm ^3 / 

This will give the distance of each thread (the middle thread 
included) from the collimation axis, whence we can deduce the 
distance of each from the middle thread. 

Example. — Let us apply this method to the reduction of the 
observations taken at Heligoland by Hansen, given on p. 249. 

Beginning with the observations of July 31, “ circle north,” we 
find for each thread by taking half the difference of the 
observed times on this thread, east and west, and correcting for 
the clock rate in the interval, which is here + 0*.28. The value 
of X may be found accurately enough from the middle thread 
alone. Thus we have 

Mean of times on middle thread = 17* 61* 1' 9 
Clock corr. = 4 - 1 48 0 
Sid time = 17 62 49 9 
Starts a = 17 62 34 4 

X:^ 16 6 = 0^^ 3' 62" 

Hence we have log tan 5 cos A = 0.0996437, which will be used 
for all the threads, the value of log cos for each thread being 
subtracted from it to find log tan as follows : 

VoL IL— 17 
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Thread 


log cos iS-, 

log tnn ^ 


I 

36- 83*38 

9 9602592 

0.1393845 

64° 2' 25".76 

11 

1 37 25 28 

9 9595210 

0 1401227 

5 12 .36 

III 

1 88 16.03 

9 9587918 

0 1408519 

7 66 .84 

IV 

1 39 8 18 

99580351 

0 1416086 

10 47 43 

V 

1 39 58 88 

9 9572996 

0 1423441 

13 33 16 

VI 

1 40 48 78 

9 9565540 

0 1430897 

16 21 07 

VII 

1 41 36 03 

1 9 9558485 

0 1437952 

18 69 .87 

I'rom the observations of August 3, 

Mean of times on middle thread = 
Clock corr. = 

Sid time = 

a = 

“ circle soutli,” we find 

17* 50“ 3.5' 7 
+ 2 0 6 

17 52 36.3 

17 52 34 4 

log tan 5 cos A = 0 0996457 A = 

1 9 

= 0' 29" 

Thread 


log cos ■&, 

log tan 


I 

1 » 41 * 39 * 29 

9 9557996 

0 1438461 

54° 19' 11" 32 

II 

40 49 79 

9 9565389 

0 1431068 

16 24 93 

III 

40 0 64 

9 9572678 

0 1423779 

13 40 80 

IV 

89 8 64 

9 9580299 

0 1416168 

10 49 .07 

V 

38 19.04 

9 9587483 

0 1408974 

8 7 .11 

VI 

37 27 04 

9 9594958 

0 1401499 

5 18 50 

VII 

36 37.79 

9 9601968 

0 1394489 

2 40 SO 


With the aBSumed latitude ^ = 54° lO'.S, we find log- J sin 1" 
coty = 3,9419, and the computation of for each thread is as 
follows : 


Thread 



log(^— ^0’ 

log 

A# 

I 

— 16' 46" 56 

6 0046 

9 9465 

0" 88 

II 

— 11 12 

67 

5 6556 

9 5975 

0 40 

m 

— 5 43 

96 

6 0730 

9 0149 

0 .10 

IV 

— 0 1 

64 

0 4296 

4 3716 

6 .00 

V 

+ 5 26 

05 

6 0264 

8.9683 

0 .09 

VI 

+ 11 2 

57 

5 6426 

9.6845 

0 .38 

VII 

+ 16 19 

67 

, 5 9820 

9 9239 

0 .84 
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’We have 5„= - 2".21, b = - V> 91, 6.) = - 2".06; 

and hence the several values of the latitude given by the different 
threads are found as follows : 


I 



Thread i(«>.4^.) 

00 0 


I 54° 10' 48" 54 

46" 48 45 60 


II 

48 65 

46 59 46 19 


III 

48 83 

46 76 46 66 


lY 

48 25 

46 19 46 19 


Y 

50 14 

48 08 47 99 


VI 

49 79 

47 73 47 35 


YII 

50 09 

48 03 47.19 




Mean = 46 74 

Hence <p = 54° 10' 46".74; winch agrees within 0".03 with the 
result found on p* 251. The slight difference is perhaps due to 
small errors in the thread intervals employed in the former 
method. 

The values of \(p and for each thread may be found as 

follows : 

Thread. 


iiiht — ^•4^» — 

1 

I 

— 8' 22" 78 

— 8' 22" 93 

-1- 8' 22" 05 — 8' 23" 81 

II 

— 6 36 29 

— 5 36 44 

-f 6 36 04 — 6 36 84 

III 

— 2 51 98 

— 2 52 IS 

-1- 2 52 03 — 2 62 .28 

IV 

— 0 0 .82 

— 0 0 .97 

-(- 0 0 97 — 0 0 97 

Y 

4- 2 43 .03 

2 42 .88 

— 2 42 97 -f 2 42 .79 

Yl' 

4- 5 81 .29 

-h 6 31 14 

— 5 81 62 -f 6 30 .76 

YII 

-(-8 9.79 

-1-8 9.64 

— 8 10 48 -f 8 8 80 


"When and A.f have been thus determined from a consider- 
able number of observations, their mean values may be used to 
reduce the observations of each night separately. 

We may now also find the thread intervals themselves by the 
formula (177), which gives 

I II in rv V VI vn 

c, -|-82*.87 -f-21*65 4-11*08 4-0*06 — 10*.48 —21*31 — 31*.61 

which are the distances from the collimation axis. The equa- 
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torial intervals of the side threads from the middle thread are, 
therefore, 

I II III V VI VII 

I, + 32*31 + 21*59 + 11*02 — 10*54 — 21*.87 —31*67 

which agree with those given on p. 249 as well as can be expected 
when but four observations on each thread have been taken. 

185. To find the latitude from the observed transits of a star over the 
prime vertical when the instrument is reversed between the east and west 
transits, the intervals of the threads being unknown , — Let 

T, t' = the hour angles of the star on the same thread at the 
east and west transits; 

then, G denoting the distance of the thread from the coUimation 
axis, we have 

— sin c = sin » sin ^ — cos n cos <5 cos (r — >1) 
sin c = Bin ?i ain d — cos n cos S cos (t' — A) 

the sum of which gives 

cot n = tan d sec — t) sec (t' + r) — X] 

But by (167) we have 

cot n cos X = tan ^ — p) 

and therefore 

tan = tan d sec ^ (t' — t) sec (f + t) — A] cos 1 

in which j9 = inclination of the rotation axis ; and in this case, 
if b and b' are the inclinations in the two positions, we take 

If now, to avoid all further consideration of the clock rate, we 
suppose all the observed times to be reduced to some assumed 
epoch (T) at which the clock correction is aT, and put 

T, T' = the clock times on the given thread at the east and 
west transits, respectively, reduced for rate to the 
assumed epoch (T), 

Toj Tq = the same for the middle thread, 
we have 


T= T + aT— a 


r+ aT— a 
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and, since tlie middle thread is very near the collimation axis, 

X = T,)+AT^a 

^(y — t)= — T)= ^ elapsed sid. time^ 

3j(/+r)-; =^(2^'+ r)-kro'+ n) 

Hence, if wo adopt tlie following more simple notation, 


2i9 = the elapsed sidereal time between the oust and west 
observations on the same thread = T" — T, 
t = the moan of the observed times on that thread 


n 

= the mean of the observed times on the middle thread 

= T,), 


and put 


r = < - <0 


A = #, + aT — I 


we shall have 


tan p' = tan S see sec r cos A 
= <^ + i(b + b') 



This method of observation and reduction has the same 
advantage as that of Professor Peirob, in not requiring a know- 
ledge of the thread intervals ; and it further enables the observer 
to reduce each observation independently of all others, and thus 
to obtain a definite result from one night’s work. 


Example. — ^Let us apply this method to the observations taken 
at Cronstadt, given on p. 262. 

For the star j’ Cassiopece we have but three threads to reduce, 
since thread I. was omitted at tlie west and thread V. at the east 
transit. For the others, we proceed as follows : 

< 0* 47* 0*.6 log tan i 0.2362409 

Ar= + 80.2 log cos A 9.9999999 

Sid. time = 0 47 30.7 log tan iJ cos A 0 2362408 

“ = 0 47 21 6 
A = 0 0 92 = 2' 18" 


E’eglecting the chronometer rate, which is insensible in these 
intervals, we have 
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t 

& 

log SOC r 
log sec ^ 
log tan y>' 


II 

0* 39“ 24* 

0 7 36 5 

0 21 38. 

0 0002393 
0 0019377 
0 2384178 
59® 59' 30" 6 


III 

0*47” 0*5 
0 0 0 
0 22 54 5 
0 0000000 
0 0021732 
0 2384140 
59® 59' 29" 8 


0* 53” 29*. 

0 6 28 5 
0 21 57 
0 0001738 
0.0019949 
0 2384090 
59“ 59' 28".8 


Moan ¥.'=59® 59' 29" 73 
“5= +1 69 

p = 59 59 31 42 


For d Gassiopeos we find, in like manner, A = 1' 27", log tan d cos A 
= 0.2284881 ; and from the several threads, 


I 

y 12 * 

0 48 82 
f 69° 69' 28" 8 


n 

QA 3tii 20' 6 

0 48 49 6 
69° 69' 80" 1 


in 

QA Qm ()f 

0 48 65 
69° 69' 28" 8 


TV 

0^ 2«63'6 
0 48 60 6 
69° 69' 29" 1 


V 

QA Qm li 

0 48 88 
69° 69' 28" 2 


Mean = 59® 59' 28" 90 
"5= + 2 08 
f = 59 59 30 98 

The mean result by the two stars is, then, ^ = 69® 59' 31".20, 
which diflfera only 0".08 from the result found on p. 254, where 
the thread intervals were used. 

186. To find ike lahtude from ike observed transits of a star over the 
prime vertical, east and west of the nwnduin, when the instrument is 
reversed, at each transit, between the observations of the star on opposite 
Sides of the prime vertical. (Struve’s method.) 

When the star passes near the zenith, the intervals between 
its transits over the threads become sufficiently great to allow 
the observer to reverse the instrument between the observations 
on two threads. He may then, first, observe the star at the east 
transit on all the threads on one side of the middle thread or 
prime vertical, and, reversing the asds, seconMy, observe the star 
on the same threads on the opposite side of the prime Vertical ; 
thou, allowing the axis to remain in the last position, thirdly, 
observe tne star at the west transit on the same threads, and then, 


1 . ' 
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reversing the axis, fourthly, observe the star on the same threads 
on the same side of the prime vertical as at first By this mode 
of observation the same thread is alternately a north and a south 
thread at precisely tlie same distance from the eollimatioii axis 
at each of the four observations made upon it. Now, in the 
equation (166) we have r — A = ^ elapsed sidereal time between 
the east and west transits over the same thread in the same 
position of the axis . so that, if we put 

t = \ elapsed time between the two observations on a thread 
in one position of the axis, 

= ditto for the same thread m the reverse position of the 
axis, 

Wfii have, c being the distance of this thread from the axis, 

— sin c = sin n sin — cos n cos d cos^ 
sin c = sin n sin d — cos n cos d cos V 


the sum of which gives 

cot n = tan S sec } (i + ^') sec } — ^') 

But by (167) we have ^ 

cot 71 cos A = tan (^j — /S) 


in which for ^ we must here employ the mean of the level 
determinations in the two positions, or ^9 == J(6 + 6'). Hence, 
denoting ^ — /3 by p', we find 


tan 9 ?' = tan d sec i (^ + i') sec i (^ — ^') cos X 
<p = 9 ' + P 



where X will be the same for all the threads, and may be found 
with suflGlcient accuracy from any single thread by taking the 
difference between the right ascension of the star and the mean 
of the two sidereal times of observation on that thread.* 

Each thread thus gives a value of the latitude free from all the 
instimmental errors. The clock errors, however, have nearly the 
same effect as m all the other methods : error in the clock rate 
affects t and ; error in the clock correction affects X, 

■WTien there is time, the middle thread may also be observed, 


* Or -WQ may negleot the factor 00 s X, and apply a correction to the tnaX mean 
latitude, as in Art 188 
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once as a nortli thread and once as a south thread, and the lati' 
tude will be found from it, according to the method of the pre- 
ceding article, by tlie formula 

tan = tan d sec t cos A 

where t will he one-half the elapsed sidereal time between the 
observations on the middle thread. In taking the mean, the 
value of the latitude found from the middle thread should have 
hut one-half the weight of the value on any other thread, since 
it depends on two observations instead of four. 

This method is not much used in the field, as portable instru- 
ments, usually not very firmly mounted, and never provided with 
reversing apparatus, cannot be quickly reversed without risk of 
disturbing the azimuth. 

Example.* — ^In the following observation, the axis was re- 
versed immediately after the star had crossed the middle thread 
at the east transit, and was then left in the same position until 
after the star had crossed the middle thread at tire west transit, 
when it was again reversed, and, consequently, restored to its 
first position. 

Cronstadt, August 16, 1848 




East transit 

West transit. 

6 Cassiopea» 





4 = -f. 1" 7 

4 = + 1" 2 


TliTead 

Chronometer 

Chronometer 

( 

I 

0* 20" 18* 6 

2* 9" 50' 5 

Circle S ■< 


0 22 56 

2 7 16. 

1 

^ III 

0 26 9. 

.. . . 

( 

■ III 



2 4 0. 

Circle H ■< 

1 II 

0 29 38 

2 0 32. 

1 

1 I 

0 82 45 

1 67 24. 



6 = — 2" 7 

5 = 1" 6 


^fhe chronometer correction at 15*^ was + 40',1 ; its daily rate, 
f- 1*.74 on sidereal time. The starts place was 

tt = 1* 16- 40-.71 d = 69° 25' 7" 75 

* Sawitsoh, I*ract, Aatron , Vol I p 877 


’ * t 
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We find from the middle thread ^ = 3' 9, cos A = 1. The com- 
putation for the several threads may he arranged as follows: 



I 


II 

IIT 

Diff obs*d. times S 

1* 49”* 32* 0 

Ih 44m 20* 0 

1* 37” 51* 0 

Chron Eato 

+ 0 1 


+ 0 1 

-f 0 1 

Diff obs’d times JV‘ 

1 24 39 0 

1 

30 54 0 


Chron Rate 

-f- 0 1 


+ 01 


2t 

1 49 82 1 

1 

44 20 1 

1 87 51 1 

2r 

1 24 39 1 

1 

80 54 1 



0 48 32 8 

0 

48 48 55 

0 48 55 55 


0 6 13 3 

0 

8 21 5 


log sec } (^ + t') 

0 0098171 


9248 

9722 

log sec i (^ — ^0 

0.0001600 


0466 


log tan d cos X 

0 2284455 


4455 

4455 

log tan 

0 2384226 


4164 

4177 

9 ' 

59° 59' 31" 61 


30" 33 

30" 60 

P 

— 0 35 


— 0 35 

— 0 35 

9 

59 59 31 26 


29 .98 

30 25 


Giving tlie value found from the middle thread hut one-half the 
weight of eitlier of tlie other two, the mean is ^ = 59° 69' 30". 55. 

187. To Jind the hiitude from stars observed at only one of their 
transits over the prime vertical . — ^Notwithstanding the simplicity of 
the preceding methods, it is not always possible to apply them 
in the field. If the observer has hut a short time to remain at 
a station, ho may fail to find a sufficient number of bright stars 
which pass near his zenith, and, if he uses those which pass at 
greater zenith distances, much time is lost in waiting. But if 
he can use stars observed at only one of their transits, he may in 
two or three hours obtain sufficient data for a very accurate 
determination of his latitude. The following method is based 
upon that originally given by Bessel,* with some modifications, 
which appear to me to facilitate its application. 

If in the general equation (166), where c denotes the distance 
of a thread from the colhmation axis, we substitute i + c for this 
distance, denoting now by i the distance of the thread from the 


* Attron, JfaeA , Vol VI Noa 181 and 182 
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mean thread, and by c the distance of the mean thread from the 
axis, we have 

i c = — sin 71 sin 5 + cos n cos d cos (r — X) 

in which r is the hour angle of the star, and n and X are deter- 
mined by the conditions (167). 

Each thread gives an equation of this form. The mean of 
these equations may be found by the aid of our Tables VIII. and 
VIILA,, according to the method already explained in Ajrt. 178. 
Thus, jT being the mean of the observed times on the several 
threads, J the interval obtained by subtracting each observed time 
from this mean, n and log k the mean of the several values of 
these quantities taken from Table VUE. with the argument J, 
we have 

T,== T+y 

and, since here r is the west hour angle, 

r3= Tj+aT— a 

Then, denoting the mean of the equatorial distances of the 
threads from the mean thread, we have 


c + Zq = — sin 71 Bin (5 4“ 
or, putting 


cos 71 cos d cos — X) 
k 


the mean equation is 


Y cos = y OOB d 

Y sin = Bin 8 

sin 71 sin 8^ + cos n cos J^cos (r^ — X) 


Developing cos (r^ — A), and substituting the values of sin ti, 
cos n cos A, cos n sm 1, from (167), 


c “4" z 

= — h cob( j9 — /S)8m si ’iCf — ^oos cos t, -f-sin a cos 6 cos tf, sin t, 

in wMcli h and ^ are determined "by the conditions 

^ Sin /S = sin b 
A cos y9 = oos b cos a 


But^ since we can always put cos ft = 1, these conditions give 
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The values of <p^ and z will be most readily found by the 
formulae 


tan (p^ = tan 8^ sec k tan 8 sec 
tan z = tan cos 



and it must be observed that tan z will be negative when tan r, 
is negative, that is, when the star is east of the meridian. The 
sign of the term cqqgz must also be changed when the axis of 
the instrument is reversed. 


Example. — The following obseiwations (among others) were 
taken by Bessel with a very small portable transit instrument, 
for the express purpose of demonstrating the advantages of this 
method.* 


Munich, 1827, June 27. 

Circle North I II III IV V Level ! 

jr Lyres E 48“ 6* 4 46“ 54* 4 11*45”43* 2 44“ 31* 2 43" 16* 8 + 4<' 876 
oHerculisW 9 36 411 38 412 13 86 815 34 817 36 6+0 403 

rOygni B 29 38 028 47 212 27 55 227 2 626 8 0+0 117 

Circle South 

pKerculisW 44 47 243 19 212 41 49 240 17 238 87.6—1 .966 

66 Oygm E 48 40 8 60 6 612 61 81 2 62 59 6 54 82 8—1 876 

These observations were taken in the garden of Dr Stbinhbil*s 
house, where the assumed latitude was 48® 8' 40". 

The chronometer was a pocket mean time chronometer of 
B^bssbl. Its correction to sidereal time at 12* (by chron.) was 
aT= + 5* 1*” 3*.81,t and its rate on sidereal time was H- O'.IO 
per hour. 

The equatorial intervals of the threads from the mean of all, 
expressed in seconds of arc, were as follows, for circle north; 

I n III rv V 

+ 698" 08 + 808" 09 -f 6" 19 — 294" 91 — 612".46 

The value of one division of the level was 4".49. The pivots 
were of unequal thickness, the correction for which had been 
previously found to be — 1".89 for circle north. 


* Astron Nach , Vol. IX p 416 


f See the example on p 284. 
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The apparent places of the stars on the given date were as 
follows : 

a d \ 


^LyroB 

18* SO" 

7*74 

O 

CO 

43' 27" 72 

o Herculis 

16 

57 

27 55 

46 

31 23 21 

r 

20 

16 

4 59 

39 

42 32 96 

^Herculis 

16 

3 

21 85 

46 

23 40 03 

66 Oygni 

19 

35 

33 81 

45 

7 14 .89 


We shall illustrate the use of our fOrmulse by giving the 
reduction of the observations of nLyrm in full We have, em- 
ploying the mean time columns of Table Viii., 


ff Lyra 

T 

/ 

X 

log k 

1 

11*48” 6*4 

— 2” 24* 0 

— 0*04 

0 0000239 

II 

46 64 4 

— 1 12 0 

0 00 

60 

III 

45 43 2 

— 0 8 

0 00 

0 

IV 

44 31 2 

+ 1 11 2 

0 00 

59 

y 

48 16 8 

+ 2 26 6 

+ 0 04 

244 

Means 

11 46 42 40 


0.00 

0 0000120 


Hence we have 


= jT + X = 

2 ; + = 

a = 

^J=- 

11* 45” 42*.40 
5 1 1 .12 

16 46 43.52 
18 60 7 74 

-2 3 24.22 

= - 30° 61' 3".3 

log sec Tj 

0 0662674 

log tan Tj 

n9 77621 

log tan d 

9 9806668 

log cos 

9 82476 

log A 

0 0000120 

log tan z 

n9 60097 

log tan 

0 0469247 

log sec z 

0 03208 


We flbi».n assume ^<> 0 = 48° 8' 40", a^= V 52", as in the compu- 
tation given by Bessel ;* and hence we have 


^ These quantities are, of course, arbitrary , but it simplifies the equations of 
condition to make them as nearly correct as possible An approximate value of the 
aiimuth may be found from any star by the formula 0 ^= 0^) ootz 
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¥>, = 48° 5' 21" 64 
b = + 20 00 

— Og tan 3 = + 3 8 33 

48 8 49 97 
f= 4-9" 97 

The equation of condition fi’om tt Lyrm is, therefore, 

1.0767 c + 0 3990 Aa — a?. + 9" 97 = 0 

In the same manner, the equations for the other stars are found 
to he 


1 0269 c — 0 2336 ^a — d.<p 10".83 = 0 
1 1645 c "h 0 596/ acc — -j- 15 93 = 0 

— 1 0468c — 0 3094 Aa — a?. — 17 01 = 0 

— 1.0504 c -f- 0 8214 Aa — aj? — 12 .62 = 0 

From these five equations we find- the normal equations, 

6 7688 c + 0 8708 a/i — 1 1709 Ay> + 71" 46 = 0 
0 8708 c + 0 7688 Aa — 0 7741 a?- + 12 16 = 0 
— 1 1709 c — 0 7741 Afl + 5 0000 A 5 »— 7.10 = 0 

whence 

c = — 12" 19 Aa = — 4" 09 
Aji> = — 2" 06 with the weight 4 208 

Substituting these values in the equations of condition, we 
find the residuals as follows : 


V 

ti» 

— 2" 72 

7 40 

+ 1 83 

1.77 

+ 1 36 

186 

— 0 92 

0.86 

+ 0 .98 

0 86 

[l)W] 

= 12 73 


The number of observations being m~ 5, and the number of 
unknown quantities fx = S, the mean error e of a single observa- 
tion is 
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and the mean error of Ltp is 


_ 2" 52 


= 1" 23 


Hence we have, finally, 


(p = 48° 8' 37" 94 with mean error ±: 1" 23 


The true latitude, found by referring the position of the in- 
strument to the Observatoiy of Munich, was 48° 8' 89".50. Thus, 
five observations, taken within about one hour with a very small 
instrument, sufficed to determine the latitude within 1".5 From 
the obseiwatioiis of two other evenings combined with the above, 
the latitude found by Bessel was 48° 8' 40". 08, Avhich was only 
0" 58 in error. 


DETERMINATION OE THE DECLINATIONS OF STARS BY THEIR 
TRANSITS OVER THE PRIME VERTICAL. 

188 The transit of a star over the prime vertical has been 
used in the preceding articles to determine the latitude of the 
place of observation when the star's declination is known. 
Conversely, if the latitude is otherwise known, the observation 
may be used to determine the star's declination. The modifica- 
tions of the formulss given in Arts. 177, &c., necessary for this 
purpose, are obvious. 

'V^en the star passes very near to the zenith, the errors in the 
time of transit have comparatively small effect upon the com- 
puted declination ; for, by differentiating the equation 


we find 


tan d = tan <p cos t 
dd = — ^ sin 25tan t dt 


so that the effect of a given error dt in the hour angle upon the 
computed declination diminishes with the hour angle itself. 

But ail ciTor.in the assumed latitude tp is not eliminated, 
thougli in certain cases it will have less effect than in others ; 
for we have 


dd = d<p 


sin 2«5 
sin %(p 


The several values of the declination of the same star deter- 
mined on different dates will, therefore, be affected by the con- 
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stant error depending upon the error in the latitude, but the 
ditFerences in these values will nevertheless he accurately found. 
Hence, the most important use of such observations is not so 
much to determine the absolute declination of a star as the 
changes of its declination resulting from aberration, nutation, 
and parallax. 

189. In order to eliminate the instrumental errors in the most 
complete manner, Struve proposed the system of observation 
given in Art. 186 ; and, in order to facilitate the application of 
this system, he gave a new form to the instrument constructed 
under his direction for the Pulkowa Observatory, — a form which 
has since been adopted m other observatories. 

Plate VI. exhibits the principal features of the Pulkowa prime 
vertical transit instrument,* made by Repsoll. The telescope 
TT\b at the end of the horizontal axis jDjB, which rests in Vs at 
W. The pier PP is of a single piece of stone. The apparatus 
for reversing the instrument is permanently secured within the 
pier, as shown in the plate, the vertical rod R and its arms aa 
being raised by the crank/ by means of the bevelled wheels e, 
and thus lifting the telescope out of the Vs. When the telescope 
is lifted sufficiently to clear the Vs, it is revolved 180° (the exact 
semi-revolution being determmed by a stop d), and is then again 
lowered into the Vs. The time required in this operation is but 
16 seconds ; and if the astronomer has commenced an observa- 
tion with the tube north, he can continue the obseiwation with 
the instrument reversed, tube south, after 1 minute and 20 
seconds, this time being sufficient for the observer to rise, 
unclamp the instrument, reverse it, and resume his position for 
the observation. Thus, even with an instrument of large dime:i- 
- sions, the system of observation given in Art. 186 is easily carried 
■out. 

The pressure on the Vs is in part removed by the counter- 
poises WW acting at NN. 

The pressure on the two Vs is equalized by placing at jD a 
weight equal to that of the telescope. 

The level LL may remain upon the axis during reversal. 

The finder F is similar to that desciibed in Art 120. 

The reticule at the focus m contains 15 vertical threads and 

* DtunjpUon de Pobaervatotre attronormgue eentral dt Poulkova (St. Petersburi^ 
1846), p. 167 
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two horizontal threads, as shown in Fig. 2. All the transits over 
the vertical threads should he made to occur exactly midway 
between these two horizontal threads, the telescope being made 
to follow the star s change of altitude by a fine motion screw 
(not shown in the plate), the handle of which is within reach of 
the observer’s hand. The equatorial interval between the ex- 
treme vertical threads is 15' 15" or 61* of time. 

There is also a movable micrometer thread parallel to the 
transit threads. 

The field is illuminated by light thrown through the horizontal 
axis and reflected by a mirror at E towards the reticule. 

190. Example. — The following observation was taken by 
Struve with the mstrumeut above described * 


1842 January 16 oDracoma 
East Vert;oal —6® 6 R. West Vertical —6° 4 E. 

Tuba S Tube S, 


Level + 40** 86 - 

-35'* 8 

f 40 5 

— 35 86 

40 4 


36 8 

40 55 

36 86 

40 4 


35 8 

40 8 

36 4 

40 4 


35 .8 

40.46 

35 4 

Threads 





1 17* 

Si” 

30*7 

19*42“ 51*4 

II 

65 

8 66 


42 13 66 

III 

65 

44 4 


41 38 0 

IT 

66 

22 26 


40 59.85 

V 

67 

0 6 


40 21.7 

TI 

67 

40 9 


39 41.4 

YII 17 

68 

19 6 

19 

39 2 7 


Tubey. 


Tubes 

TIL 18* 

1“ 

4*.0 

19* 36“ 17* 85 

YI 

1 

46 6 


35 37.0 

V 

2 

29 8 


34 62.35 

IV 

3 

12 7 


34 9 3 

III 

3 

57.6 


33 24.7 

II 

4 

89 8 


32 42 1 

I 18 

6 

26 36 

19 

31 65 6 

Level + S7* 2 

- 

-89-'0 

+ 87'».25 

— 38''J 

87 2 


89 .0 

87 26 

38 7 

37 .2 


89 .0 

37 .3 

38 7 

37 16 

39 .1 

37 .26 

38 7 

* AsironomucAe J^TacAncAien, 

Vol. XX. p 209 


VoL. n.—i8 
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The value of one division of the level was 1".002. The lati- 
tude, (p = 59° 46' 18".00. The correction of the interval between 
the east and west transits for the rate of the clock was + 0'.09 
The temperature of the air is recorded at the time of the obser- 
vation (in degrees of Reaumur), as the value of a division of the 
level depends in some degree upon it 

According to formula (179), the declination will be found 
from these observations by the formula 

tan d = tan cos i (^ + ^) 


where, jff being the mean inclination of the axis, we have 
i=i elapsed time between the observations on the same thread 
for “tube south,” = the same for tube north.” We omit the 
factor cos 1, because a fixed instrument can always be adjusted 
BO accurately that we can put cos A = 1. 

But, instead of computing d directly by this formula, we may 
find an approximate value by using the constant value of (p in 
the second member, and then apply a correction for the incli- 
nation j9. Thus, we find* 

tan = tan ^ cos J (^ + ^0 — ^0 


sin 29 ^} 
S=d'+ Ad 



in which we make a 5 additive by supposing ^ to be positive 
when the south end of the axis is too high. 

The distance e of any thread from the collimation axis may be 
found from the two equations 

— sin c = COB sin d — sin 9 ? cos d cos t 
Bin 0 = COS sin ^ — sin cos d cos#' 

the difiference of which gives 

sin c = — sin 9 ? cos d sin i(# + #') sin } (# — #') (184) 


* We have 


tan S tan 

tan & tah (p ’ 


whence we readily deduce 


Bin (d — d') = sin {p' — 0) 


Bin (d -|- d') 
sm (0 + f ) 


which giyes the formula for Ad used in the text, when its sign is changed for the 
reason given 
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The computation of the preceding observation maybe arranged 
in the following form : 



I 

TI 

m 

IV 

V 

VI 1 

VII 


48" 20* 70 

47» 6*00 

46* 63* 69 

44»37*6g 

43»21*19 

42« 0*69 

4.«43«20 

1 26 20 84 

28 2.39 

20 27 10 

30 66 69 

82 22 64 

33 61 60 

36 13 04 


0 48 42 63 

48 46 87 

48 60 22 

48 63 60 

48 66 06 

48 66 06 

48 60 81 


0 6 27 .86 

4 46 67 

4 6 62 

3 26 26 

2 44 64 

2 2.26 

1 22 34 

log coa i (i' + /) 

0 0001107 

0871 

0642 

0411 

0249 

0106 

0020 

log COB i (i' — Q 

0 0008766 

0063 

0301 

0610 

0680 

0828 

0022 

log tan 0 

0 2346728 

6728 

6728 

6728 

6728 

6728 

6728 

lug tan S' 

0 2246660 

6662 

6671 

6666 

6066 

6662 

6670 

S' 

600 11' 39" 00 

30" 04 

S9".28 

38" 00 

30" 12 

30" 04 

89" 21 




Mean 5' = 

59° 11' 39" 077 



+ 0" 806 



= 

• + 

0 815 



^ = 69 11 39 892 

By comparing the mean value of d' with the several values 
found from the different threads, we find the probable error of a 
single determination by one thread in the four positions is in 
this case only 0".08. This observation, however, was taken 
when the atmosphere was unusually steady. From a discussion 
of the observations of 29 days on this star, Struve finds the 
probable error of a single determination by one thread to be 
0".125, and that of the mean of seven threads, consequently, only 
0''.047. To this is to be added the probable error of the level 
determination, which, from the above example, is evidently ex- 
ceedingly small. Strove concludes that, under the most favorable 
conditions of the atmosphere, the declination is determined by 
this method with a probable error of not more than 0".05, and in 
average circumstances with a probable error under 0".l 

191. If we wish to compute the time of the transit of the star 
over the meridian of the instrument from these observations 
with the utmost rigor, we must take into account the difference 
of level at the east and west transits over the prime vertical. 
The effect of a difference of level is the same as that of a differ- 
ence of latitude: hence, differentiating the equation 

cos T = tan d cot 

in which t is the hour angle at the west transit, we have 

Ap tan S Ajj sin i 

sin’ <p Bin t sin ^ i/[8m d) sin (j? — d)] 
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The mean of the times of transit over the east and west vertical, 
or r,, will be increased by Jav Putting then /9' — j8 for a^, the 
correction of the time Tp will be expressed by the formula 

A Tp = ^ (186) 

30 sin 50 ^/[sin (je> + d) sin (jo — ^)] 

Thus, in the preceding observations, we have at the east transit 
^ = + 0".689, and at the west transit ^'= 0".924, and 

(To) = 18* 48” 41*09 
/9 — /9'= — 0"236 a2;=— 0 08 

Corrected T„=18 48 41 01 

We can now find the exact azimuth of the instrument. The 
clock correction at 18* 48™ was + 8*. 81, and the apparent right 
ascension of 0 Dracoms was 18* 48™ 50*.17 ; hence 

Sid time = 18* 48” 49' 32 

0 = 18 48 50 17 

1 = — 0 86 = — 12" 75 In arc, 

where X is the angle which the meridian of the instrument makes 
with the true meridian. Hence, a being the azimuth of the 
rotation axis, we have, by the formula a = sin ^ , 

a = — 11" 0 

Finally, if we wish to determine the effect of the azimuth upon 
the observed declination, we have the formula 


tan d = 


tan 
cos 1 


in which is the declination deduced by assuming cos 1 — 1, 
and d is the true declination. From this we readily dedupe 

S — = (i- !)• sin 1" sin 2 S (186) 

and hence, in the above example, 

3 — «, = 0",00017 
which is altogether insignificant. 

192. The exti’eme precision of the method is evident from the 
above example. Nevertheless, there remains yet a doubt as to 
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the perfect accuracy of the declination deduced, arising from the 
possibility of a change of azimuth between the east and west 
transits. It is evident from the formula 

Bin (? = — sin n sin + cos n cos d cos (t — A) 

that an increase of X by the quantity has the same effect as an 
equal decrease of the hour angle r, and a change of — aA in r 
produces a change of — J ziA in the hour angles used in com- 
puting 5. To find the ejffect of this upon the computed 5, we 
have, by differentiating the equation 

cos r = tan a cot 


with reference to r and 5, 


= — AT cos® 5 tan <p sin t 
or, putting JaA for — at, and eliminating r, 

Ai = J A/l . ^ 

cos <P 

cos d |/[Bin sin (^p — iJ)] 


sm 2<p 


( 187 ) 


The following table, computed by this formula, is given by 
Btkuvh to exhibit the effect of a change of azimuth Aa = 1", for 
different values of — 8. 


0- 

-6 

Art 

0 ° 

(y 

0".000 

0 

20 

0 042 

0 

40 

0 .060 

1 

0 

0 .074 

2 

0 

0 .108 

3 

0 

0 136 

4 

0 

0 .162 


The values of l8 here increase very nearly as V<p — 8. For 
■r Draconis, the correction would be a5 — 0",055. Struve inves- 
tigated the probability of a change of azimuth occurring in his 
instrument. He found that the fluctuations of the azimuth during 



278 


TKANSIT INSTRUMENT 


a whole year had not probably exceeded one second of arc on 
either side of its mean value, and that even the extreme changes 
of temperature from winter to summer had not pioduced any 
sensible eflect upon it Hence he concludes that since the tem- 
peratures at the east and west transits of a star on the same day 
never differed by more than 2° R. or 4J° Fahr., and generally but 
a fraction of a degree, the variations of the azimuth could not 
have produced any eri’or which amounted to even 0".01. It is 
important to obseiwe that, during the period referred to, the 
screws for adjusting the azimuth were not touched. 

193. Micrometer observations in the ‘prime vertical — ^When a star 
passes within a few minutes of the zenith, its lateral motion 
(across the threads) becomes so slow that the observation of tlio 
transit over the side threads would occupy too much time. The 
star may indeed be within the limits of the extreme threads 
during the whole time from its east to its west transit. In such 
eases, the movable micrometer thread takes the place of the 
fixed threads. This maybe used in two ways : either by setting 
the micrometer successively upon round numbera, identical 
before and after reversing, in which ease the observations are 
reduced precisely as those made on fixed threads ; or by setting 
at pleasure and as often as the time permits, in which case the 
observations are reduced as follows. 

The micrometer reading for the case when the movable thread 
ism the collimatioii axis is known approximately: let its assumed 
value be denoted by M, and its true value by iff c. Let us sup- 
pose that for “tube south” the micrometer readings increase as 
the thread is moved towards the north, then, if m is the reading 
at an observed transit, the thread is at the distance rn — (M-\- c) 
north of the coUimation axis, and this distance is to be substituted 
for e in our fundamental equation (166). In this equation, wo 
shall also put 1 = 0, w = 90“ — p, on the supposition that the 
azimuth and inclination of the axis are each zero, since the 
resulting declination may be corrected by the methods above 
explained. We have then 

sin (m — M — c) = — cos 59 sin 3 sin <f cos 3 cos r 
= sin (jo — 3 ) — 2 sin 59 cos 3 sin* } t 

or, since in the case here considered ^ — d is but a few minutes, 
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m — M — c = ^ — S 


2 sin ^ cos d sin* i r 
sin 1" 


For convenience in computation, let us put 


e = M — m 
z = 3 


E = 


2 sin* } T 
sin 1" 


sin <p cos 3 


In which sin <p cos d will be constant, and log 


2 sin* } T 
Bin 1" 


may be 


taken directly from our Table VI. ; then the equation becomes 


z c = E --- e 


(188) 


in which e is given by the observation for each thread, and R is 
to be computed for the several values of r found from the ob- 
served sidereal times and the star’s right ascension. 

This equation applies to the case of ‘‘tube south.” When we 
have “ tube north,” the equation becomes * 


so that, putting in tliis case 


2 sin 


<p cos 3 sin* i T 
sin 1" 


we have 


e' = m — M 
z — c=E — e' 


(189) 


The insti'ument is revemed but once. The first series of ob- 
servations IB taken before the meridian passage, and the second 
after it. We thus find from the means of tlie observations the 
values z-\-c and 2 : — c, whence both z and c. The uncorrected 
declination is then* 

3 = <p — z 

to which we apply the correction for the level, as in Art. 190, 
aud, if necessary, also the correction for the azimuth according 
to (186). 

It is evident that this method may he applied even to stars 
whose decimations are somewhat greater than the latitude. 

Example. — The following observations are given by Btkuvb 
from among those taten with the Pnlkowa instrument :* 


* ulair. Nach , Vol XX p 217 
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1842, January 16 v Urate JUajoria, 

East Vertical ( — 6°6'R) West Vertical 


Tube 3 


Tube N 

Level -f- 40‘‘.26 

r-37''3 

-f 38“ 0 

— 39“ 7 

40 3 

37 35 

38 0 

39 7 

40 3 

87 35 

88 .0 

39 7 

40 3 

37 35 

38 0 

39 7 

Transits 

Miorom 

Transits 

Mioi om 

9» 30“ 29* 

9'316 

9» 48“ 42* 6 

14’-771 

80 66.5 

9 550 

48 14 

14 .527 

31 24 5 

9 775 

47 46 

14 276 

82 0 

10 083 

47 17 

14 068 

82 28 

10 298 

46 44 

13 825 

32 54 

10 470 

46 9 

13 597 

83 29 

10 .691 

45 35 

13 361 

34 4 

10 .879 

45 11 

13 232 

34 37 

11 062 

44 40 

13 077 

9 35 11 

11 226 

9 44 12 

12 942 

Level. -|- 40‘'.3 

— 37'* 25 

+ 38“ 0 

— 39“ 7 

40 35 

37 3 

38 0 

89 7 

40 .36 

37 26 

38 0 

39 7 

40 .25 

37 3 

38 0 

39 7 

P 

= -1- 0" 323 

= + 0".324 



In these observations, in order to avoid any possible error of 
lost motion m the micrometer screw, the thread is always set in 
advance of the star by a final positive motion of the screw, that is, 
by that motion which increases the readings. 

The value of a revolution of the micrometer screw was found 
by the formula 

r = 28".682 + 0" 000292 (9 6 — T) 

in which T is the temperature indicated by the Reaumur ther- 
mometer; and, since in this example T= — 6°. 5, we employ 

r = 28" 6867 Jog r = 1.46768 

The apparent position of the star on January 15, 1842, was, 
according to Aegelamibe’s Catalogue, 

a = 9» 39“ 46* 1 6 = 69° 46' 24". 

The clock was slow 8*.8, and hence the clock time of the star’s 
culmination was 9^ 39“ 37' 8, for which we may, for simplicity, 
take 9* 39” 38', since a small error in this quantify will not affeci 
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the final value of z when tlie hour angles on the opposite aide 
of the meridian are so uearlj^ equal as in the present case. 

With the value <p = 59° 46' 18", we find log sin <p cos 5=9.6384f 
The assumed value of = 12^000, and hence the observation 
may be reduced as follows : 


Tubes 



T 

, 2 8in*^T 

'°8 Blnl" 

R 

m 

—J/ 

log(wi — ^{) 

1 

e 



Riif fl*om mean 

— 9*” 9' 

2 21681 

71" 

49 

Or 

686 

0 42894 

77" 

02 

— 6" 

68 

— 0" 

09 

8 

41 6 

2 17118 

64 

61 

2 

460 

0 88917 

70 

28 

6 

77 

— 0 

88 

8 

18 5 

2 12826 

67 

77 

2 

226 

0 84788 

68 

88 

6 

06 

— 0 

62 

7 

88 

2 06842 

49 

76 

1 

917 

0 28202 

64 

99 

6 

28 

+ 0 

21 

7 

10 

2 00808 

43 

86 

1 

702 

0 23096 

48 

82 

4 

96 

-f.0 

48 

6 

44 

1 94946 

38 

72 

1 

680 

0 18469 

43 

89 

6 

17 

H-0 

27 

6 

9 

1 87076 

82 

30 

1 

809 

0 11694 

87 

66 

6 

26 

+ 0 

19 

5 

84 

1 78420 

26 

46 

1 

121 

0 04901 

82 

16 

6 

.70 

— 0 

26 

5 

1 

1 00386 

21 

49 

0 

988 

9 97220 

26 

91 

6 

42 

+ 0 

02 

4 

27 

1 68974 

16 

91 

0 

774 

9 88874 

22 

20 

6 

29 

+ 0 .16 









Mean 

— 6 

488 




Tube N 

M — m r — c 


+4»" 

‘84* 

1 61222 

17" 

81 

(y942 

9 97406 

27" 02 

— 9" 

21 

— 0" 

08 

6 

2 

1 69678 

21 

64 

1 

077 

0 08222 

80 90 

9 

26 

— 0 

08 

6 

83 

1 78160 

26 

81 

1 

282 

0 09061 

86 84 

9 

08 

+ 0 

16 

5 

67 

1 84204 

80 

23 

|1 

861 

0 18886 

89 04 

8 

81 

+ 0 

87 

6 

81 

1 92106 

86 

27 ' 

'l 

697 

0 20880 

46 81 

9 

64 

~0 

86 

7 

0 

1 99661 

48 

06 

1 

826 

0 26126 

62 .85 

9 

80 

— 0 

12 

7 

89 

2 06081 

49 

98 

2 

068 

0 81656 

69 82 

9 

34 

— 0 

16 

8 

8 

2 11862 

66 

49 

2 

276 

0 86717 

65 29 

8 

80 

+ 0 

88 

8 

86 

2 16198 

1 68 

16 

2 

627 

0 40261 

72 49 

9 

88 

— 0 

16 

9 

4 6 

2 20867 

1 70 

88 

2 

771 

0 44264 

79 49 

9 

16 

+ 0 

02 









Mean 

— 9 

178 




Hence we have 


TnbeiSf « + c = - 6".438 
“ N. « — c = — 9 .178 

« = — 7 808 c = + l"870 
P = 59° 46' 18" 000 
a = y _ ^ == 69 46 26 308 
Oorr. for incl of the axis = + ® '324 

^ = 69 46 26 .632 

From the differences in the last column of this computation, 
we find ilie probable error of a single observation to be 0".194, 
produced by the eraor of observation and the error of the micro- 
meter This agrees well with the probable error found for 
0 Draconis, which was 0".08 for four observations on one thread. 
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The probable error of four observations of u Ursce Majoris is 
0'M94 — 2 = 0".097, which is somewhat greater than 0" 08, 
apparently because it involves the additional error of the micro 
meter. 

The probable error of the mean value of z or of the value oO 
found by the preceding micrometer observations is 0".194 y 20 
= 0".043. The results obtained by the micrometer have, there- 
fore, very nearly the same degree of precision as those obtained 
by the fixed threads, when each metliod is skilfully applied. 

The extreme precision of the observations with this instrument 
in the hands of Struve is strikingly exhibited in the accordance 
of the values of the aberration constant determined from the 
changes of declination of seven stars, which have already been 
cited in Vol. I. Art. 440. 


CHAPTER VI. 

THE MERIDIAl!^' CIRCLE. 

194. The Meridian Gircle^ or Transit Circle^ is a combination of a 
transit instrument and a graduated vertical circle Tins circle 
is fiimly attached at right angles to the horizontal axis, and is 
read by verniers or microscopes (see Arts. 18 and 21), which are 
in some cases attached to the piers, and in others to a frame 
which rests upon the axis itself. 

By means of this combination, the instrument serves to deter- 
mine both co-ordinates of a star’s position, — ^the right ascension 
from the time of its transit, and the declination from the zenith 
distance measured with the circle ; or, if the star’s place is given, 
it serves to determine either the local time or the latitude of the 
place of observation. 

For the measurement of declinations, it takes the place of the 
Mural Cireley which consists of a circle mounted upon one side 
of a pier, the circle being secured to the end of a horizontal axis 
which enters the pier. As the latter insttument cannot be re- 
versed, and its axis is not symmetrically supported, it is not suited 
to the accurate determination of right ascensions, and is to be 
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regarded as designed solely for the measurement of declinations. 
Even for this purpose the meridian circle is preferable, as it 
admits of reversal ; and there is always an advantage in com- 
bining determinations made in reverse positions of an instrument, 
whereby unknown errors may be either wholly or in pai*t elimi- 
nated. I shall, tlierefore, not treat specially of the mural circle. 
It IS not probable that any more instruments of that form will 
hereafter be constructed ; and the method of using those that 
exist will readily bo understood by any one who has mastered 
the meridian circle 

195 Plates VII., VTII., and IX. represent a meridian circle of 
Rbpsold, belonging to the U. S. Naval Academy, and mounted 
at Annapolis iii 1852 It is almost identical m form with the 
meridian circles constructed by the same artist for Struve and 
Bessel at the Pulkowa and Konigsberg Observatories 

It has two circles, CC and of the same size, but only one 
of these, CC, is graduated finely , this is read by four microscopes, 
two of which are seen at RE. The microscopes are earned upon 
a square frame which is centred upon the rotation axis itself 
the form of this frame is shown m Plate IX , where the instrii- 
inent is represented upon the reversing car The horizontal 
sides of the frame carry two spirit levels I, I, by which any change 
of inclination of the frame with respect to the horizon may be 
detected. 

The second circle C'C', constructed of the same size as the first 
for the sake of symmetry, is graduated more coarsely, is read at 
either of two points, and is used only as a finder 

The counterpoises WW act at XX, points nearly equidistant 
betweeli the telescopes and the Ys, and veiy near to the circles; 
an arrangement which prevents the possibility of any appreciable 
flexure m tlie horizontal axis, at the same time that the pressure 
on the Vs is reduced to a very small quantity. 

The inclination of the rotation axis is measured with a hanging 
level LL. 

An arm FG, turning upon a joint at F, receives, when hori- 
zontal, an arm which is connected with a collar upon the rotation 
axis. By turning a screw, the head of which is at (?, the tele- 
scope is clamped in tlie collar, and then a screw (not seen in the 
drawing) acting horizontally near (r gives fine motion to the 
telescope by acting upon the vertical arm. 
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Another arm fg^ nearly similar in its form and arrangement to 
FG^ receives a vertical arm attached to the microscope frame. 
Screws acting horizontally at g upon the vertical arm serve to 
adjust the frame. 

These arms are shown in Plate Viil. as they appear when 
thrown down and out of use while the instrument is being 
reversed. In this plate is also seen the arrangement of the 
vertical arms and the friction rollei’s by which the counter- 
poises act upon the horizontal axis, together with the form of 
the Vs 

The field is illuminated by light thrown into the interior of the 
telescope through tubes at AA and reflected towards the reticule 
by a mirror in the central cube. The quantity of light is regu- 
lated by revolving discs with eccentric apertures at tlie extremi- 
ties of the tubes nearest to the Vs. These discs are revolved by 
means of a cord to which hangs a small weight S' 

The reticule at m contains seven transit threads and three 
micrometer threads at right angles to the transit threads. These 
three threads have a common motion, their distance from each 
other being constant. This distance being known, an observa- 
tion on eitlier of the extreme threads can be reduced to the 
middle thread The micrometer thus ai'ranged is intended for 
the measurement of small differences of declination, and also for 
the measurement of absolute declinations when used in con- 
junction with the graduated circle, as will be fully explained 
hereafter. 

The graduated circle of this instrument is nearly 30 inches in 
diameter, and reads directly to 2" by the graduations on the 
micrometer heads of the reading microscopes , and by estimating 
the fraction of a graduation of the micrometer head, the reading 
is carried down to 0".2 This is a sufficiently great degree of 
accuracy of reading to correspond to the dimensions and optical 
power of this instrument ; but in larger instruments the reading 
ia sometimes carried down to O^.OS, or even less. 

The discussion of the errors of the circle of this instrument is 
given in Arts. 28, 32, and 38.* 

* The errors of the circle may not be constant, since they may fluctuate with the 
temperature of its various parts We may, however, assume that the errors at 
different temperatures will be the same, provided the expansion of the oirole for an 
increase of temperature is uniform throughout all its parts For the greatest pro- 
olsion, therefore, we should endeavor to secure this condition of uniform ie/itpera/ure, 
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A raercmy collimator should be placed permanently beneath 
the floor directly under the centre of the instrument, covered by 
a movable trap-door. 

I proceed to consider the methods of observing with the meri- 
dian circle. Its application as a ti’ansit instrument will be sufli- 
cieutly clear from the preceding chapter. It is necessary to treat 
here only of the use of the circle and micrometer in the mea- 
surement of nadir distance, zenith distance, polar distance, or 
altitude of a star, from which either the declination of the star 
or the latitude is found. 

196. Nadir point — The first of the methods of using the instru- 
ment which I shall treat of is that in which all observations with 
the circle are referred to the nadir Let us first suppose the 
iiistniment to be perfectly adjusted in the meridian, and the 
observation of a star to be made at the instant of its transit. The 
nadir point is obtained by directing the telescope vertically 
towards the mercury collimator To take the simplest case, let 
us suppose the sight line to be determined by a fixed horizontal 
thread (at right angles to the transit threads). Let this thread 
be brought into coincidence with its reflected image. The sight 
line IS then vortical, and the reading of the circle (by which we 
always understand the mean of all the microscopes added to the 
degrees and minutes under the first microscope, or microscope 
A) represents the nadir point of the circle. Let this reading be 
denoted by Q. The telescope being then directed towards a 
star, and the fixed horizontal thread being made to bisect the 
star at the instant ol the transit over the middle vertical thread, 
let the circle reading be Gt Then the apparent nadir distance 
of the star, which I shall denote by iV', will be 


and, for tins purposoi it is advisable to mako the piers suffioiently high and broad to 
proteot the whole olrolo ; for, since the temperature of the piers will often differ 
from that of the circle, the radiaUon from them will tend to produce unequal tem- 
porntures in the difforont parts of the circle, unless the latter iS equally exposed to 
this radiation throughout But even this arrangement will fail of its ohjeot if the 
toraporaturo of the piers is not uniform , and therefore they must be protected against 
fluotuations of temperature as much as possible; for example, by first coating them 
with oil or some other preparation to exclude moisture, then wrapping them in cloth, 
and finally encasing thorn ill wood, as proposed by Dr. Gould for the meridian circle 
of the Dudley Obseiwatory 
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and this distance is usually reckoned from 0° to 360° from the 
nadir, through either the south point or the north point, accord- 
ing to the direction in which the graduations increase. This 
direction is different in the two positions of the rotation axis. 
Supposing the position of the axis to be indicated by that of 
the circle itself, let us assume that the nadir distance is reckoned 
through the south point for arch east, and through the north 
point for drcU west. If we denote the apparent zenith distance 
of the star soiUh of the zenith by z', we shall then have 

z'=±(180°-JVr') r + for circle east I 
^ — for circle west J 

In obtaining the circle readings C[, and O', the correction for 
error of runs, when such error exists, must be applied as explained 
in Art 22. But, with the aid of the telescope micrometer, we 
can avoid the error of runs, as follows. In observing the nadir 
point, set the circle so that an exact division is under or nearly 
under the zero of one of the reading microscopes, that is, so 
that all the microscopes will read nearly 0" : their mean will not 
require any sensible correction for runs. But the fixed thread 
will then not be in coincidence with its image. Measure the 
distance of the fixed thread from its image by the micrometer. 
One-half this distance, being applied to the circle reading, will 
give the reading for absolute coincidence. In like manner, in 
observing the star, set the circle again upon an exact division, 
and bisect the star with the micrometer thread ; the distance of 
the micrometer thread from the fixed thread, being applied to 
the circle reading, will ^ve the required reading C. 

But, when the micrometer is employed, it is altogether prefer- 
able to dispense with the fixed thread and to depend solely upon 
the movable one. Thus, to determine the nadir point, having 
brought the circle division which is nearest to the nadir point 
reading under microscope A, let the mean reading obtained 
from all the microscopes be called G^. Bring the micrometer 
thread into coincidence with its image, and let the micrometer 
reading be M^, which we shall suppose to be converted into arc 
by multiplying by the value of a revolution found according to 
Art. 46 or 47. It is now evident that when the telescope is 
directed upon a star, if the micrometer reading remains Mf, while 
the thread bisects the star and the circle reading is C, the nadir 
distance is C — G^ precisely as if the micrometer thread were 
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fixed. But the reading G' will, in general, involve an error of 
rails, to avoid which, set the circle as before upon a neighboring 
exact division, and let the reading be still called (7' , then bisect 
the star with the micrometer thread, and let the reading be Jf'; 
the nadir distance of the star will be 

= (O' - C,) + (M' — M^) C190) 

In practice, this method will be found much simpler than it at 
first appears. The finder should always be adjusted so that 
whole minutes in its reading correspond to whole minutes of the 
principal circle. Then, in all observations of the nadir point, 
we set the finder to the same exact division ; and, in obseiwing 
the star, we compute its approximate nadir distance to the nearest 
minute, and set the finder upon this minute. 

In the above formula, we suppose the micrometer readings to 
increase with the circle readings. 

Example. — On May 4, 1856, the telescope of the Meridian 
Circle of the Naval Academy was directed to the nadir by setting 
the finder upon 0° O', and the mean of the four microscopes gave 
the circle reading 

Ci = 369'’ 59' 64".70 (or — 0° 0' 5".30) 

The micrometer thread was then brought alternately north and 
south of its own image in the collimator, so as to form each time 
a square with the middle transit thread and its image (as in Art, 
147), and the micrometer readings were as follows : 


Image N, 

S. 

Means 

6' 38" 4 

40"8 

87" 10 

82 .9 

40.4 

36 .66 

83 .0 

40.8 

86 66 

88 .5 

40.6 

87 .00 



= 6'- 36" 86 


so that was the reading when the micrometer thread was in 
coincidence with its image. 

The telescope was then directed to Polaris at its upper culmi- 
nation by setting the finder at 229° 82' (the latitude being 88° 59', 
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the declination 88° 32', and the refraction 1', approximately), 
and at the time of the star's transit, the micrometer thi’ead 
bisecting the star, there -were found 

Circle reading C' = 229° 32' 7" 47 
Microm “ M' — S’* 50^ 6 

The value of one division of the micrometer was 0".927. Hence 

C'— 229° 32' 12".77 
= ^ 13** 75 = + 12 76 

(J\r') = 229 32 25 .62 

This is the apparent nadir distance upon the supposition that the 
position of the reading microscopes (which rest on the axis of 
the telescope*) remained absolutely lixed while the instrument 
revolved from the nadir to the star. To determine this, the 
spirit level was applied to the microBCope frame. At the nadir 
reading, the inclination of the frame was ?o = — 1".23, and at the 
observation of the star it was ^' = — 1".54 ; and hence we have 

(A’) = 229° 32' 25".52 
2'— 2o= —0 31 

A' = 229 32 25 21 

In this observation, the circle was east, and the nadir distance 
was reckoned through the south point. 

197. Since C[, and will be applied in reducing all the obser- 
vations made on the same day, or so long as these quantities are 
regarded as constant, it will be convenient to combine them once 
for all. We may either convert the micrometer reading into 
seconds of arc and add it to the circle reading, which will give 
the circle reading when or convert the seconds of the 

circle reading into divisions of the micrometer and add it to the 
micrometer reading, which will give the micrometer reading 
when (7o= 0. Thus, if we take the latter method in the pre- 
ceding example, we have 0^ = — 5".30 = — 5‘'.72 of the micro- 
meter. We then take [M) = C[, + S'* 36"* 85 — 5'*.72 = 

, * Ad thiB construction inyolvea the necessity of nn additional obsei ration, and 
thus introduces another source of error, it appears to be pieferable to attaoh the 
reading micrO' copes permanently to the piers, provided the piers are well guarded 
against changes of temperature which might alter the relative positions of the 
microscopes 
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5' 81“*. 13, which we may call the micrometer zero; and in any 
observation of a star when the circle reading is O' and micro- 
meter reading M', the nadir distance will be simply {N') = C' 
-f M' — ( Jf). In this example, therefore, we should have 

C"= 229“32' 7" 47 
Jl£'— (ilf) = 4-19“*47= 4-18 05 

(iV') = 229 32 25 52 

198. Instead of a single micrometer thread, Bessel used a 
double one, consisting of two very close parallel threads. The 
sight line is then a hne which bisects the angle between the 
threads, and a star is always observed when it is estimated to be 
midway between them. It was the opinion of Bessel that even 
greater accuracy was attainable in this way than in bisecting a 
star by a single thread. Although there may be some doubt of 
this being true for all observers, still the method has advantages 
in determining the nadir point. The sight line determined by 
the middle point between the threads will be vertical when each 
thread is in coincidence with the image of the other thread. But, 
as we cannot depend upon such directly observed coincidences, 
the micrometer reading for coincidence is found by taking the 
mean of two observations, at one of which the 

image of one of the threads is placed midway <» 

between the threads, and at the other the image 

of the other thread is so placed. Thus, at one ^ 

observation wo make the observation a, Pig. 47, 

and at the other the observation b, and take the mean of the 

corresponding readings. 

199. Reduction to the meridian . — ^In the above method of obser- 
vation, the determination of the nadir point is made very precise 
by repeating the readings of the circle and micrometer, but the 
reading for the star depends upon a single observation. In order 
to give both measures at least equal precision, we must make 
several bisections of the star by the micrometer thread during 
the passage of the star across the field. But, since the star in 
general describes a small circle in the field, all the measures on 
either side of the meridian will require a correction. In inves- 
tigating this correction, I shall suppose that the instrument is not 
precisely in the meridian, in order to see what effect its errors 
have upon the observed declination. 

VoL IL— 19 
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In Fig. 48, constructed as in Art. 123, let 0 be the position of 

the star The great circle described 
by the telescope is N'Z'S', and Z' is 
the zenith of the instrument. The 
arc AO drawn from the pole of the 
great circle N'Z'S' to the star inter- 
sects this circle in O', and 00' re- 
presents the micrometer thread which 
bisects the star, since this thread is 
also pei-pendicular to the plane of the 
instrument, and 0'0 = e is the dis- 
tance of the star from the collimation 
axis. I&the telescope were directed to the pole, the thread 
would coincide with PP', P' being the point in which tlie great 
circle AP intersects N'Z'S', Hence, P' is the apparent pole of 
the instrument, and the apparent polar distance of the star, as 
given by the instrument, is P'O' — 90° — b' (denoting the in- 
strumental declination by d'). But, since the triangle P'AO' is 
right angled at P' and O', the angle P'AO' is measured by 
P'O'. We have, therefore, in the triangle PA 0 (with the nota- 
tion of Art 123), the sides PA = 90° — n, AO = 90° + c, PO 
= 90° — d, with the angle APO = 90° -1- r — m, and the angle 
PAO = 90° — 8'. Hence, by Sph. Trig., 



sm d = — sin n sm c -1- cos n cos c sin d' 

cos t sin (r — m) = cos n sin c -f- sin n cos c sin d' 

cos d cos (r — m) = cos c cos d' 


} 


(191) 


in wMcli d is the corrected declination,* r is the east hour angle 
of the star, and m and n are the instrumental constants as deter- 
mined by transit obsei’vations (Art. 151). But, since n is exceed- 
ingly small (seldom more than 0*.5 = 7".6) and c not more than 
15' even when the star is observed near one of the extreme 
transit threads, the product sin c sin n will be insensible, and we 
may always put cos n = 1. The first and third of these equa- 
tions, therefore, become 


whence 


sin d = cos c sin 
cos d cos (r — 70) = COS C COS 

tan d = cos (t — 77 i) tan 


(192) 


* That IB, 6 IB the apparent deolination (affected by refraction and parallax) aa it 
would be given by an observation in the meridian with a perfectly adjusted instrument. 
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from which it appears that the onlj^ correction for the error of 
the instrument with respect to the meridian is the subti'action 
of the constant m from the hour angle. The value of d will be 
found more conveniently by developing it in series by PI. Trig. 
Art. 254 ; we find 


d=zd^ + 


q sin 2<5' 


+ 


sin 

2 sin 1" 


+ &c 


In which 


<1 


sin^ J (r — ra) 

1 — sin^ i (r — m) 


tan® i (t — rrC) 


As it is more convenient to employ sin^|-(r — m) instead of 
tan^ J(r — m\ because tables of the former quantity are in com- 
mon use (see Tables V. and VI.), we develop q in the form 


q = — Bin® 4 (t — m) [1 ^ sin® (r — m)] 

= — Bin® 3 (t — wi) — sin* ^ (t — tti) — &e 


and, substituting this value, we find 


Bin4( r — m) 

1 


where the last term is usually insensible, and the term 

sin 2(J' is called the reduction to the meridian.* In computing 
this term, we may use d for 5'. The correction is always sub- 
tractive from the instrumental declination. If, however, we wish 
to apply it to the observed nadir distance iV', we must observe 
the sign of JV' in (190). For circle east, the reduction will be 
additive to V', and for circle west, subtractive from A'. 


Example. — In the observation of Polaris on May 4, 1856, p. 
287, the star was not only observed at the time of its transit, but 
it was bisected by the micrometer thread a number of times 
during its passage over the field, the clock being noted at each 
bisection, as in the following table, which contains also the re- 
duction of the observations : 


* The last term of the senes becomes a maxunum for a giyen yalue of r — m 
when <5 = 60®, in which case the yalue of the term is ^ ^ which 

amounts to 0' 01 only when r — m = 6” 23*. For d = 88® SO', the term amounts 
1 0 O' 01 only when r — w -c 12”* 
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2 


ir 


Jf'-ifo 



a'- 
T - 

.r=- 

-m 

B 



B 

niff froxft 
mean. 

1* 1*» 

61* 

5' eo-* 

6 

+ IS** 66 = 

+ 12' 

'66 

+ 2"‘62» ■ 

— 0" 

41 

+ 12' 

'24 

— 0" 

.20 

2 

17 

60 

9 

14 .06 

18 

.02 

2 

26 

0 

80 

12 

.72 

+ 0 

28 

2 

49 

50 

.8 

18 96 

12 

98 

1 

64 

0 

18 

12 

76 

+ 0 

.31 

8 

16 

60 

.6 

18 66 

12 

65 

1 

27 

0 

11 

12 

.64 

+ 0 

10 

8 

86 

60 

2 

18 86 

12 

88 

1 

8 

0 

06 

12 

.82 

— 0 

.12 

4 

0 

60 

4 

18 66 

12 

66 

0 

48 

0 

08 

12 

53 

+ 0 

09 

4 

80 

60 

8 

18 .96 

12 

98 

+0 

IS 

0 

.00 

12 

98 

+ 0 

49 

4 

67 

60 

4 

18 66 

12 

66 

— 0 

14 

0 

.00 

12 

.66 

+ 0 

12 

6 

11 

40 

.4 

12 66 

11 

.68 

1 

28 

0 

11 

11 

52 

— 0 

92 

6 

87 

60 

.4 

18 .66 

12 

66 

1 

64 

0 

18 

12 

88 

— 0 

.06 

7 

0 

49 

8 

12 .96 

12 

00 

2 

17 

0 

.26 

11 

74 

— 0 

.70 

7 

24 

61 

2 

14 86 

18 

.80 

2 

41 

0 

86 

12 

94 

+ 0 

60 

7 

66 

60 

9 

14 06 

18 

02 

—8 

12 ■ 

-0 

61 ■ 

+ 12 

61 

+ 0 

07 


Mean -j- 12 44 


The column T contains the observed clock times ; M' the micro- 
meter reading at each bisection of the star ; — Mq is found 

from the observation of the nadir, which gave Mq= 5** 
and -M" is the value of M' — Mq in arc, the value of a division 
being 0".927. To find t — observe that the hour angle t 

is found by the formula 


— (T+ aT) 


a being the right ascension of the star and ATthe clock correc- 
tion, and hence 


or, putting 
we have 


T — m = a — aT — m — T 
a'=a — A T — m 


T — m = a' — T 


In the present example, the value of m was + 0*.42, and A^waa 
+ 1“ 2*. 85. The apparent place of the star, from the American 
Ephemeris, was 

a = P 5- 46» 29 d = 88° 32' 26".00 


Hence, a' = P 4*^ 43'. 0, the difference between which and each 
T is given in the column r — m. 

The reduction to the meridian, here denoted by JR, is conve- 
niently computed by the aid of Table Yl,, under the form 




2 sin* ^ (t — m) 
sin 1" 


cos d sin d 


(194) 


This reduction is here to be applied to the observed nadir dis- 
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tance with the same sign as to the declination, for the finder was 
west, and the nadir distance, being reckoned through the south 
point over the zenith, increases with the declination. The two 
quantities M" and R being applied to the difterence of the circle 
readings for the nadir point and the star, we have the apparent 
nadir distance of the star in the meridian. The sum M" + R 
should then be the same for each observation, and we have here 
found its value for each in order to detennine the probable error 
of observation. From the “differences fi’om the mean” in the 
last column, we find that the probable error of a single observa- 
tion was 0".28, which includes the error in bisecting the star by 
the thread, the error arising from imsteadiness of the star, and 
errors of the micrometer. 

The meridian nadir distance of the star from the mean of all 
the observations is then found as follows: 

(Prom page 288) C" — <7, = 229° 32' 12" 77 
M"-\-R= + 12 44 

Oorr. for incl. of microscopes = i' — — 0 31 

JV'=229 32 24 90 

The observation was taken to determine the latitude, and, in 
order to find the refraction, the barometer and thermometer 
were observed both before and after the observation, as follows ; 



At 1*0” 

At 1» 12™ 

Means 

Barometer 

30M76 

SO*" 210 

30*" 193 

Attached Therm 

66°. 

66° 6 

66° 3 

External 

64 .9 

64 .6 

64 .76 


Hence, using Bessel’s Refraction Table, we find 

_y = 49° 32' 24" 90 
Refraction = 1 8 .06 

— g = 49 33 32 96 
d = 88 32 26 .00 
= 38 68 63 .06 

200. HorizmUd pomt. — Obseroabon of a star by reflection . — The 
second method of using the instrument is that in which the 
apparent altitude of a star is determined by taking half the 
angular distance between the star and its image reflected in a 
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basin of mercury. The dii’ect observation of the star is usually 
made before the meridian transit, and that of the reflected image 
after the transit, or vice versa, and each is reduced to the meridian. 
The difference of the two reduced circle readings {-plus the dif- 
ference of the micrometer readings if the observations are made 
on the movable thread) is twice the meridian altitude. The half 
sum of these readings is the reading when the sight line is hori- 
zontal, and represents the Imizontal pomi of the circle.* 

In observing equatorial stars by this metliod, the circle is set 
approximately for the direct observation, and the microscopes 
read off before the star comes mto the field. Then one or more 
bisections of the star are made, with the micrometer thread, 
before the star arrives at the middle transit thread. The teles- 
cope 18 then quickly turned towards the mercury and clamped at 
the approximate position of the reflected image, several bisec- 
tions are made with the micrometer, and finally the circle is 
again read off. That no time may be lost in setting the circle 
upon the reflected image, a spirit-level finder attached to the 
tube of the telescope is previously set to the approximate depres- 
sion of the image ; the telescope is then revolved until the bubble 
plays. 

the case of stare near the pole, the circle may be read off a 
number of times during the transit, as in the following example 
from Bessel. 

Example. — The following observations of a Urscs Minoris were 
taken by Bessel with the Repsold meridian circle of the Konigs- 
berg Observatory in 1842, April 22. The star, or its reflected 
image, was brought in the middle between the two close threads 
of the micrometer by moving the telescope by the tangent screw, 
the micrometer thread being used as fixed, and the circle was 
read off after each observation. Five direct obseiwalione are 
preceded and followed by three reflection observatious. 

* The deternunahon of tlie horizontal point by reflection obserrations should be 
used, in conjunction with the other methods given m the text, for the sake of verifi- 
cation Indeed, it is desirable, that all the instrumental constants should be found 
by at least two independent methods. The construction of the instrument so that 
this shall ^ways be possible presents difficulties, which, however, have been success- 
fully overcome by Dn. P A. Gould in the large niendian circle constructed under 
his direction for the Dudley Observatory. 
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a Unm Mmoru * — Upper Culmination 


Clock r — m Circle R Meridian 


0» 45111 

54* 

17’" 

20* 

146° 

15' 11" 

0 

+ 

16' 

'8 

146° 

15' 26" 8 

49 

1 

14 

13 


16 

9 

+ 

10 

6 


27 

.6 

51 

6 

12 

8 


20 

.2 

+ 

7 

7 


27 

9 

54 

9 

9 

5 

83 

44 44 

0 


4 

3 

33 

44 39 

7 

68 

53 

4 

21 


41 

.6 

— 

1 

.0 


40 

.5 

1 2 

54 

0 

20 


40 

6 


0 

0 


40 

5 

7 

28 

4 

14 


42 

8 

— 

0 

9 


41 

.9 

12 

6 

8 

62 


45 

.6 

— 

4 

1 


41 

5 

18 

25 

15 

11 

146 

16 15 

4 

+ 

12 

1 

146 

15 27 

.5 

21 

27 

18 

13 


10 

4 

-b 

17 

4 


27 

8 

23 

46 

20 

32 


5 

4 

+ 

22 

1 


27 

6 


Mean Direct 33 44 40 82 
“ Eeflec.t 146 15 27 50 


App merid zen diet 33 
Barom. 29^ 808 Att Therm 47° 1 F 1 

Ext » 49 jEeft-action 

Correction of the circle graduation + 0" 470 
Oorr. for distance of mercury -f- 0 018 


44 86 66 
+ 38 76 

+ 0 49 


Star’s polar distance 1 31 63 53 


Complement of latitude 35 17 9 .44 
V= 54 42 50 56 


Tn computing r — m by the form a' — we bave assumed 
a' = S’" 14*. The circle readings are the means obtained from 

the readings of four microscopes. 

The reduction to the meridian B is computed for the reflection 
observations by the same formulae as for direct ones, only 
changing its sign. 

The correction of the circle graduation was derived by Bessel 
from a special investigation of the errors of those divisions which 
come into use in the observation of Polaris by direct and reflection 
observations at its upper culmination. For a given zenith dis- 
tance 2 , the four divisions that come into use in the direct obser- 
vation by the use of the four microscopes are z, 90° + z, 
180° -b z, 270° -b z , and in the reflection observation, 860° — z, 
90° — z, 180° — z, and 270° — z. The correction 0".470 is here 
the mean of the corrections of these eight divisions for z = 33° 44', 
the sign of the correction for the reflection observations being 
changed. . 


* See Bbssxl, in Aatron. Nach^ Nos 481 and 482 
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The correctiou for the distance of the mercury from the 
instrument is simply the difference of the latitude of the mercury 
basin and the centre of the telescope. For in this method we 
really measure the angle between the direct and reflected rays 
which is formed at the surface of the mercury, and, consequently, 
the latitude determined is that of the mercury. The basin was 
here north of the insti'ument, and the deduced latitude would 
require a subtractive correction, or the zenith distance an additive 
one. 

To find the horizontal point of the circle corrected for the 
division erroi’s, we have, according to Bessel, for z = 33° 44' in 
the direct observation, the correction + 0".156, and for the sup- 
plement of this the correction — 0".784, the half difference of 
which IS the correction + 0".470 used above, and the half sum 
— 0".314 is the correction of the horizontal point found by 
taking the mean of the circle readings in the direct and reflected 
observations. Thus, we have 

Mean of circle readings = 90° 0' 4" 16 
Corr of graduations = — 0 31 
Horizontal point = 90 0 8 86 

The zenith point of the circle is, therefore, 0° 0' 3".85. So long 
as the state of the instrument is unchanged, this is the constant 
correction of all zenith distances observed, additive or subtract- 
ive, according as the object is south or north of the zenith. 

201, The nadir, horizontal, and zenith points of the circle are 
all determined when any one of them is determined,* and there- 
fore we ought to he able to combine the results obtained by the 
mercury collimator and by reflection observations of stars. 
IS’evertheless, observers have sometimes found discrepancies 
between the two methods which appeared to be greater than 
could fairly be ascribed to errors of observation. Among the 
sources of error which may produce such discrepancies, we may 
here mention the personal egmiwn in bisecting a star by a micro- 
meter thread. Prof. J. H. 0, CoFPiNt has demonstrated the 
existence of such an equation, more or less constant, between 
diflTerent observers, by comparing the declinations of the same 

ProYided the errors of diTision and of flexure have been duly eluxuipatedt 
f Astronomioal Journal, VoL III p. 121. 
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tion for iaclination. A star near the pole will be preferable for 
this purpose, as a number of bisections may be made at each 
extremity of the field. 

202 Example. — As an example involving all the various cor- 
Tections, I extract the following from the G-reenwich Observa- 
tiohs : 

Zenith distances obseryed with the Transit Circle. — Greenwich, April 16, 1862. 


Microscopes of Circle 


Ot^ect 

Pointer 







Teleaoopo 

1 micrometer 

iV 

A 

B 

0 

D 

1 

P 





yf BooUb (Heflected) 

1470 20' 

2»-178 

2rl30 


1**802 

2»-086 

2rl60 

lOrllO 

1 

T} Bootis (Direct) 

82 0 

0 942 

0 001 

1 038 

0 012 

0 820 

0 003 

20 .103 

7 

Nadir point 

170 40 

0 763 

0 712 

0 818 

0 420 

0 086 

0 743 

21 B64 

1 


At the observation of yj Booiis there were also observed 

Barom 29^ 86, Att Therm 33° 2, Ext Therm 36° 8 

The pointer, which is used in setting the circle for an observa- 
tion, gives the degrees and next preceding 6' of the circle 
reading. 

One revolution of a circle microscope is called a “ nominal 
minute,” and the mean value of 4^902 corresponds to 5', so that 
the nominal minutes ai'e reduced to true minutes of arc by in- 
creasing them by their paii:. Since the mean of the micro- 
scopes is to be found by dividing their sum by 6, and the deci- 
mal part of the quotient is then to be converted into nominal 
seconds by multiplying by 60, the nominal seconds in the mean 
are obtained at once by simply adding the decimals of the 
several microscope readings (making the integers the same in 
all) and removing the decimal point one place. Thus, in the 
first observation, making 2 the common integer, the sum 6f the 
decimals is .610, and hence the mean is 2' 6". 10 (nominal), 
which increased by its ^5^ or ^ part is 2' 8".62 of arc. This 
requires a further correction for variation of the value of a 
microscope revolution from its mean value, that is, for error of 
runs (Art. 22). The correction for runs on the given date was 
+ 0".576 for 100 nominal seconds, and, therefore, the correction 
of the first observation is + 0".676 X 1.261 = + 0".73. 
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There is next to be applied the correction for error of gi'adua 
tion and of flexure. These are combined in a table given in 
the introduction to the observations, from which their values, as 
used in the following reduction, are taken with the argument 
“Pointer reading.” 

The value of one revolution of the telescope micrometer was 
29" 626, and the reading multiplied by this number is always 
additive to the circle reading 

The distance of the star from the meridian is expressed by 
the number in the last column o ' the above table, here denoted 
by N, which is the number of the trai^sit thread at which the 
bisection is made. The middle thread is assumed to be in the 
meridian,* and, since the average distance of two adjacent 
threads was 207".31, the number of the middle thread being 4, 
the distance of the star fr’om the meridian is represented by 

c = 207",31(iV’— 4) 

The formula for reduction to the meridian is put under the ap- 
proximate form 

i? = i T* sin 1" sm 25 = T® sin 1" sin 5 cos d 

and T is also found approximately by the formula t = c sec 8 • 
hence, according to this (rather inaccurate) method, we have 

i? = ^ sm 1" tan d 

which for the Greenwich instrument gives 

B = 0".1042 tan 5 x — 4)» 

as given in the explanations of the observations. 

The micrometer thread was inclined so that an observation at 
one of the aide threads required the correction — 0".775 X 
(i\r_4). 

The complete reduction of the above observations is, there- 
fore, as follows. In 6omputing the reduction JR we have as- 
sumed d = 19° 8'. 

* I am Lere stating the method employed at the Greenwich Obserratory, not re- 
commending it For stars near the pole it is not sufficiently accurate, as will be 
found by reducing some of the obserrations of a and ^ Ursm Mmont by our com* 
plete formula (198). A differenoe of 0" 2 or 0" 3 ocours in some oases 
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ij JSootis (E) rj Bootu (D) Nadir Pt 


Mean of miorosoopes + 

Reduotion to aro -f 

Correction for runs + 

Division error + 

Telescope micrometer + 

Reduction to meridian — 

Corr for inclination of thread + 


2' 6" 10 

+ 

0' 62". 16 

+ 

0' 40".82 

2 62 

+ 

1 

04 

+ 

0 82 

0 ,78 

+ 

0 

80 

+ 

0 24 

1 61 

+ 

1 

24 

+ 

0 86 

9 26 16 

+ 

9 67 

86 

-f- 10 82 .98 

0 82 

+ 

0 

.32 



2 .83 

— 

2 

83, 




Pointer 147° 20' 32° 0' 179° 40' 

Corrected merid. circle reading 147 81 89 02 82 10 60 08 179 61 16 67 


Hence, "by 7 Bootia, we have 


App. zenith dist. (R) 

i( « it 

Mean app zen. dist. 
Refraction 


32° 28' 20 .98 
32 10 50 08 
32 19 35 .53 
+ 38 01 


z = 32 20 13 .54 
= 51 28 3 8 20 
i = 19 8 24 66 


The half difference of the apparent zenith distances (R) and 
(D) is evidently the zenith point correction, and is here + 8' 45" .45 
additive to all circle readings. According to the nadir point 
observation, it is + 8' 44".33. The practice at the Greenwich 
Observatory, however, is to employ for a number of consecutive 
days a mean value of the zenith point correction obtained from 
all the values determined during the period. Thus, the mean 
value employed from April 12 to April 24, 1852, a period in- 
cluding the above observations, was -f 8' 45".16. The practice 
recommended by Bessel of employing the nadir point readings 
determined at the time of the observation is preferable. 


203. The zero points of the circle may also be determined by 
reversing the axis, if the microscopes rest on the axis and, con- 
sequently, are reversed with it. Let a collimating telescope be 
placed anywhere in the meridian with its axis directed towards 
the rotation axis of the meridian circle, and let it be provided 
with a cross thread in its focus. Direct the telescope upon the 
collimator, and bring the micrometer thread upon the intersection 
of the cross thread. Let O be the circle reading corrected for 
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the inclination of the microscope frame, micrometer reading, kc. 
Now reverse the rotation axis, and make a similar observation 
upon the collimator. Let (7' be the corrected reading. Then it 
is evident tliat ^ ( (7 — (7') is the ti'ue zenith distance of the colli- 
mator (supposing the readings to commence at the zenith), while 
^ ( (7 + C7') is the true reading when the telescope is vertical, and 
represents the zenith point This method may occasionally be 
used for the purpose of comparison with the metliods already 
given ; but it is too troublesome for constant use. Moreover, 
observations depending on the spirit level are not so reliable as 
those made from the surface of mercury, which, when at rest, 
must be pcrfccili/ horizontal. 

Another method, suggested by the ever-inventive Bessel 
(before the introduction of the mercury collimator, however), is 
also dependent on the spirit level, but admits of greater accuracy 
than the above, because a level of larger dimensions may be used. 
The level is applied to the collimating telescope, which is placed 
in the horizontal plane of the axis of the meridian circle. When 
the bubble is in any given position, the sight line of the colli- 
mator makes a given angle with the verfical. If, then, the colli- 
mator with, its level is first placed south and then north of the 
circle, and the bubble of the level brought to the same reading 
in each case, the zenith distance of tlie cross thread observed by 
the circle must be the same, but on opposite sides of the zenith. 
The mean of the two circle readings will therefore be the zenith 
point reading. Instead of bringing the level of the collimator 
to the same reading, it will be preferable to observe the inclina- 
tion in each position north and soutli, by reversing the level in 
the usual maimer ; then the difference of the inclinations will 
be applied as a correction to the mean of the circle readings to 
obtain the true zenith point. This method has the advantage 
of not requiring a reversal of the axis of the meridian circle. 
Plato m. Pig. 2 represents a collimator with its spirit level, as 
required in this method. Two piers, one north and one south 
of the circle, are each provided with Ys, which receive the col- 
limating telescope alternately. 

Finally, to complete tlie enumeration of methods depending 
on the spirit level, the collimating telescope may be placed ver- 
tically over or under the telescope of the meridian circle. The 
level is then attached to the collimator at right angles to its 
optical axis. Two observations are made upon the cross thread 
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of tlie collimator as before, the collimating telescope being 
(between the two observations) revolved 180° about the vertical 
line. The mean of the circle readings, corrected for difference 
in the inclination of the collimator as shown by the level, will 
be the zenith or nadir point reading. 

204. Flexure . — Notwithstanding the conical foi-m which is 
given to the telescope tubes of large instruments, tlieir weight 
produces a sensible flexure, which may change the position of 
the optical axis of the telescope with respect to the zero points 
of the circle It is important, therefore, to investigate the 
amount of this flexure. The following is Bessel’s method. 

Two collimators, such as that represented in Plate m. Pig. 2, 
are mounted in the horizontal plane of the axis of the circle, one 
north and the other south. The cross threads of the collimators 
admit of adjustment (by a micrometer screw, for example), so that 
they may be brought to coincide with each other, the meridian 
circle being raised upon the reversing apparatus during this 
adjustment. The two intersections of the cross threads of the 
collimators now represent two infinitely distant points whose 
angular distance is exactly 180°. The meridian circle being 
replaced, observe this angular distance in the usual manner. It 
is evident that the errors of division of the circle will not enter, 
since the same two divisions come under the opposite reading 
microscopes in the two observations in reverse positions. The 
difference of the two circle readings will, therefore, be exactly 
180° if there is no flexure. But if the difference is less than 
180° by a quantity then Ja: is the correction for flexure in the 
horizontal position of the telescope. In this way, Airy found 
that when the Greenwich transit circle was directed upon the 
south collimator, the circle reading was 89° 46' 15".52, and 
when upon the north collimator, 269° 46' 16".35,‘ the difference 
180° 0' 0".83 is the apparent distance of the two opposite points 
measured through the nadir, and hence one-half of 0".83, or 0".41, 
is the effect of flexure in increasing apparent nadir distances or 
in diminishing apparent zenith distancesi- 

In different positions of the telescope, the mechanical effect of 
each particle of metal, supposing it to act simply as a weight 
attached to a lever, will vary as the sine of the zenith distance : 
so that if/ is the horizontal flexure, /sin z expresses the flexure 
in general. It is not quite certain, however, that the flexure 
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always follows this simple law , and to determine the law experi- 
mentally, we should have the means of mounting a pair of col- 
limators in a line making any angle with the vertical. 

The flexure determined by the above method is properly 
called tlie astronomical flexure, as it gives the deviation of tne 
optical axis, which becomes a direct correction of our astro- 
nomical measures. It is evident, however, that it does not 
express the absolute flexure of the tube. If when the tube is 
horizontal both ends drop the same distance, the optical line 
determined by the centre of the objective and the micrometer 
thread will merely be moved parallel to itself, and no flexure 
will appear from the circle readings ; for tlie collimators do not 
determine merely a single fixed line in space, but rather a 
system of parallel lines, or simply a fixed direction. 

The eflPect of the flexure upon an observation is, then, zero 
if the absolute flexures of tlie two halves of the telescope are 
equal ; and when these are unequal, the effect is proportional to 
their difiference. This leads directly to the method of ehmi- 
nating flexure, first suggested by the elder Ebpsold in 1823 or ’24, 
by interchanging the objective and ocular of the telescope. Let 
us suppose that at any given zenith distance the centre of the 
objective drops the Imear distance < 2 , and the horizontal thread 
in the focus drops the distance a\ so that a and d represent the 
absolute flexures of the two halves of the tube. Then, if the 
whole length of the tube is denoted by 2?', the angles of depres- 

a 0^ 

sioii of tlie two portions may be expressed by — and — respectr- 

ively. If then y is the angle which the sight line now makes 
with the direction it would have had if no flexure had taken 

(I qJ 

place, we have y = astronomical flexure is 

proportional to the absolute flexure. ITow let the objective and 
ocular be interchanged, and the telescope revolved 180°, so as to 
be again directed upon a point at the same zenith distance as 
before. The absolute jtexures being the same as before, that of the 

object end is now a', and that of the eye end is a: so that the 

a! a 

astronomical flexure is now . = — r. Hence the mean of 

2r ' 

two observations of the same star made with the objective and 
ocular reversed will be free from the effect of flexure. More- 
over, the half diffei’ence of the measured zenith distances will 
be the astronomical flexure. It is here assumed that the abso- 
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lute flexures of the two halves remain the same when the ob- 
jective and ocular are interchanged. For a discussion by Hansen 
of the conditions necessary in the construction of the telescope in 
order to satisfy this condition (if possible), see Asir, NacL, Vol. 
XVIL p. 70.* 

As to the effect of gravity upon the form of the circle, see 
Bessel’s paper, Asir.Nach,^ Vol. XXV. 

205. Obse)'vaiions of the declination of the moon with the meridian 
circle . — ^In these observations, the micrometer thread is usually 
brought into contact with the full limb, and a correction is 
applied to the deduced declination of the limb for tlie moon’s 
parallax and semidiameter. When the observation is not made 
in the meridian, the reduction to the meridian (194) is also to be 
applied, together with a correction for the moon’s proper motion. 
The most precise formula for making these reductions is tliai 
given by Bessel, which is deduced as follows. 

In Fig. 46, p. 290, let 0 now represent the apparent position 
of the moon’s centre, and suppose the observed point of the 
moon’s limb to be designated by M (not given in the figure). 
Conceive an "kra to be drawn from A tangent to the moon’s limb. 
The point of contact M, and the points A and 0, form a triangle, 
right angled at My of which the side MO is the moon’s apparent 
semidiameter == 5 ', the side AO = 90° + c, and the angle at A 
may be denoted hj d. We have then 

sin s' = sin d cos c 
Let 

= the observed declination of the limb, ecrrected for re- 
fraction, 

d'=. the apparent dechnation of the moon’s centre; 

then in the triangle AOP we have the aides AO = 90° + (?, 
PA = 90° — n, PO = 90° — d'y and the angles PAO = qp (i, 
APO = 90° + {t — m ) ; whence, as in Art. 199 

sin $' = — sin n sin ^ + cos n cos c sin rp d) 

cos d' sin (r — m) = cos n sin c -f sin n cos c sin d) 

cos d' cos (t — m) = cos c cos (5^ d) 


* See also Dr. Gould’s remarks on the meridian oirole of the Dudley ObserYatory, 
Proceedings of the Am Association for the Adv of Soienoe, 10th meeting, p 116. 
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But, as before, we shall neglect the insensible term sin n sin c, 
and put cos = 1, and then the first and third of these equar 
tions will suflS.ce to determine d'. Moreover, since in the case 
of the moon r will not exceed 1”‘, the neglect of m will cause 
no sensible error in cos (r — m). Hence we take 

sin d'= cos c sin q: d) 
cos ^ ' cos r = cos c cos d) 

or, developing the second members, 

sm 5' = cos c cos d sin + sin s' cos 

cos cos r = cos c COS d cos dr sm 5 ' sin 

whence, by eliminating cos c cos we find 

sin 5 ' = sm cos — cos <J' sin cos r (1^5) 


If now we put 

d = the moon's geocentric declination, 

5 = “ “ semidiametor, 

TT = “ eq hor. parallax, 

^'=the geocentric or reduced latitude of the place of 
observation, 

p = the earth’s radius for the latitude <p, 

J' = the moon’s distance from the centre of the earth 
and from the place of observation, respectively, the 
equatorial radius of the earth being unity, 

we have, by the formulro of Art. 98, Vol. L, 

id' sin ^ ' = J sin 5 — p sin 9 / 
d' cos d' cos <5 — p cos COB r 

this last being equivalent to the more rigorous one in (133) of 
Vol. L, when the moon is near the meridian; and by Art. 128, 
Vol. L, we also have 

sin s' = J sin s 

Substituting these expressions in (195), after multiplying it by 
d'y we find 

^ A sin s = A sin (d — 2 A cos d sin sin* } t 

— p sin (<p* — — p COB sin sin* r 


Voi^ IL— 20 
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Dividing hy J = this becomes 

=p sin 5 = sin ^ J + 2 cos d sin sin® } t 

— ^ sin TT sin (9?' — Jj) — p sm tt cos sin (\ sin’* ^ 

where the last term is evidently insensible. If then we put 

sin p = /> sin tt sin (^' — ( 196 ) 

we have 

sin — dj) = sin j? sin s — 2 cos J sin < 5 ^ sin® } r 

The last term (which is the reduction to the meridian) will 
seldom exceed 1", and may be put under the form 

sin jffi = I ^ j sin® 1" sin 2 d t® 

The quantity r is here the true hour angle of the moon, to 
find which, let 

Aij = the sidereal time of the observation, 
fiL = “ moon’s transit, 

A = the increase of the moon’s right ascension In one 
sidereal second 3 

then 

r = (1 — -l) (/i — /£j) 

and hence 

OQK 

B= — Bin 1" Bin 23(1— ;iy (ft — (197) 

The first two terms of the value of sin (5 — S^) differ but little 
from sin (p =p s). To fi.nd their exact value, we have 

sin + sin a = sin (jp s) + sin p (1 — cos s) q: sm s (1 — cos p) 
= sin (p q: s) + 2 sinp sin’ i s q: 2 sm s sin’ ip 

The last two terms of this will seldom amount to a tenth of a 
second, and therefore the formula may he regarded as perfectly 
accurate under the form 

sinp q: sin s = sin (jj qp s) q= i (p q: a) sin 1" sinp sin s 

Ifow, since S — 3^ and p q= s differ by so small a quantity, the 
ratio of the sine to the arc will be the same for both of them ; 
hence we shall have, with the utmost precision, 

i -)- p q: a q: i (p :p s) sin p sin i — JB (19S) 
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as given by Bessel.* The upper or lower sign is to be used 
according as the north or the south limb is obseiwed. 

The declination thus found is reduced to the time of the 
observation. But if we wish its value at the time of the meri- 
dian passage, we must add to it the correction {p. — X', in 

which X' 18 the increase of the declination in one sidereal 
second, or 

X’= 

60.1643 


where Ad = the increase of declination in one minute ot mean 
time, as now given in the American Ephemeris. The value of 
1 — ^ is found as in Ajrt. 164 : namely, taking Aa = the increase 
of the moon’s right ascension in one minute of mean time, we 
have 


so that, putting 


we shall have 


X 


Aa 

60 1648 


1 




1 

£ 


log (1 — 1) = ar. CO. log B 


and log B may be taken from the table on page 179. 

In practice, it will generally be most convenient to apply the 
several reductions directly to the observed zenith distance, as in 
the following example. 


Example.— The declination of the moon was observed with the 
meridian circle of the Washington Observatory, 1860, September 
17. The nadir point was first observed as follows : 


Oirole Miorosoopes, 

A B 0 D Means Micrometer thread in co- 

Nadir point incidence with its image: 

0"9 1"9 2" 2 1".4 1"60 mean of 10 readings = 

Means 0 .80 1 .65 2 .10 1 50 1 61 
The value of one revolution of the micrometer = 34".866, or 


* Tdtmlm Regxomonianmy Introd p. LV. 
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1" = 0^0291 ; and hence, "by the method of Art. 197, the micro- 
meter zero (or reading of the micrometer when the circle reading 
was 0° 0' 0") was 

(M) = SS' 9S4 -f- O’- 0291 X 1 51 = 38’- 978 

The observation of the moon was as follows, S.L. denoting 
south limb : 


Circle Microscopes Micro- 

Clock meter 

A BCD Mean = 

Moon, S L 55° 52' 45".7 42".8 45" 2 46" 1 44" 95 21*17’“ 21* 39” 956 

BaroraBO-nlUAtl Therm 64<>.Ext Therm 62° 8 ^2 89 904 

I 43 39 875 

The circle was wesi, in which position the readings are zenith 
distances towards the south The correction for runs was 
— 0".75 for 8', and since the excess of the reading over a multiple 
of 8' is 1' 44".96, the proportional correction for runs is — 0".43. 

The clock time of transit of the moon’s centre over the meridian 
was // = 21* 17’" 16'.80. 

The latitude of the observatory is yi = 88° 63' 39".25, and 
therefore tp — (p' = 11' 14".54, log p = 9.9994802. The longitude 
is 6* S'* 12* west of Green-wich. 

For the date of the observation, we take from the Nautical 
Almanac 

a = — 16° 1' 7 

= 4- 6" 377 in 1’" mean time, it = 54' 9" 64 

Ao = 2* 0150 “ “ “ “ s = 14' 45" 49 

whence log (1 — 1) = 9 98521 and .1' = -f. 0" 1060 

The correction for the micrometer, or M — {M), converted into 
seconds, is additive to the circle reading. The reduction to the 
meridian, or B, found by (197), is also algebraically additive to 
the circle readmg, attention being paid to the sign of d , and the 
correction for change of declination to be added to the circle read- 
ing -will be — {/I — pi) X'. Since the sum of these three corrections 
should he the same for each micrometer observation, the precision 
of the observations will be shown by computing this sum for 
each. Thus, we find 
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R 

' — (/<— 

Sums. 

— 4‘.2 83" 60 

— 0" 00 

-t- 0"44 

34".04 

— 15 2 31 82 

— 03 

-f 1 61 

38 40 

— 26.2 80 82 

— .09 

-f-2 78 

33 51 



Mean 

= 83 65 

ce we have 





Circle reading = 

65° 62' 44" 96 


Corr for runs = 

— 0 43 

Mean corr for microm , &c = 

+ 33 66 

Apparent zenith distance = 

65 63 18 .17 

By Table II Eefi’action = 

+ 1 25 .60 

1 

11 

‘e 

1 

1 

•e 

1 


9 — ^1 = 

65 64 43 .77 

=65° 43’ 29" 


— iP + s) = 

— 69 27 24 

(196),p=44'41".76 J 

I—- J (j) + s) Bin sins = 

— 0 .10 



tp 5 = 

64 65 16 43 




38 63 39 25 




16 1 37 18 


206. Observations of the declination of a planet, or the sun . — The 
larger planets are observed in the same manner as the moon, 
that is, by making the micrometer thread tangent to the limb, 
and when tire planet is treated as a spherical body the observa- 
tion is also reduced in the same manner. 

In the case of the sun, both limbs may be observed. The 
reduction to the meridian may be facilitated by a table giving 
the logarithm of the factor 

6 = ^sml"(l — A)»sin2a 


for each day of the fictitious year (V ol. I. Art. 406), such as 
Bessel’s Table 231. of the Tabulce Hegiomontance. This table 
also gives for each day of the year the value of 

a = increase of the sun’s declination in 100 sidereal seconds, 


BO that the reduction of the observed declination to the meridian, 
including the correction for the change of declination in the 
interval r, is 


ar , 

100 + *" 
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The correction for parallax may be put under the form 

8" 67116 . , , 

in which r = sun's distance from the earth, the mean distanco 
being unity, and in each observatory this quantity may be com- 
puted for the latitude, and for each day of the year, and also 
inserted in the table. In order to embrace every thing necessary 
for the complete reduction of the observed declination, the tablo 
contains also the sun’s semidiameter for each day of the fictitious 
year. 

207. Correction of the observed declxmiion of a 'planet's or the moon* s 
limb for spheroidal figure and defective illumination - — ^Let us con- 
sider the most general case of a spheroidal planet partially 
illuminated. The correction to reduce the observed declinatioii 
of the limb to that of the centre is equal to the perpendicular" 
distance from the centre to the micrometer thread, which is 
tangent to the limb and perpendicular to the meridian. Tho 
formulee for computing this perpendicular in general are (Vol. I- 
p. 580) 

^ tan d- . -rr 

tan -S’ = Bin x = sm ^ sm F 

c 

s sin T? cos X 

sm 1 ^' 

in which s" is the required perpendicular, the angle which it 
makes with the axis of the planet (reckoning from the north 
point of the disc towards the east), c is a constant depending upoir 
the eccentricity of the planet’s meridian, V the angular distanco 
of the earth and sun as seen from the planet, and s is the equa- 
torial radius of the disc, or greatest apparent semidiameter at the 
time of the observation. The perpendicular here coincides 
with the declination circle, and consequently we have at once 
^ = —p, or 180° — py according as the north or the south limb 
is observed; p denoting, as in the article referred to, the position 
angle of the axis of the planet From the discussion in Yol !• 
Art. 354, it follows that (putting — p for ?>) the north limb will 
be full (and, consequently, the south limb gibbous) when sin 
and sin V have the same sign. We shall, therefore, here chango 
the sign of sin ;f, and take 
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tan p' = 


tan jj 
c 


5 " 


sin;^ = sin j?' Bin F 


^0 

r' siny 


COS/ 


(199) 


in which s,= the greatest apparent semidiameter at the mean 
distance of the sun from the earth, and r' = the planet’s geocen- 
tric distance. We then have the rule: the, north or the south limb 
is the fuU Umb according as sin x is positive or negative. The formulae 
for computing p, V, and c are given in Vol. I. Arts. 348 et seq., 
and Sq is given on p. 578. 

The gibbosity of Saturn, however, is wholly insensible, and 
even that of Jupiter at the north and south points of the limb 
cannot exceed 0".05, which is so much less than the usual errors 
of declination observations that it may be disregarded. Hence, 
for Saturn and Jupiter the correction will depend only upon the 
figure of the planet, and will be computed by the equations 



s, sin y cSj cosj) 

f sinp' r' coep' 


in which for Jupiter we take log c — 9.9672, and for Saturn 
c = t/(1 — ee cos* t) = i/(l — [9.2706] cos® Z), I and p being taken 
directly from the tables for Saturn’s Ring given in the Ephemens. 

A further simplification may be permitted in the case of 

COS J} 

Saturn : for, on account of the small values of p, the ratio — ~ 

QQ COS ® 

will be very nearly unity, and if we take s" = we shall 
have the true value of s" within less than 0".06 

It is hardly necessary to remark that when we neglect the 
gibbosity of Jupiter or Saturn, the mean of the observed decli- 
nations of the nortli and south limbs gives at once the declination 
of the centre. 

For Mars, Yonus, and Mercury the correction will be only for 
defective illumination; but in this case we can avoid the separate 
computation of p and as follows. Substituting in the equa- 
tion for sin;( (199) the values of siujj and sin V given in Yol. I. 
p. 677, and moreover observing that, since these bodies are 
regarded as spherical, we have c = 1, and, consequently, = y, 
there results 
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in which. 


a', s' = the planet’s right ascension and declination; 
A,D= the sun’s “ “ “ 

B) i2' = the earth’s and the planet’s distances irom the sun; 


and a positive value of sin % will here also indicate that tlie north 
limh is full and the south limb gibbous, and a negative value 
the reverse. Adapting this formula for logarithms, we have, 
therefore, 

tan F = tan D sec (o' — A) 

B sin (F — S') sm D \ (201) 


am/ = 


B' 


sm F 


or, more conveniently, perhaps. 


tan E = tan S' cos (o' — A) 


sin;f 


B sm (i) — E) cos S' 
B' cos E 



E being taken less than 90°, with the sign of its tangent. 
Then we find the reduction to the centre of the planet by the 
formula 

s" =. ^ cos / (202) 


If the declination of a eusp of Yenus or Mercury has been 
observed, we must find^ by the formula (Vol. I. p. 577) 

tan p = cot (o' — A) sm (F — S') sec F (203) 

in which J'’ha8 the same value as above, and then the reduction 
to the centre of the planet will be 


s" = — oosp 

For the moon, when the gibbous limb has been observed, the 
formulsB (201) may be used for computing but on account of 
the small difference of .H and J2', we may put their quotient = 1. 
Since the declination of the gibbous limb will not be observed 
except when the moon is nearly ftill, it will be best to reduce 
the observations as if the observed limb were full, according to 
Art. 205, and then to apply a small correction for gibbosity. 
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This correction will be. as = a — s cob ;f = a verain Hence tbe 
formulse for the moon will be 

tan E — tan d' cos (o' — A) 

Bin (i) — E) cos S' 
siny = ' 

cos j® 

AS = s versin x 

Example 1. — The apparent declination of the southern cusp 
of Venus, at its transit over the meridian of Greenwich, July 16, 
1852, observed with the ti'ansit circle, was 

3' =16“ O' 45" 60 

Erom the Nautical Almanac, we have 

o' = 8» 11“ 1' 46 log r' = 9 4676 

^=7 48 42.80 D = 21“ 19' 8" 

and from Vol. 1. p. 578, 

s , = 8".66 

Hence, by (208), we find log tan p = 0.0031, and, consequently, 

s" = — cos » = 20".63 
r 

and the apparent declination of the planet’s centre was, there- 
fore, 

S = 16“ 1' 6".18 



Example 2. — The apparent declinations of Jupiter’s north and 
south limbs, observed at Greenwich, March 18, 1852, were — 

N.L 3'= — 17“ 21' 67" 86 
SL. 3'= — 17 22 87 .61 

To illustrate the complete formulse, let us take the gibbosity 
of the planet into account. For this purpose, we take from the 
Nautical Almanac 

a! = 280“ 66'.4 A = 224“ 26'.0 

3'=— 17 22.2 e = 28 27 6 log 1^=0.6788 

and from VoL I. p. 574, 


n = 867“ 66' 5 


i = 26“ 26' 8 
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Hence, by the formulae (619), Vol. L, 

F= 201° 23' 6 1 = 234° 52' 3 

F=il — 1 = — 10° 27' 7 
— 20° 47' 6 log tan 2 ) = 9 4281 

Then, by (199), taking log e = 9.9672, we have 

log sin = n8 7026 

from which it follows that the south limb was full. Hence, 
taking 5^= 99".70, we find 

For foil limb (s") = ^ = 19" 50 

r einy 

For gibbons hmb s" = (s") cos x =19 47 

The declination of the centre was, therefore, according to 
these observations. 

From H L .J = — 17° 22' 16".83 
" S L « « 18 .11 

Considering the difference of these results, which is by no 
means as great as often occurs in the Greenwich observations of 
Jupiter, it appears that the practice there followed of always 
applying the polar semidiameter (which is the one given in the 
Haulical Almanac) is quite accurate enough /or these ohservatwns. 
Our more exact method will not be without application, however, 
in cases where greater refinement both in observation and 
reduction are attained 

Example 8. — At Greenwich, Eeb. 6, 1852, the declination of 
the moon’s centre deduced from an observation of the north 
limb, on the assumption that this limb was full, was 

»'= + 13° 17'0"68 

For the time of the moon’s transit on this date, we have 

»'=168°18'.6 A= 819°56'.l 
8 = 16' 31" D = — 16 86 .8 


X = — ^° 68 ' 


whence, by (204), 
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which shows that the north limb was gibbons. The correction 
was 

z=s versin / = 1'".33 

and the true declination was, therefore, 

^ = + 13® 17' 1".91 


CHAPTER VII. 

THE ALTITUDE AND AJZIMUTH INSTRUMENT. 

208. This instrument may be regarded as a transit instrument 
combined with both a vertical and a horizontal circle, by means 
of which both the altitude and the azimuth of a star may 
be obseiwed at the instant of its transit through the vertical 
plane descnbed by the telescope. This combination is not often 
used for the higher purposes of astronomical research, as eveiy 
additional movement introduced into an instrument diminishes 
its stability and increases the risk of error. However, at Green- 
wich, a regular series of extra-meridiau observations of the moon 
is carried on with such an instrument, for the sake of comparison 
with meridian observations. The instrument has there received 
the name of the altazimuth. In other places, it has been called 
the astronomical theodolite; and, in fact, the general theory of the 
instrument, which will be given hereafter, will be found to be 
directly applicable to the common theodolite employed in geo- 
detic measurement. 

Still another name is the universal insirumeni, so called on 
account of its numerous applications ; but this name is usually 
given only to the portable instruments of this class. The small 
universal instruments of Ertel are well known. 

209. Sometimes the horizontal circle is reduced to small 
dimensions, and designed simply as a finder, or to set the instru- 
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ment approximately at a given azimuth ; while the vertical circle 
ia made of unusually large dimensions, and is intended for the 
most refined astronomical measurement The instrument is 
then known simply as a t ertwal circle. Such is the Ertel Yoiiical 
Circle of the Pulkowa Observatory, the telescope of which has 
a focal length of 77 inches, and its vertical circle a diameter of 
43 inches.* 

This instrument is permanently mounted upon a solid granite 
pier G, Plates X. and XI., which is insulated from the walls and 
floor of the building. It stands upon a tripod which is adjusted 
by foot screws. The three feet are so placed that two of them tire 
in the east and west line : hence, but one of these two is seen in 
Plate X., which is a projection of the instrument upon the plane 
of the meridian, while all three are seen in Plate XI., which is 
a projection upon the plane of the prime vertical. The meridional 
foot screw ta carries a small circle graduated into 360°, the index 
of which is attached to the foot. One revolution of this circle 
changes the inclination of the instrument in tlie plane of the 
meridian 318" : consequently, one division corresponds to 0".88. 

The centre of the instrument is held in place by tlie support 
a attached to the pier. 

The vertical stand consists of a hollow cone of brass, in which 
turns the steel axis b. The lower extremity of this axis is convex 
and smoothly finished, and is supported by a system of three 
counterpoises c, suspended upon levers which relieve the pressure 
upon the bearing points of the vertical axis, and thus diminish 
the friction. At the top of the conical stand is a 13 inch azimuth 
circle, the verniers of which are attached to the axis. This is 
provided with a clamp and tangent screw which is moved by the 
rod d in giving the upper portion of ihe instrument a small 
motion in azimuth. 

The upper extremity of the vertical steel axis carries the strong 
oblong bar e, which may be called the bed of the instrument. 
On this bed rests the adjustable frame vfye, which supports the 
horizontal axis i in the Vs at vv. This axis should bo perpen- 
dicular to the vertical axis, and its adjustment in this respect is 
effected by means of two opposing screws at h. 

The SiXis i has two equal cylindrical pivots of steel at w. It is 
hollow, to admit light from the lamp x, which is reflected upon 


* See Description de Vohser cent., &o , p 180. 
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the threads of the reticule of the telescope by a mirror in the 
interior of the tube at u. The telescope and principal vertical 
circle o are firmly and invariably attached to one extremity of 
this axis. At the opposite end of the axis is a smaller vertical 
circle m, which seives as a finder. From the centi’e of this 
finding circle radiate four conical arms teimmating in ivory 
balls 7i. The telescope is swept in tlie veiidcal plane solely by 
means of these balls, never by touching the telescope or prin- 
cipal vertical circle. When the telescope is approximately 
pointed and clamped, fine vertical motion is given to the tangent 
screw by the rod k The instrument is swept in azimuth by 
means of an ivory ball at the fine azimuthal motion being 
given by the rod d. 

The circle is read off by four microscopes attached to a square 
frame a, which is fixed to the frame vfgv The level ^ attached 
to this frame indicates its mclination with respect tp the horizon. 
The circle is divided to 2', and the microscopes read directly to 
single seconds, and by estimation to 0".l, or even less. The 
probable error of reading of a single microscope is given by 
Peters as only 0".090 in observations by day, and 0" 098 in 
observations by night. 

The fnction of the horizontal axis in the Vs is diminished by 
the single counteiTpoise^, which, by means of a lever, the fulcrum 
of which is at q, supports the principal part of the weight of the 
telescope, vertical circles, and horizontal axis, by exerting an 
upward pressure at r. The point r being at suitable distances 
from the two Vs respectively (nearer to the principal circle than 
to the finder), the friction in both Vs is equally relieved , while 
the whole weight of the movable portion of the instrument is 
transferred to a point q, very near to the vertical axis of rotation. 

The striding level s rests upon the pivots of the horizontal 
axis, and, by reversal in the usual manner, serves to measure the 
inclination of this axis to the horizon. 

The reticule at i is composed of three horizontal threads, two 
of which are close pai'allol threads (the clear space between them 
6eing only 6"), which serve for the observation of objects which 
present sensible discs, or of those which are too faint to be 
observed by bisection (see Art. 198). The third thread is 18" 
from the others, and is used in observing stars by bisection. 
The unequal distances prevent mistakes in the choice of threads. 
These horizontal threads are crossed by two vertical ones, the 
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distance of wHch is 1' of arc. The middle point between these 
determines the optical centre of the instrument, and all obser- 
vations are made as nearly as possible at this point. 

The extreme accuracy attainable in the observation of zenith 
distances with this instrument may be inferred from the follow- 
ing values of the zemth point Z (see Art. 219) of the circle, as 
cited by Struve, from observations by Peters upon Polaris at its 
upper and lower culminations : 


1848 

Upper transit, 

ig mean. 

Lower transit 

^ mean 

April 13 

0» 0' 83" 13 —0" 32 

April 14 0° 

0' 33" 64 — 0" 08 

14 

83 .26 —0 .19 

16 

83 .32 — 0 40 

17 

83 .82 -1- 0 37 

20 

33 45 —0 27 

19 

33 .27 — 0 .18 

21 

33 94 -1- 0 .22 

20 

33 .75 -f 0 30 

22 

83 .48 - 0 .24 

22 

33 17 —0 28 

24 

38 50 -0 22 

24 

88 45 0 .00 

25 

33 .94 -1- 0 .22 

25 

83 68 -f- 0 .23 

26 

33 98 -i- 0 26 

26 

1 

33 .29 — 0 16 

27 

83 82 -1- 0 .10 

27 

33 .68 -f 0 23 

28 

84 12-1-0 .40 

Kean 0 0 33 .45 

Kean 0 

0 88 72 


Hence, assuming that the zenith point of the circle was constant, 
the probable error of an observed value of Z was, for either 
series, = 0".22. This error, however, is the combined effect of 
error of observation and variability of Z. But the probable 
error of observation was obtained from the discrepancies between 
the several values of the latitude deduced from these same obser- 
vations, and was = 0".17 : so that the probable error of Z 
ansmg from variation in the instrument was = ■j/[(0".22)* 
— (0".17)*] = 0'M4. The means for the two transits differ by 
0".27, which results from the use of different divisions of the 
circle and different parts of the micrometers. To compare them 
justly, it would be necessary first to eliminate especially the 
division errors. 

In order to eliminate the effects of flexure, the objective and 
ocular are made interchangeable (see Art. 204). 

The dimensions of the various parts of the instrument piay be 
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taken from the plates, which are accurately drawn upon a scale 
of 

210. The portable universal instruments are usually so arranged 
that the vertical circle may be removed altogether from the 
instrument when horizontal angles only are to be measured. 
One of these instruments is represented in Plate Xli. In Pig. 1, 
the instrument is arranged for measuring horizontal angles 
exclusively. In Fig. 2, the telescope of Pig. 1 is replaced by 
another which is connected with a vertical circle and (unlike the 
azimuth telescope) is at the end of tlie horizontal axis. The 
weight of the telescope and vertical circle is counterpoised by a 
weight at the opposite end of the axis The focal length of the 
telescope in instruments of this kind seldom exceeds 24 inches. 

The following discussion of the theory of these instruments 
will apply to any of the forms above mentioned, as I shall con- 
sider their two applications — ^to azimuths and to altitudes — 
independently of each other. 

211. Admuths . — ^Let Pig. 49, represent the true horizon, 

Z the zenith. Let us suppose the vertical 
axis of the instrument to be inclined to the 
true vertical line, so that when produced it 
meets the celestial sphere in Z^. Let 
be the great circle of which Z^ is tlie pole. 

The plane of this circle is that of the gra- 
duated horizontal circle of the instrument. 

Let us suppose, further, that the horizontal 
rotation axis, which should be at right 
angles to the vertical axis, and, consequently, parallel to the 
horizontal circle, makes a small angle with this circle. As the 
instrument revolves about its vertical axis, this rotation axis will 
describe a conical surface, and 'the prolongation of this axis to 
the celestial sphere will describe a small circle AA^ parallel to 
Aofi*'. Let A be the point in which this axis produced through 
the circle end meets the sphere at the time of an observation, 
and 0 the position of a star observed on any given vertical thread 

* For all the particulars of the use of this instrument in the determination of the 
deoUnation of a oiroumpolar star, consult the memoir of Dr 0. A F Pbtxbb, 
Atiron. Naoh , Vol XXII i JtuulUiU out Btohachiungtn d$9 Polartttrnt am Ertelachtn 
VtrHcdlkrnat der JPulkowaer Stemtoarie. 


Fig 49. 
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in the field. As the telescope revolves upon the horizontal axis, 
its axis of collimation describes a great circle of which A is the 
pole, and the given thread describes a small circle parallel to 
this great cii'cle. Let 

c = the distance of the thread from the collimation axis, 
positive when the thread is on the same side of the 
colhmation axis as the vertical circle, 

6 = the elevation of A above the horizon as given by the 
spirit level applied to the horizontal axis, positive when 
the circle end of this axis is too high, 
i = the inclination of the vertical axis to the true vertical 
line, 

i' = the inclination of the horizontal axis to the azimuth 
circle, 
a = AZH, 
a' = AZ'S, 

A = the azimuth of the star 0, reckoned from A^ as the 
origin, 

z = the zenith distance of the star; 

then, in the triangle AZZ^^ we have AZ= 90° — 6, ZZ^= i, 
A^'=90° — AZZ^= 180^ — a, AZ'Z=a\ and hence, by 
Sph. Trig., 

sin 6 = cos a! cos sin i + sin z' cos i 
cos ^ cos a = cos o! cos z' cos z — sm z' sin z 
cos ^ sin a = sm a' cos z' 


But, z, z', and h being always so small that we can neglect their 
squares, these equations may be reduced to the following 


a = d 

6 = z COB a' == I <3os a 



In the triangle AZO, we have the angle AZO = A^ZO + A^ZA 
= A + 90° — a, and the sides AO = 90° + c, AZ = 90° — 6, 
ZO = z; and hence 


— sin c sin 6 cos z — cos 6 sin sm (A — a) 


or, since c and h are small, 

sin (A — a) = — 1 

tan z sin ^ 

Hence sin (A — a) is also a small quantily, and the angle A — a 



AZIMUTHS. 


321 


is either nearly 0° or nearly 180°. When the vertical circle at 
the extremity of the horizontal axis is to the left of the observer, 
as supposed in the above diagram, it is evident that A and a are 
nearly equal, and A — aie nearly 0°. But if the instrument be 
revolved about its vertical axis, the azimuth circle remaining 
fixed, and the telescope be again directed to the same point 0, 
the vertical circle will be on the right of the observer, and the 
angle a will be increased by 180°. In this case, therefore, 180° 
— (-4 — a) will be a small quantity. Putting, then, A — a or 
180° — (-4 ~ a) for sin (A — a), we have 

A = a 'i- d cot 2 c cosec 2 [Circle L ] 

A = a -j- 180° — d cot 2 — c cosec 2 [Circle E] 

Now, a is not read directly from the azimuth circle ; but if we 
put J.' = the actual reading and A^ — the reading when the 
point A in the diagram is at A' (in whicli case the telescope, 
when horizontal, is directed towards the point A^^ we have 

a = = A — Aq [Circle L ] 

a + 180° =A — A^ [Circle E ] 

and, therefore, 

A = A ^ Aq ±: b cot 2 dz c coseo 2 

We have supposed the azimuths to be reckoned from the point 
^ 0 ; but it is indifferent what point of the circle is taken as the 
origin when the instrument is used only to determine differences 
of azimuth, since the constant A^ of tlie above equation will 
disappear in taking the difference of two values of A. For 
absolute azimuths, let us denote the azimuth of the point A^ from 
the south point of the horizon by ; then the azimuth of the 
star, also reckoned from the south point, will be equal to the 
above value increased by A^ If, therefore, we add to the 
second member, and then write Au 4 for the constant — A^^ we 
shall have 

A = A ^A dz b cot 2 ±: c coseo 2 r ] (206) 

where A now denotes the absolute azimuth of the star, and A-d 
is the index correction of the circle, or reduction of the readings 
to absolute azimuths. The readmgs for circle right differing by 
180° from those for circle left, we shall always assume that the 
former have been increased or diminished by 180°, when two 
voL. n.— 21 
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otservations in different positions of tlie instrument are com 
pared. We must now determine the quantities c, 6, and a^. 

212. To find c and 6. — The most convenient method of finding 
c with a fixed instrument is to employ a collimating telescope 
placed on a level with the horizontal axis, such as that of Plate 
TTT Pig. 2. The cross thread of the collimator is observed as an 
infinitely distant point or star, whose zenitli distance is 90° ; and 
hence cotz = 0, cosec 2 : = 1. Observing it both witli circle left 
and circle right, let d' and d" be the readings of tlie azimuth 
circle (the latter reading being changed 180°) ; then we have 

d = d' + + c 

d = d" + Ad — c 

whence 

c = ^(A"-^A') (207) 

which will give c with its proper sign for circk Uft. 

If, however, the collimator is below the level of the horizontal 
axis, so that the telescope must be depressed to observe it, we 
shall have 

d = d' + Ad + ft cot 2 + cosec z 
d = d" + Ad — 5 cot 2? — c cosec z 

in which z == the zenith distance of the collimator = 90° + de- 
pression of the telescope, as given by the vertical circle ; and 
then 

c = ^ (d" — d') sm ^ — b cos z (208) 

and b must be observed with the striding level applied to the 
axis, as in the case of the transit instrument 

When the telescope is furnished with a micrometer, the value 
of c can be found with still greater accuracy, by means of two 
collimators, as in Art. 145. 

213. In some cases the spirit level cannot be reversed upon 
the axis, but is permanently attached to it or to the frame which 
supports it. It is then reversed only when the instrument is 
reversed, and it becomes necessary to know the level zero, or 
that reading of Ae level which corresponds to a truly horizontal 
position of the axis. Let this reading be denoted by 2^, and let 
I be the reading at any observation ; then we have 
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where I is the mean of the readings of the two ends of the 
bubble, the readings towards the circle end being always 
reckoned as positive. Then to find we have recourse to the 
observation of two stars, one near the zenith and the other near 
the horizon, or of the same star at difi:erent times. Let and 
-4" be tlae circle readings, z' and z" the zenith distances of the 
high star for circle left and circle right, respectively , Z" the 
level readings ; then, and A^ being the true azimuths, we have 

A^=A + + (Z' — Zq) cot ^ c cosec ^ 

= - 4 " — aAL ‘ - (Z" — Zq) cot c cosec 

The difference between ^4^ and A^ may be accurately computed 
from the known place of the star, and a small error in its 
assumed place will not sensibly affect this difference. If the star 
is near the meridian (which will be advisable), the change m 
azimuth will be sensibly proportional to the interval of time 
between the two observations: so that if T' and T" are the 

sidereal clock times, and dA the change of azimuth in one 

second, we shall have 

^ ^ C^" — rO (209) 

in which T" — is in seconds ; and 3A may be found by the 
differential formula 

dA 16" 008 3 cos q 

dT sm 2 

where d = the star’s declination, and the parallactic angle q is 
found by Art. 16 of Vol 1. The difference of the above equa- 
tions will then give us the equation 

— m\-\- nc=p ( 210 ) 

where, to abbreviate, we denote the known quantities as follows : 

m = cot ;? + cot n = cosec z! -f- coseo 1 . v 

^ — Z"cot^" / ^ ^ 

In like manner, the low star gives a similar equation, 

— n^c = p' (212) 

and from the two equations the unknown quantities and c are 
found by the usual method of elimination If a greater number 
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of stars have been observed, the equations may be combined by 
the method of least squares. Where there is a collimator, it 
may always be used as the low star of this method. 

214. To determine the index correction &A, observe any 
known star in either position of the instrument ; then, having 
computed its true azimuth A (Wol. I. Art. 14), we have 

&A = A — (A' ± b cot s ± c coseo 2 ) (213) 

216. With a portable instrument, such as is described in Art. 
210, the use of a collimator is impracticable, since the telescope 
is at the extremity of the axis, and, therefore, cannot bo directed 
towards the collimator in both positions. W^e must then employ 
stars, as in the preceding article ; but, as in portable instruments 
the inclination b is usually found directly by the striding level, 
a single star observed in both positions of the instrument will 
suffice. If we take the pole star when near the mendian, we 
can suppose z to have the same value for both observations, and 
we shall have the two equations 

A^=A'-\-lA-\- 6' cot a + c cosec z 

A^ = A!’ -f- Ail — b" cot ^ — c coseo z 

whence 

c = ^ [A" — A' — (4, — AJ] sin a — } (b' + b") cos z (214) 

and it will then be expedient to determine aA at the same time 
from either A^ or Aj. 

216. If instead of a single vertical thread there are several 
such threads, the horizontal transit of the star is observed over 
each by the clock, as in ordinary transit observations, the reading 
of the hoiTzontal circle remaining constant. If the star is not 
too far from the equator, the intervals of time between the 
transits over the threads may be assumed to be proportional to 
the distances of the threads, and then the mean of the times 
will be the time of the star’s transit over the mean thread. The 
collimation constant c, determined from stars as in the preceding 
articles, will then be that of the meau thread. 

If some of the threads have failed to be observed, let/y/„ &c. 
be the distances of the threads from the mean thread, positive 
for threads on the same side of the mean as the vertical cfrcle ; 



AZIMUTHS. 


326 


and let/o be tbe mean of the distances of the threads observed, 
and the mean of the observed times. Then/o + c is the dis- 
tance of the mean of the observed threads from the collimation 
axis ; and the azimuth at the time is found by the formula 
(206), substituting /o + c for <?. 

217. Ifj however, we wish to proceed rigorously, we can 
reduce each thread to the mean thread by the complete formula 
(138), 

sm I = 2 tan t sin® } I 

cos d COB 71 cos t 

where I is the inteiwal of time in which the star describes the 
distance /, and t = T — r being the cast hour angle of the 
star, and m and n being determined by (78). But we can sim- 
plify this formula for our present puiTpose as follows. Let J., 
Fig 60, be the point in which the horizontal axis of the 
instrument meets the sphere when produced through 
the circle end (as in Fig. 49) ; Z the zenith ; P the pole ; 

0 the star when in the collimation axis of the telescope o 
Since the small inclination of the horizontal and verti- 
cal axes will not sensibly aftect the thread intervals, we 
can here regard A as the pole of the vertical circle ZO, 
and the triangle OPD may be regarded as right angled 
at jD. In this triangle we have, according to the de- 
finitions of Tw, w, and z in Art. 123, the angle OPD = OPZ 
- APZ = — . T — (90° — m) = — 90° — and the side PD 
~ AP — 90° = (90° —n)— 90° = — n We have also OP 
90° — d, and the parallactic angle POD = q. Hence 

cos n cos ^ = — COB q 

tan t = tan q sin d 



and our formula becomes 

sin/= — -}- 2 sin ^ tang sin* J J 

cos 5 COS g 

This applies for circle left. For circle right it is only necessary 
to change the sign of the first term, so that the complete for- 
mula is 

8inI=HF + 2 sm 5 tan ff Bin* J I (216:) 

COS 3 cos g 
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In which we take ^ ]i I 'will b© the 

correction algebraically additive to the observed time on a thread 
to reduce it to the mean thread. The angle q is found by the 
formula 


sin q = 


sin A cos <p 
cos d 


(216) 


where q will have a negative value for a negative value of sin J., 
that is, for a star east of the meridian. 

It is evident that, except for stars of considerable declination, 
the last term of (215) wiU be inappreciable, and that we may 
usually take 

^ (217) 

COS 5 cos 2 


I= + 


which amounts to assuming that I is proportional to /, as in the 
preceding article. 


218. To find the equatorial values / of the thread inter vals, 
we observe the transit of a slow moving star near the meridian, 
and from the observed intervals*/ we deduce 


Fig «i. 


sin/ = + sin I cos S cos q 

219 Zemth dtslmces.—'Lesi Z, Pig. 51, be the zenith ; Z' and A 
the points in which the vertical and horizontal axes meet the 
celestial sphere ; BB' O' the great circle of 
which A is the pole, and, consequently, the 
circle which represents the vertical circle of 
the instrument. This circle is also that which 
is described by the collimation axis of the 
telescope. Let the star 0 be observed on a 
horizontal thread 00', which is perpendicular 
to the great circle BO' and coincides with 
the arc ^40' produced. The point B', in 
which AZ' produced meets the circle BB', represents the ex- 
tremity of that diameter of the alidade circle which is in the 
plane of the vertical axis of the insfrument. The arc J5'0', or 
the angle B'AO' which it measures, is then the zenith distance, 
as given directly by the circle when the circle readings for B' 
and O' are given. Let the reading of the circle, when the thread 
is at B', be denoted by and tlie reading on the star by and 
put B' O' or B'A O' = z^; then, for circle left, 

«, = Co - C 
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the graduations of the circle being supposed to increase from 
right to left, blow, for different azimuths the relative position 
of B and B' is different ; and they coincide only when the point 
A is in the plane of the circle ZZ'. Their relative position at 
any time is given by the level attached to the alidade circle ; for 
let Zj he the reading of the level when B and B' coincide, and 
I the reading in any other case ; then, denoting BB' by aZj, we 
have 

A2,= Z, — Z 

where we take the left-hand end of the level as the positive end, 
the observer facing the circle, and I is half the algebraic sum of 
the readings of the ends of the bubble. 

Let us now denote the arc BO' by z', then we have 

and in the triangle A OZ we have the required true zenith dis- 
tance ZO = z, the angle OAZ = z' ; and, in accordance with 
the notation before employed, AO ■= 90° + 00' = 90° -f- c, 
AZ — 90° — b Hence 

cos z = — sin c sin 6 -|- cos c cos b cos zf 

Substituting cos z' = cos® ^z'— sin® Jz', we obtain 

cos z = — sin c sin b (cos’ i / + sin’ i nf) 

+ cos c cos b (cos’ i s' — sin’ } /) 

= cos (e + b) cos* J s' — cos (c — b) sin’ J ^ 
cosz' — oosz = 2 sin K®* + K-* — 

= 2Bin’ J(c + 6)oos*}z' — 2sin’}(c — Z»)sin’}z 

The second member involving only the squares of the small 
quantities c and 6, the correction z — z' is very small, so that for 
the factor sinj(z + z') we may take sm z'= 2 sin Jz' cos Jz'. 
Hence, substituting the arcs for the sines of the quantities J (z — z'), 
i(c + b), J(c — b), we find 

Z-Z' = {^ J sin 1" cot } / - 1 j’ sin 1" tan i s' = e (218) 

and e will denote the correction for collimation and the inclina- 
tion of the horizontal asis. Substituting the value of z' above 
given, we find as the value of the zenith distance given by the 
observation circle left, 

« = C.-C + Z.-Z + » 
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lu this equation tlie constants and ^ are unknown ; but if we 
now revolve the instrument 180° in azimuth, and obseiwe the 
zenith distance of the same point, we shall have 

Zj = Cq ~ (^0 O 

Vhere f ' and I' denote the new readings of circle and level ; and 
hence, for circle right, 

Co— ^0+ Z' + e' 

in which e' is computed by the formula 



sin l"cot 


in' 



sin l"tan 


iz' 


c' and V being the collimation and the inclination of the hori- 
zontal axis in this second observation. The mean of the two 
values of z is 


2 = K5:'-O + i(^'-0 + K*'+O (219) 


Their difference gives the constant quantity 


fo + = i (C' + f) + + 0 + i (*' - 0 (220) 

If the observed point is moving, as in the case of a star, the value 
of 2 obtained by (219) is the zenith distance at the mean time 
between the two observations; and, in general, if a series of zenith 
distances is taken, one half in each position of the circle, and if 
f denotes the mean of all the readings of the circle in the first 
position, i;'the mean of all the readings in the second position, 
I and V the corresponding means of the readings of the circle 
level, the value of z given by (219) will be the zenith distance at 
the mean of all the observed times, 'provided always that the series 
is not extended so far as to introduce second difierences of the 
change of zenith distance. The correction for second difierences, 
when necessary, may be found by Yol. I. Art. 151. 

The corrections e and e' are, however, usually rendered insen- 
sible in practice by observing the stai' only in the middle of the 
field, or as near the middle vertical tliread as possible, which is 
efiected by giving the instrument a slow motion in azimuth while 
the star passes obliquely across the field, and thus keeping the 
middle thread constantly upon the star until it is bisected by the 
horizontal thread. 
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220. Tlte equation (220) gives the constant when 

the observed point is fixed. The cross thread of a collimating 
telescope, or a distant terrestrial object, may be used as such a 
fixed point; and, making the observations in the two positions of 
the circle only in the middle of the field, we shall have e' — e = 0; 
so that if we denote this constant by Z we shall have 

+ + + 0 ( 221 ) 


With this constant thus determined, a single observation of a star, 
in either position of the instrument, will suffice to determine its 
zenith distance, since we shall then have 


z — Z — (C + 0 for circle L. 
z = [!:’ -\-V') — Z “• « E 



The constant Z expresses the zenith point of the imtruMent, since 
in any position of the instrument it is equal to the corrected circle 
reading when the observed object is in the zenith. 

If we wish to deduce Z from the two observations of a star, at 
the times T and T\ we must compute the dffierence between the 
zenith distances for the interval T' — T, which, when the interval 
is small, may be done by the differential formula 


A3 = {T ' — T) — = (T' — T) cos <p sin 
dt 


m which T' — IT is supposed to be reduced to seconds of arc ; 
and then we shall have 




It should be remarked that when is numerically less than 
f we should increase it by 360°, both in finding z and Z. 

■Wlien the two observations, in opposite positions of the axis, 
are made very near to the meridian, it will be advisable to reduce 
each to the meridian by applying the correction for circum- 
meridian altitudes, Vol I. equation (289) or (290). 


Example. — To determine the zenith point of an Ertel uni- 
versal instrument, the telescope was directed towards a distant 
terrestrial object, and the horizontal thread was brought into 
coincidence with a shai’ply defined point in the object, twice in 
each position of the vertical circle. The readings of the circle 
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and level were as below. Tbe graduations of the level proceed 
continuously from the right to the left end of the tube, so that 
the values of I are simply the arithmetical means of the readings 
of the two ends of the bubble. The value of one divisiou = 2".0. 


Circle L | 
Circle E | 


Girole Teadings Level reuiUnga J 

ISO® 2' 80". 40.2 14 6 27 4 

180 2 35 40.4 14 6 27.46 

359 66 20 38 2 12 8 26 6 

359 66 30 38 6 12 9 26 7 


Hence, taking the means, we have 

C = 180‘’ 2' 32" 5 
C'= 359 56 25 . 

C,= 269 59 28 .76 

+ 63 .04 

Z= 270 0 21 .79 


I = 27.43 
l'= 25 60 

26.62 = 63".04 


A series of zenith distances of tbe sun’s lower limb near tho 
meridian was then taken, as follows : 


Oirole Level Circle reading oor- Observed xonith 

reading reading reeled for level distance 


! 229“ 50' 50" 88 4 12 7 229° 51' 41" 1 40° 8' 40".7 

229 57 15 38 12 3 229 58 5 3 40 2 16 6 

230 2 5 37. 11.5 230 2 63 6 89 57 28 .3 

230 5 15 37.6 12. 230 6 4 .6 89 64 17 .2 

230 7 0 37. 11.4 230 7 48 .8 39 52 88 0 

( 309 62 16 33.4 7.9 309 62 66 .3 89 62 84 .6 

309 64 10 38. 7 4 309 64 60 4 89 64 28 .6 

309 67 50 33 6 8.0 309 58 81 .6 89 68 9 .8 

810 2 40 33.8 8 3 310 3 22 .1 40 8 0 .3 ! 

810 9 15 34. 8 8 310 9 67 .8 40 9 86 .0 j 

Here we have, at the first observation, 

div. 

C = 229® 50' 50" I = + 25.56 = + 51".! 

and hence the corrected circle reading is 
: + l = 229° 61' 41"el 
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The correction e being neglected, as all the observations were 
made near the middle vertical thread, we obtain the observed 
zenith distance by subtracting this number from the above read- 
ing Z of the zenith point, whence z = 40° 8' 40". 7. 

In like manner, the fifth observation gives + 1' = 309° 52' 
66". 3, from which Z is subtracted to obtain the observed zenith 
distance. The results are given in the last column. 

These observations have been employed in Vol. 1. Art. 171, as 
circummeridian zenith distances for detennining the latitude. 


221. Li the methods of observation above adopted, a know- 
ledge of the deviations i and z' of the horizontal and vertical axes 
from their normal positions is not required : it is only necessary 
that they should be small. Their values, however, can be readily 
investigated. In the triangle AZZ^, Fig. 51, we have the angle 
ZAZ' = BB' == as given by the level of the vertical 

circle ; and this triangle gives, with the notation of Art. 211, 

. sin i Bin a' 

sinA2r,= 

cos b 

or, taking a for a\ 

i sin a = — I 

At the same time, we have, from the level b of the horizontal axis, 

i cos = & 


Now, revolving the instrument 180°, the angle a becomes 
a + 180°, and if the level reading of the vertical circle alidade is 
now and the inclination of the horizontal axis is 6', we have 

— = — V 

— 2 COB a + 2'= b^ 

Hence, combining these equations with the former ones, we find 


t sin a = i (Z' — 1) 
2 COS a = i (6 — V) 



which determine i and a; and for 2 ' we have 


2'= + (224) 

We can, also, find i and 2 ' from the inclinations of the horizontal 
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axis alone. Let the alidade of the azimuth circle he set at any 
assumed reading A', and then also at A' + 120° and A' + 240°, 
and let 6, h', b", be the inclinations of the horizontal axis given 
by the spirit level in the three positions. Then we have 

i cos a 1 ' =b 

i cos (a -f- 120°) -A 
i cos (fl + 240°) + i'=6" 


the sum of which, since cos (a + 120°^ + cos {a + 240°) = — cos a, 
gives 

t' = l(b + b'+b'') (225) 

This, subtracted fi’om the 1st equation, gives 


i cos a = 


2b — b' — b" 
3 


(226i 


and the difference of the 2d and 3d equations gives 


. . h"—b' 

t sm a = 

l/3 


(227) 


which deter m ine i and a. This method may be used for instru- 
ments intended only for the measurement of horizontal angles. 
In other instruments, both methods may be used, and the 
accordance of the results will indicate the degree of perfection 
in the workmanship of the vertical pivots of the instrument. 


222. If there are several horizontal threads, the vertical transit 
of the star over each may be observed, revolving the instiTiment 
slowly m azimuth, so as to make the ti’ansit occur in the middle 
of the field. The level of the alidade should be read both 
before and after the observation, and the mean taken as the 
value of I at the mean of the times of observation. "When the 
star is not near the meridian, the zenith distance represented by 
the mean of the threads may be assumed to correspond to the 
mean of the observed clock times ; but when near the meridian 
a correction for second differences will be necessary. 

In Vol I Art. 151, we have found that if T■^^, T^, TJ,, &c. are 
the several clock times, and T their mean, the corrected time 
corresponding to the mean of the zenith distances is 


(228) 


T,= T-f- AK 



OOBREOTXON FOR DEFECTIVE ILLUMINATION. 


838 


in which, i being the hour angle, A the azimuth, and q the par 
allactic angle of the star, 

^ cos J. cos 3 

sin^ 

and is the mean of the quantities 

2 Bin> i (r, —T) 2 sin* i (T, — T) . 

sml" ’ sinl" ’ 

which can he taken fi’om Table V. 

For the moon, the correction will be 


log B being found as in Art. 154. 

If the transit is defective, that is, if only a portion of the 
threads have been used, it will be necessary to apply to the circle 
reading a correction which will be the difference between the 
mean of the threads observed and the mean of all the threads. 
Thus, / denoting the distance of any thread from the mean of 
all, and n the number of threads observed, the correction of the 

circle reading will be ^ Sf, The value of / for each thread will 

be most readily found from complete vertical transits of stars 
which ai’e not so near to the meridian as to require a correction 
for second differences, since we can then use the differential 
formula 

/= 16IX ^ = ISfcos <0 sinA 
dt 

in which J is the interval between the observed time on a thread 
and the mean of all the times. 

To compute /with regard to second differences, see Vol. I. 
Art. 160. 

228. Correction of the observed azimuth and zenith distance of Ua 
Umb of the moon or a planet for defeeivoe illumination . — shall here 
consider only the case where the defective limb of a spherical 
body has been observed. The formulte for the more general 
case of a spheroidal planet may easily be deduced from those 
given in Vol. I. (occultations of a planet) ; but they are rarely 
if ever required. We can obtain the formulae necessary for our 
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present purpose from those given in Aiis. 157 and 207 of the 
present volume. It is evident that in computing the apparent 
outline of the disc of a planet as illuminated by the sun, any 
system of co-ordinates may be used, provided the places of the 
sun and planet are expressed in the same system If, then, we 
here substitute the zenith for the pole, and, consequently, the 
horizon*-»for the equator, we have only to substitute zenith dis- 
tance for polar distance and azimuth for right ascension, or 
rather the negative of the azimuth, since the azimuth is reckoned 
from left to right, while right ascension is reckoned from right 
to left. Putting, therefore, 

d = the sun's zenith distance, 
a azimuth, 

A = the planet's azimuth, 
s = the planet's apparent semidiameter, 

JR, jR' = tbe heliocentno distances of the earth and planet, 
respectively, 


we have, by (124), for computing the horizontal perpendicular 
from the centre of a planet upon the vertical thread in contact 
with the defective limb, the formula 


jB 

Bin y = — - Bin d Bin (a — ji) 

E' ' 


s" = s cos X 


(229) 


The value of sin will be positive or negative according as the 
2d or the 1st hmb is defective. The value of s may be found 
from its mean value given in Vol. 1. p. 578. 

For the moon we can put S = JR'. 

Since we wish to deduce from the observed azimuth of the 
defective limb that of the true limb, the correction of the circle 
reading will evidently be 


s — s!' s versin x 

sin z sin z 


(280) 


Again, for computing the vertical perpendicular from the centre 
of a planet upon the horizontal thread in contact with the 
defective limb, we deduce from (200), by changing the co-ordi- 
nates, 

E 
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or, by introducing an auxiliary, 


tan E = tan d cos (a — A) 

B &m (2 — E)coBd 
sin y = — ^ ^ 

B' COB E 



and tbe correction to reduce the observed zenith distance to 
that of the true limb will be 


dz = 8 versin x (232) 

A negative value of sin will indicate that the upper limb is 
defective. 


Example 1. — The following observations of the azimuths of 
Regidus and of the moon's 1st limb were made at Q-reenwich 
with the “Alt-azimuth,” May 3, 1852. 


Tertioal Clock time of Cirole rending Leyel Clock 
oiTole. transit =A' =2 oorr 


]> 1 Xi Left 

5 1 L Eight 

Regvius Eight 
Begulus. Left 


11* 26* 12* 95 140® 39' 39".71 ~ 19" 79 + 11* 46 
12 3 11 .30 328 45 10 .76 — 20 .14 11 51 

12 31 55 .87 62 54 43 .04 — 21 49 11 55 

12 46 26 .88 246 34 47 .08 — 19 .28 11 67 


The clock time is the mean of the transits over six vertical 
tlireads. The clock con’sction is the reduction to sidereal time. 
The circle readings are the means of four microscopes. The 
level reading is the mean of the indications of six levels, per- 
manently attached to the instrument, parallel to the horizontal 
axis. The level zero, found by the method of Art 213, was 


Z, = — 30" 16 

The oollimation constant for the moan of the threads was, for 
circle left 

0 = •+- 2".68 


The observations being taken for the purpose of determining 
the moon’s azimuth, we shall first find the index correction of 
the circle from the known 'star Regvlus. From the iN'autical 
Almanac, we take 

Begulus, E A. = 10* 0" 29* 82 

« Led. = -f 12® 41' 16".6 
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The hour angles of the star at the two observations are, there 
fore, 

Circle E ^ = 2* 31™ 37- 60 
, Circle L i = 2 45 8 58 

with which and the latitude cp = 61° 28' 37".84 we find, by Vol. 
I. Art 14, the stare’s true ari luthand approximate zenith distance^ 

Circle E. A = 52° 10 13" 10 2 == 49° 2? 

Circle L A = 55 50 39 .25 z = bl 4 

The zenith distances are apparent, i e. affected by refraction. 
The instrumental corrections for the star are tlien as follows: 

b = l — Iq db a cot z ± c coseo z 

Circle E + 8" 67 —7" 45 — 8". 53 
Circle L + 10 .88 + 8 79 + 3 .45 

The corrected circle readings are, therefore (adding 180° to. 
the reading for Circle R.), 

Corrected A' 

Circle E 242® 54' 32" 06 
Circle L. 246 34 59 .32 

which, compared with the true azimuths A above found, give 
the index correction 


Circle E. 169® 15' 41" 04 
Circle L 169 15 39 .93 j 
Mean aA = 169 15 40 .48 

In the next place, to reduce the observations of the moon 
there were given the moon’s apparent zenith distances (affected 
by parallax and refraction). 

Circle L. 3 z = 77® 11' 

Circle E 3z = 78 17 

whence we find the instrumental corrections to be as follows: 
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I i = 2 — ± i oot t ± c coseo 2 

Circle L. + 10" 37 + 2" 36 + 2" 75 

“ E + 10 .02 — 3 01 — 2 .80 

Applying these and the above found index coi’rection, the true 
azimuths of the limb, as observed, were 

Circle L At 11* 26-» 24*.41 Sid time, A = 309“ 55' 25" 30 
« E “ 12 3 22 81 “ “ A = 318 0 45 43 

But the moon’s limb was slightly gibbous ; and we must yet 
apply the correction given by our formulse (229) and (230). As the 
correction will not be sensibly different for the two observations, 
we may compute it for the middle instant between them, which 
corresponds to the mean solar time 8* ST” 16*. For this time, we 
find 

Sun’s tt ?= 2* 44“ 15* 74 
" i = + 16“ 54' 6 

from which we deduce the sun’s azimuth and zenith distance 
a == 136“ 4' 9 d = 102“ 8' 1 
and hence, taking A = 313“ 68M (the mean value), we find 
log sm = n8 5570 

Since sin^f is negative, the first limb is defective. Then, since 
a = 16' 36".5, and the mean value of z = 75° 14', 

dA = i:^!l^ = 0"67 

sin z 

which is to be added to the above values of A to obtain the 
azimuths of the true limb. 

Example 2. — The following observations of the zenith dis- 
tances of the collimator and of the moon’s lower limb were 
made at Greenwich with the “Alt-azimuth,” Sept. 21, 1862. 

Circle reading Leyel reading r j_ r 

= ^ =:l ^ 

Collimator Circle L 316° 47' 67".68 74" 63 316° 49' 12".16 

« E 160 23 30 .84 82 .46 160 24 62 .80 j 

2= 68 7 2 48 


VoL. IL*— 22 
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The vertical transit of the moon was observed on sb borizontal 
threads, as follows t 


3> L L. Circle L. 


Thread. 

Clock 

Tn- 

wi = 

_28nr’i{^n-3") 






rin 1" 

I 

19» 38“ 

11* 5 

— 3" 

43*4 

27" 22 

n 

39 

47 0 

— 2 

7.9 

8 93 

m 

41 

16 0 

— 0 

38 9 

fl 83 

IV 

42 

42 .5 

+ 0 

47.6 

1 .24 

Y 

44 

6.5 

+ 2 

10 6 

9 .30 

VI 

45 

27 0 

+ 3 

82 1 

24 .68 

T = 

19 41 

64 92 



= 12 ,<n 

corr = 

+ 

7 90 





Sid. time = 19 42 2 82 

Circle reading C = 341« 27' 12" 56 

Level “ I = -1- 80 90 

C + Z = 841 28 3316 

Z= 68 7 2.48 

2= 76 38 29 03 

This zenith distance does not correspond precisely to the mean 
time 2] on account of the moon’s proximily to the meridian. To 
obtain the correction for second differences by our formula (228), 
we have found above the differences between the several clock 
times and T, and also the mean (m,) of the corresponding values 
of m. Then, to compute the coefB.cient k, we have the approxi- 
mate azimuth of the moon at the time of observation, 

A = + 8 ° 68'.8 
and the moon’s declination, 

« = — 28» 84'.6 

Hence, with ^ = 51° 28'. 6, by the formulae 


we find 


sm A 

sm a = oos 9 

* 008 « ^ 


log sin = 9 0267, 


. . Bin A . 

sm f = Bin * 

cos d 


log sin t = 9 2194 


log h = 0.7727 


and then 
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The change of the moon*s right ascension in one minute of 
mean time was 2*.40 ; and hence, by the table in -Ajrt 164, 

ar. CO log ^ = log (1 — ^) = 9 9828 
We have, therefore, the correction 

which, being added to the sidereal time above found, gives 
19'* 42'"" 7M9 as the sidereal time corresponding to the apparent 
zenith distance 76° 38' 29".03. 

It should be observed that in the observation of the collimator 
one of the horizontal threads is made to bisect the cross thread 
of the collimator, and, therefore, in order to make the circle 
readings correspond to the mean of the threads, they must be 
increased by the distance of the horizontal thread employed 
from the mean. In the above observations the 4th thread was 
employed, the distance of which from the mean of the six 
threads was 1' 0".46. This quantity is included in the circle 
readings above given, so that they represent the readings that 
would have been obtained if the fictitious thread called the mean 
thread had actually been observed in coincidence with the 
threads of the collimator. 

In conclusion, it is to be remarked that stars may be observed 
both directly and by reflection in a mercury horizon, in which 
case the difference of the readings of the vertical circle (corrected 
for any change in the alidade levels, &c.) will be twice the alti- 
tude, The combination of the reflected observations in both 
positions of the axis gives the nadir point of the instrument, 
precisely as the zenith point is obtained from the direct obser- 
vations, The method of conducting such observations will be 
readily inferred from what has already been said under Meridian 
Circle, Art. 200. 

[For an example of the use of a portable instrument in de- 
termining the longitude of a place by the moon’s azimuth, see 
VoL 1. p. 380.] 
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CHAPTER Vm. 

THE ZENITH TELESCOPE. 

224. The zenith telescope is a portable instrument specially 
adapted for the measurement of smcdl differences of zenith die- 
tance. It is essentially tlie invention of Oapt. Anbrew Taloott, 
of the tr. S. Corps of Engineers (in 1884) ; hut, having been exclu- 
sively adopted in the TJ. S Coast Suivey for the determination 
of latitudes, it has there received several improvements, -which 
have given it a more general character than it possessed at first. 
As now eonsti’ucted, it can be used at all zenith distances, and 
may be regarded as designed for the comparison of any two nearly 
equal zenith distances in any azimuths. The method of finding 
the latitude by this instrument, now known as TalcoU's Method, 
is one of the most valuable improvement^, in practical astronomy 
of recent years, surpassing all previously known methods (not 
excepting that of Sbssel by prime vertical transits) both in sim- 
plicity and in accuracy. 

Plate Xm. represents one of the zenith telescopes of the 
IJ. S Coast Survey. The telescope is attached to one end of a 
horizontal axis Q, and is counterpoised by a weight 0 at the 
other end, which is so connected -with the telescope by the 
curved lever P, P, P as to tend not only to equalize the pressure 
of the axis Q upon tne two Vs, but to prevent the flexure of the 
axis. The Vs of the horizontal axis, one of which is seen at N, 
are connected with each other by the horizontal bar M, and 
thereby to the vertical column C. This column revolves about 
a vertical axis and carries a vernier and clamp e, by means of 
which it may be set at any reading of the horizontal circle BB. 
The vertical axis and horizontal circle are secured to a tripod, 
•the feet of which. A, A, A, are levelling screws for adjusting the 
verticality of the axis. The striding level S is applied to the 
horizontal axis, as in the case of the transit instrument. 

We now come to the distinctive features of the instrument, 
the spirit level L and the micrometer E, The level L is at right 
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angles to the horizontal axis, and, consequently, in tlie plane of 
motion of the telescope, and is firmly connected with the bar if, 
which revolves upon a centre secured to the telescope : so that 
it may be placed at any angle with the optical axis of the tele- 
scope In order to set the level at any given angle approximately, 
the bar 11 carries a vernier, which by the clamp I can be fixed 
at any reading of the vertical circle jBT, and this circle is permar 
nently connected with the telescope. This circle, being graduated 
from 0® at its middle point to 90*^ in each direction, will, when 
properly adjusted, give the zenith distance of a star towards 
which the telescope is directed when the bubble of the level is 
in the middle of the tube ; and it therefore seiwes as a finder by 
setting the vernier upon the given zenith distance of a star and 
then revolving the telescope until the bubble plays. When the 
telescope is thus approximately set, it is clamped by the screw 
(?, which acts upon a circular collar around the horizontal axis, 
and then a fine motion in zenith distance can be given to the 
telescope by the tangent screw F, This fine motion is required 
only in bnnging the bubble of the level neaidy to the middle of 
die tube. 

J? is a filar micrometer with one or more movable threads 
carried by a single micrometer screw with a graduated head 
reading directly to hundredths of a revolution, and by estima- 
tion to thousandths. In the instruments in use, one revolution 
is usually less than 50", and hence each observation is read off, 
by estimation, within less than 0".05. There are usually added 
several fixed vertical threads, so that the instrument can be used 
as a transit instrument when required. 

In the preliminary adjustment, when setting up the instru- 
ment, die test of the verticality of the axis G is that the reading 
of the striding level S is not changed while the insti'ument makes 
a complete revolution in azimuth. The perpendicularity of the 
horizontal and vertical axes Q and C is proved when, after 
having made (7 vertical, Q is horizontal ; and the latter is proved 
by reversing the level S upon the axis. 

The middle transit thread can be approximately adjusted by 
causing it to coincide with a very distant terrestrial point in two 
positions of the telescope for which the readings of the hori- 
zontal circle differ exaotiy 180®. This, however, is but an 
approximation; for there will be a parallax in the apparent 
position of any terrestrial point as observed in the two positions, 
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since the absolute position of the centre of the telescope is 
changed by twice its constant distance from the vertical axis. 
We can easily compute the amount of this parallax in a given 
case and allow for it ; for if = the distance of the centre of the 
telescope from the vertical axis, D = the distance of the object^ 
and p = the parallax, we have 

_ d 

but, as the horizontal circle is not designed for very accurate 
measures, it will not usually be worth while to use this method 
further than to make a first adjustment. A perfect adjustment 
can be directly effected by the use of two collimating telescopes 
(Transit Inst., Art. 145), for which we can temporarily use the 
telescopes of two theodolites or other field instruments at hand. 
When the instrument is used as a transit, the collimation con- 
stant can be determined from a number of stars observed in the 
two positions of the axis by the method of least squares, sup- 
posing two different azimuths but the same collimation in the 
two seta of equations of condition, as in the example, p. 202. 

The verticality of the transit threads is proved by the methods 
used for the transit inati'ument. 

In finding the latitude by meridian observations, the instru- 
ment is frequently revolved in azimuth 180° for the alternate 
observation of north and south stars, and, to save time in this 
operation, two stops, 6, 6, are provided, which can be clamped 
at any points of the limb of the horizontal circle, and, conse- 
quently, at such points tliat the telescope shall be in the meri- 
dian when the clamp e bears against either stop. 

225. Takoifs method of finding the latitude . — Two stars are 
selected which culminate at nearly equal zenith distances, one 
north and the other south of the zenith. The difference of their 
zenith distances must be less than the breadth of the field of the 
telescope, and it is better to have it less than half this breadth, to 
avoid observations near the edge of the field. Their right ascen- 
sions should be nearly equal, so that their transits may occur 
within so short a period that the state of the instrument may be 
assumed to have remained unchanged ; but a sujBS.cient interval 
should be allowed for making the necessary observation of the 
level and micrometer and for reversing in azimuth. The stops 



ZENITH TELESCOPE. 


843 


having be(>fi jf^reviously set (by means oi some knoTvn star) so as 
to mark the meridian, the finding circle K is set to the mean 
zenith distance of the two stars, and the telescope is pointed so 
as to make the reading of the level L nearly zero. The tele- 
scope can now be directed upon either star by revolving the 
instrument about the vertical axis, and this axis is supposed to 
be so nearly vertical that the reading of the level will not 
be greatly changed, since for accurate determinations with a 
spirit level it is always important to make the inclinations which 
it is to measure as small as possible, and not to use the extreme 
divisions. The chronometer times of the transits of the stars 
have^een previously computed from their right ascensions and 
the chronometer correction. The instrument being set for the 
star which culminates first, when the star comes into the field 
an assistant calls the seconds of the chronometer, and the 
observer bisects the star by the micrometer thread as nearly as 
possible at the computed time of transit; or, failing in doing 
this satisfactorily, he bisects it soon after, and records the actual 
time of the observation. He then reads the level and micro- 
meter, revolves the instrument 180 °, and observes the second 
star in the same manner. 

Several bisections of the star might be made while it is passing 
through the field, and each could be reduced to the meridian ; 
but in tlie Coast Survey a single deliberate meridian observa- 
tion is regarded as preferable to several circummeridian obser- 
vations.* 

We must not fail to remark that, since the excellence of this 
method depends upon the invariability of the angle which the 
telescope and level make with each other, the observer must not 
touch the tangent screw J after having set for the proper zenith 
distance, until the observation of the two stars is completed. 
The same restriction does not apply to the tangent screw 
which moves the telescope and level together ; and, in case the 
vertical axis is not very well adjusted, it may be necessary to 

* The single observation is preferable on the score of simplioity in the subsequent 
reduotlona, but it oannot be regarded os more aoourate than the mean of several 
properly taken observations. The best reason for preferring the single observation 
IS found m the present state of the star oat&logues, for even the single observation 
with the zenith telesoope is subject to a less probable error than the place of the star 
in most of the catalogues that have to be used. It is, therefore, preferable to 
simplify the individual observations and to multiply observations by taking different 
pairs of stars. 
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use this screw, after turning to the second star, in order to bring 
the bubble of the level near the middle of the scale. 

JTow let m be the micrometer reading (reduced to arc) for the 
southern star. Let be the micrometer reading for any point 
of the field arbitrarily assumed as the micrometer zero , and let 
be the appai^ent zenith distance represented by when the 
level reading is zero. Let us also suppose that the micrometer 
readings increase as the zenith distances decrease. Then, if the 
level reading were zero, the apparent zenith distance of the star 
would be 

^0 + (w^o — wi) 

Let I be the equivalent in arc of the level reading, positive when 
the reading of the north end of the level is the greater; let r bo 
the refraction. Then the true zenith distance of the southern 
star 18 

z = z^ + m^^m-\-l + r 

The quantity Zq + ^ is constant so long as the relation of the 
level and telescope is not changed. We shall, therefore, have 
for the northern star 

I 

-s' = Zq + — m' — Z' -f r' 

Hence we have 

z — z'=w'— m + + ^ + r — r' 


But, if 8 and 8' are the declinations of the soutli and north stars, 
respectively, and the latitude, we have 

<p d -{- z 

and, therefore, • 


= + + Z) +^(r — r') 


(283) 


Thus, to the mean of the declinations we have to add throe cor- 
rections, which I shall consider separately. 


226. The correction for refraction , — The observations being 
usually restricted to zenith distances less than 25°, and the differ- 
ence of zenith distance being necessarily less than the breadth 
of the field of the telescope, the dijfference of the refractions is 
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so 6 *iiall that the variations depending on the state of the barom- 
eter and thermometer are not seuaible, and we may employ the 
equation 


r — / = (2 — 2') 


dr 

ds 


In which, if 2 — 2' is expressed in minutes, the differential 
(It 

quotient — will denote the change of the mean refi^action cor- 
responding to a change of one minute of zenith distance. If 
we take Bessel’s formula for the refraction, 

r = a tan z 

in which a may be regarded as constant for small variations of 
e, we have 

dr a sin 1 ' 

dz cos* 5: 

by which we readily form the following table : 




0° 

0".0168 

6 

0169 

10 

0173 

16 

.0180 

20 

.0190 

25 

0205 


The principal term in the value of z — is m' — and we 
may in practice take (m' — m being expressed in minutes) 

= (284) 

The correction for refraction then has the same sign as the cor- 
rection for the micrometer.* 

* If we wish to consider the actual state of the air as giyen by the barometer and 

thermometer, we have only to multiply the values of ~ by ai»d y, whose loga- 

00 

rithms are given in Table II. , 
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227. ThA correctim for level — If we denote the readings of the 
north and south ends of the bubble by n and s, the inclinations 
observed at the obseiwations of the south and north stars, re- 
spectively, expressed in divisions of the level, or, as I shall call 
them, the level readings, will be 



and, putting D = the value of a division of the level in seconds 
of arc, we shall have 

Z==ii) V^UD 

and the correction for the level will be 

+ + = (236) 

ThiUB the correction for the level is found with its proper sign by 
subtracting the sum of the south end readings from the sum of 
the north end readings, and multiplying one-fourth the remainder 
by the value of a division. 

228. TAe eaneeivon far the micrometer . — ^If wo denote the actual 
micrometer readings for the south and north stars by M and M', 
expressed in revolutions of the screw, and put R = the value of 
a revolution in seconds, we have 

^ (m' — m) = i (M' ~M)B (286) 

"We have supposed the readings to increase as the zenith dis- 
tances decrease, or, which is the same thing, that the readings 
increase from the upper part of the field towards the lower part. 
This is desirable only on account of the symmetry it gives to the 
reductions, the proper sign of the correction being determined, as 
in the case of the level, by always subtracting south readings 
from north readings. But it is well to reverse the instrument 
occasionally, using the telescope sometimes on the right and 
sometimes on the left of the vertical axis, in order to eliminate 
any unknown peculiar error of the instrument, and in conformily 
with the general principle of varying the circumstances under 
which different determinations of the same quantity are made 
This reversal, of course, reverses the sign of the readings, and 
therefore when the readings are the reverse of those above sup- 
posed it will be sufficient to mark them all with the negative 
sign, and then to proceed by the sanje formulse as before. 
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229. Reduction to the mendian . — ^When from any cause the 
ohserver fails to obtain the meridian observation, a single extra- 
meridian observation is usually substituted. This observation 
may be taken in either of two ways. 

I\rsi. The instrument is left clamped in the meiddian, and the 
star is observed at a certain distance from the middle vertical 
thread, the time being noted. The reduction to the meridian is 
then the same as for the meridian circle (Art. 199), namely, i 
being the horn* angle of the star in seconds of time, 

I (15 t)’ sin r'sin 2S 

This is to be added to tlie observed zenith distance of a southern 
star, or subtracted from that of a northern star, and in either case 
one-half of it is to be added to the latitude. The correction to 
the latitude is, therefore, 

a: = J (16 r)* sin 1" sin 2 i = [6 1347] r" sin 2 3 (237) 

when one of the stars of a pair is observed out of the meridian. 
If both are so observed, two such corrections, separately com- 
puted for each, must be added. If the star is south of the 
equator, the essential sign of the correction is negative. 

Secondly. We may follow the star off the meridian by revolving 
the instrument in azimuth, keeping the star near the middle 
vertical thread. The reduction is then the same as that of 
cireummeridian altitudes (Vol. I. Art. 170), namely, 

(16T)’sin 1" cos cos S 
2 sm2 

which is always subtractive from the observed zenith distance, 
and therefore the correction to the latitude in this case will be 

^ ^ (15 r)» sin 1" _ cos y- cos S 288) 

4 sin z 

the upper sign for a northern and the lower for a southern star, 

280. Selection of stars . — The fundamental stars whose declina- 
tions are determined with the highest degree of precision are too 
few to afford suitable pairs for this method, and hence we must 
have recourse to the smaller stars. Those of the 6th or 7th 
magnitude are the smallest that can be easily observed with a 
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portable matrument But, as the declinations of these stars are 
not very precisely determined, we are obliged to employ a large 
number of pan’s in order to eliminate their errors as far as possi- 
ble by taking the mean of all the results. The British Associa- 
tion Catalogue will generally furnish from fifteen to thirty pairs 
for any given latitude on almost any night in the year, but, as 
the declinations of the stars selected will often be found to rest 
upon a single obseiwation, or upon a single authority, these ought 
to be rejected unless they can be found also in more recent 
catalogues In order to secure every available pair, the catalogue 
should be consulted from the earliest right ascension which the 
daylight at the time of the beginning of the series of obseiwa- 
tions penults, to the latest hour at which it is desirable to observe. 

It is found expedient to prepare a table in which all the stars 
which culminate within 25° of the zenith, both north and south, 
are arranged in the order of their right ascensions. From this 
table suitable pairs are selected to satisfy as nearly as possible the 
following conditions : 1st, The difference of the zenith distances 
in a pair should not be more than 10'; in order not to have to 
observe either star near the edge of the field, and also in order 
to lessen the effect of an error in the determination of the value 
of the micrometer screw. 2d, The difference of tlie right ascon- 
sions of a pair should not be less than one minute, so as to give 
time to read the micrometer, and to revolve the instrument to 
be prepared for the second star; and not greater than about 
twenty minutes, to avoid changes in the state of the instrument. 
8d, The interval between pairs should afford time for reading 
the micrometer and level, and for setting the instrument for the 
next pair. 4th, The greater zenith distance should be as often 
that of the northern as that of the southern star, as an error in 
the value of the micrometer screw will thereby be rendered less 
sensible. The effect of such an error would evidently be wholly 
insensible in the case of a pair whose zenith distances were 
exactly equal; and, in general, for any number of pairs the effect 
of such an error upon the final result will be the more nearly 
insensible the more nearly we approach to the condition 

Iz — Ss!f=Q r289) 

231. Example. — To illustrate the preceding method, I extract 
from the records of the U. S. Coast Survey, by the kind permis- 
sion of the Superintendent, a portion of the observations taken 
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at the Roslyn Station, Virginia, in July, 1852, and shall give them 
very nearly in the form in which they are recorded and reduced 
upon the survey. After selecting the most suitable paim of stars 
by the process above described, a list is made out for the use of 
the observer in preparing for each observation, as follows : 


Programmo for Zenith ToleBOopo 

U. S C S Roslyn Station, Va Approx lat = 87° 14' 


Star 

Mag 


AR 


Deo 


Zen 

Hist 


Setting 

B.A 0 4843 

6 

14* 33“ 

21* 

+ 46“ 

3' 

7° 

49' 

N 



4902 

6 

14 

43 

37 

29 

14 

8 

0 

S 

7“ 56' 


4902 

6 

14 

43 

87 

29 

14 

8 

0 

s 

8 0 

CC 

4966 

6} 

14 

67 

65 

45 

14 

8 

0 

N. 

it 

4991 

0 

15 

2 

2 1 

20 

52 

10 

22 

S 

10 21 

it 

5092 

7 

16 

20 

21 

47 

35 

10 

21 

N. 

ii 

5092 

7 

16 

20 

21 

47 

85 

10 

21 

N. 

10 24 

it 

&C 

6192 

6 

16 

36 

&o 

S3 

26 

46 

10 

28 

S 


The following are some of the observations taken by Mr. Dean: 


Star. Micrometer Level, 


Date, 

1862 

No. 

B.AO. 

N 

S 

Reading 

Diff. Z Diet 

N 

s 

N— S 

Morid 

diet. 

July 9 4843 

N. 

Hot, 

29 590 

Hoy 

32.4 

36.0 




4902 

S. 

12 340 

+ 17.260 

34.0 

85 3 

— 39 


“ 9 

4002 

s. 

12 840 


84 0 

35 3 




4965 

N 

13.990 

+ 1.650 

83 8 

37 0 

— 4.6 


« 9 

4991 

S. 

28 810 


812 

39 6 




5092 

N. 

25 525 

+ 1716 

39 2 

33.0 

— 21 


« 9 

5092 

N. 

25 525 


30 2 

38 0 




6192 

S 

14 800 

+ 10 725 

32.8 

410 

— 20 


« 19 

5911 

N. 

14 805 


48.6 

'48 6 


10-.9 


6922 

a. 

26.675 

— 11 870 

43 0 

49 0 

— 11 


“ 20 

6458 

a. 

8.226 


444 

49 4 


20.6 


6580 

N. 

5 860 

— 2 866 

60 2 

48.6 

+ 1.7 
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The staia 5911 and 6463 were observed out of the meridian at 
the hour angles 10*.9 and 20*.6, respectively, the instrument 
remaining in the meridian. 

The next step is to deduce the apparent declinations for the 
dates of the observations from the catalogues, using for this pur 
pose not only the B. A. 0., but also any later catalogues in which 
the stars can be found. 

The value of a revolution of the micrometer was JR = 41".40, 
and that of one division of the level was D = 1".65. The com- 
putation of the latitude is then as follows: 


I Oorroctioiifl. | 

Star aandfi' i(a+aO UUtude. 

MJcrom Level Refir Merld 

Ifflol + 2 ^ U °r.86 +®' +®" 

4966 46 13 48 64®^ ®2 76+0 84.16-1 86+0 01 26 06 

6092 47 M 16 37 ®^ ’^® +® ®® +® 26 .19 

^ 26 46 IS il®^ “ ^ ®®+® -01-0 88 +0 06 26 .19 

6922 M 18 41 86 ®^ ®^ '22 — ^ 0 ~0 46 —0 07 +0.02 26 .71 

leMO 62 ^8 ^0 81 ®'^ 28 81 -0 69 81 +0 .70 -0 .02 +0 04 26 22 

Mean = 87 14 26 86 

232. Discitssion of the results . — In combining the results ob- 
tained by this method, we should have regard to their respective 
weights. The weight of any result from a pair is a function of 
the probable error of the declinations of -ie stars and of the 
probable error of observation. 

The probable error of an observation of a single pair, which 
may be denoted by e, is found by comparing all the observations 
on the same pair with their mean, where a sufficient number of 
observations have been taken. Assuming that the probable 
error of observation is the same for every pair of stars, we can 
find its mean value from all the pairs, as follows. If denotes 
the residuals obtained by comparing the mean of the results by 
the first pair with Wj individual results from that pair, the 
residuals obtained in like manner from a second pair on which 
there are observations, and so on, to m pairs, we have, accord- 
ing to the theory of least squares, 
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(nj — l)ee — q' [VjUj 
(”« — V)ee = jr» 

(«» — l)ce=2'>[tJ„»J 

where [Di»J &e. denote the sums of the squares of the values 
of «!, &c., aud q is the factor for reducing mean errors to pro- 
bable errors. (See Appendix, Art. 15.) The sum of these equa- 
tions gives 

(ft — m)ee = 

where n denotes the whole number of individual results, or n 

= Ml + «2 + + and [wv] the sum of the squares of all 

the residuals, or [?w] = [»!»,] + + -|- Hence 

we have 

e = qJ q = 0.6746 (240) 

' n — wi 

Exampib. — T he individual results of the whole series of ob- 
servations at Roslyn in July, 1852, from which the above are 
extracted, were as stated in the following table, in which only 
the seconds of latitude are given. 


find the error of ohem^ation. 


No. of 
pair. 

1 

2 

“{ 


Lat 

Means 

fj 

VV 

24".78 

- 



26 .06 

26 .19 

24".88 

.86 

.1296 

24 .47 

.86 

.1296 

26 19 


.01 

.0001 

26 .94 

26 .20 

26 

.0676 

26 .47 


.27 

.0729 

26 .62 


.89 

.1621 

26 .08 

26 .91 

.17 

.0289 

26 .14 


28 

.0629 

22 .95 

22 .78 

.22 

.0484 

22 .60 

.28 

.0629 
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To find the error of observation — Continued. 


No. of 
pair. 


7 


8 ^ 


I 


9 ^ 


10 



12 


I 



14 ^ 


Lat 

Means 

V 

vv 

26 " 26 


.33 

1089 

25 .42 


.51 

.2601 

25 .96 

26 " 93 

03 

.0009 

26 01 

.08 

.0064 

26 98 


05 

.0026 

25 96 


03 

.0009 

25 .47 


29 

0841 

24 97 


.21 

.0441 

24 95 

26 .18 

23 

0629 

25 30 

.12 

0144 

24 99 


19 

0361 

25 .38 


20 

.0400 

26 17 


.72 

6184 

25 64 


25 

0626 

26 00 

26 .89 

11 

,0121 

26 46 


56 

.3186 

26 .17 


28 

0784 

25 92 


13 

.0169 

25 46 

26 .79 

33 

.1089 

26 70 

.09 

.0081 

26 .09 


.30 

.0900 

26 .16 


.62 

3844 

24 24 

24 .63 

.29 

.0841 

24 .43 

10 

0100 

24 29 “ 


24 

0576 

26 .18 


103 

10609 

24 .17 

26 .16 

98 

9604 

25 10 


05 

0025 

25 ..73 


51 

2601 

25 78 

25 22 

.66 

.3136 

24 .12 

1.10 

12100 

25 .23 


.01 

.0001 

24 86 


02 

.0004 

24 56 

24 84 

.29 

0841 

26 .16 

.32 

.1024 

24 80 


04 

,0016 

25 91 


.65 

3026 

25 00 

25 36 

.36 

.1296 

25 18 

.18 

.0324 

25 .36 


.01 

.0001 


15 
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To find the error of obeervalton — Conoluded 


No of 
pair 


Lat 

Means 


VV 



25" 94 


08 

.0064 

16- 


26 74 
26 23 

26" 02 

.72 

21 

.6184 

.0441 


V 

25 18 


84 

7056 



25 82 


.40 

1600 

17^ 


26 01 
24 99 

25 .42 

59 

43 

.3481 

1849 



24 86 


.66 

.3136 


r 

26 37 


.29 

0841 

18 

1 

1 

25 94 
25 84 

26 08 

* 

14 

24 

0196 

0676 


1 

26 16 


08 

.0064 

j 

r 

25 97 


25 

0625 

19 j 

1 

1 

25 92 
25 60 

25 72 

20 

12 

.0400 

0144 

1 

1 

25 37 


35 

1226 



26 02 


32 

.1024 

20- 


25 67 
25 89 

25 70 

03 

19 

0009 

0861 



25 20 


60 

.2500 

1 

r 

26 .32 


.39 

1621 

21 J 

1 

25 49 

25 93 

44 

1936 

1 

1 

25 .97 


04 

0016 

n = 

73 


[«a] = 

11 0169 

m = 

19 




n — m = 

51 





Hence, e = 0.6T46 ^ = 0".JiC . 

This small probable error is a proof both of fhe great supe- 
riority of this method over all previously known methods of 
finding the latitude, and of the skill of the observer. Possibly 
an unusually favorable state of the atmosphere may have con- 
spired to give this sei’ies an unusual degree of precision, as the 
average experience of the observers of the Coast Survey gives 
the value of e somewhat greater. Hot to assume too high a 
degree of precision for the observations, the adopted value upon 
the Survey is 

e = 0".60 


Voi. 11—23 



354 


ZENITH TEIiBSCOPE. 


and even this value justifies us in asserting that the results by 
this method compare favorably with those obtained by first class 
fixed instruments of the observatory, where the measures depend 
upon graduated circles. 

But the precision of the results is impaired by the defective 
state of the catalogues of the smaller stars, and the necessity for 
using such stars in order to find suitable pairs is the only “weak 
point of the method.” The facility of multiplying the numbe; 
of pairs, o'n account of the extreme simplicity of the observations, 
in a great degree compensates for this defect. 

If now we denote the probable error of an observed zenith 
distance by we have the probable error of the observed diflFer- 
ence z — z' = i/2^ and the above value of e is the probable 
error of J (z — 2^). Hence we have the relalion 

l/5^ = 26 

and, taking e = 0".60, 

= 0".71 

which represents the combined eftect of the error in bisecting 
the star, the culmination error, or error peculiar to a culmina- 
tion arising from an anomalous variation in the refraction and 
affecting differently the two stars of a pair, the errors in the 
values of the micrometer and level divisions, and errors arising 
from changes in the instrument (resulting chiefly from changes 
of temperature) between the two observations of a pair. Of 
these, the most important is the error in bisecting the star, 
which is strictly the error of observation. 

283. Having found the probable error of observation, we can 
determine that of the declinations employed. For if e is the 
probable error of observation of the inean value of <p deduced 
from all the observation^ of a pair, JE, the probable error of the 
mean of two declinations, the probable error of the latitude, 
composed of the errors of observation and declination, we have 

whence 

e’ (241) 

The mean yalue of E, for the stars employed (or for a given 
catalogue when all the declinations ar0 tak^n from the same 
catalogue) will be obtained from this equation by employing in 
the second member mean values Of E* and e®. A mean value 
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of will be obtained from the several means obtained from 
the several paim (without here attempting to assign different 
weights to tlie observations) by the usual method from the 
residuals. The value of e may be obtained for each pair from 
the single observations, when they are sufficiently numerous ; 
but, as we wish in the present investigation to use all the obser- 
vations even where a pair has been observed but once, it will be 
expedient to compute e by the formula 




n 


in which e is the probable error of a single observation of a pair 
already found, and n is the number of obseiwations of that pair. 
Then the mean of all these values of e* is to be used in (241), 
and this mean is, for m pairs, 


e* = 


m — 1 



(242) 


From the observations at Roslyn above given, we form the 
following table . 

To find theprohahle error of declination 



No. of 

Lat 



No of 

1 


pair 





obs = n 

n 

\ 

1 

24".78 

.67 

8249 

1 

1. 

1 

2 

25 

06 

80 

0900 

1 

1 

8 

24 

83 

52 

2704 

2 

0.600 

4 

26 

.20 

.86 

7225 

3 

0 338 

6 

26 

91 

.66 

3186 

3 

0.333 

6 

22 

.78 

2.62 

6.8644 

2 

0 500 

7 

26 

.93 

.68 

3864 

6 

0167 

8 

25 

18 

17 

.0289 

6 

0167 

9 

25 

89 

.64 

.2916 

6 

0 200 

10 

26 

.79 

44 

.1986 

4 

0 260 

11 

24 

63 

82 

.6724 

4 

0 260 

12 

26 

16 

20 

0400 

3 

0 333 

13 

26 

.22 

.18 

.0169 

4 

0 250 

14 

24 

84 

.51 

.2601 

4 

0.260 

16 

26 

36 

.01 

.0001 

4 

0.260 

16 

26 

.02 

67 

.4489 

4 

0.260 

17 

26 

.42 

07 

.0049 

4 

0.260 

18 

26 

.08 

.73 

.6829 

4 

0,250 

19 

26 

.72 

87 

1369 

4 

0 250 

20 

26 

70 

.86 

.1226 

4 

0 250 

1 21 

26 

.98 

.68 

.8364 

3 

0 883 

Mean = 

26 

.85 [yv] ^ 

12 0083 

&]= 

7 866 



366 


ZEHITII TELESCOPE. 


= 0.465 X = 0 273 

E,‘ = 0 240 


= (0 30)' X 7 
20 

H, = 0" 4!) 


= 0 033 


The result is the probable error of the quantity } (<? + S'). That 
of a single declination is, therefore, 0".49 X ]/ 2 ~ 0".GD. 

If all the declinations had been taken from the sumo authority, 
the probable error thus found would have dotonnined the weight 
of that authority, and could afterwards ho used in assigning 
weights to different observations. For this purpose, tlio proba- 
ble errors of the different authorities have been doteriuiuod from 
the numerous observations of the Coast Survey by discussions 
essentially the same as the above (of course, confining each dis- 
cussion to stars taken from the same source), with the following 
results: e, denoting the probable error of a single declination. 


Authority. 

G-roombridge alone .... .. . 1" 6 2 26 

B A C on authority of Bradley, Piazzi, and 

Taylor. . 1 .0 1.00 

The- same with additional modern authority ... 0 .85 0 72 

Twelve Tear (Gr.) Catalogue, with leas than six 

observations 0 .0 0.36 

Nautical Almanac, or Twelve Tear Catalogue, 

I with SIX or more observations 0 .5 0.26 | 

234 Comhmaiion of the observaiions b\j weights. — ^Lot Cj and c,. 
denote the probable errors of the declinations of the stars of a 
pair on wh,ich there are n observations ; then tho probable oi'ror 
of i{d + d') is 

i = + V) 

and that the latitude is 

The weight p of an observation is reciprocally proportional to 
Et ; or, since the seede of weights is arbitrary, we may take 






t 

- i l 



(248) 
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Adopting the Coast Survey value e = 0".60, we have, theiefore, 




'+^'' + 7 


(244) 


By tins formula, the weight unity would be assignee' to a value 
of the latitude found by a 3i7}glc obsermtion of a pair of stars when 
tho declinations were perfectly exact, or to a value found by 
two obsermiions on a pair of Ifautical Almanac stars 

The sttirs observed at Roslyii were really taken from various 
authorities, although, for the sake of illustration, we have dis- 
cussed the probable eiTor of their declinations as we should have 
done if but a single authority had been used. Let us now find 
the final value of tho latitude from all the obseiwations, liaving 
regard to their weights as determined by this formula. In the 
following table the values of are given according to the 
authorities from which theii* declinations are taken, as stated 
in the table at tlie end of the preceding ai*ticle. 


no oi 
pair 



ll 

P 

0 

H 

V = 

0'^0o 

pvv 

1 

1 00 

0 26 

1 

044 

24" 78 

10" 90 

0" 76 

0 25 

2 

0.26 

0 26 

1 

0 67 

26 06 

10 .78 

0 49 

0 10 

3 

0 86 

0.36 

2 

0 82 

24 83 

20 80 

0 71 

0 41 

4 

0 86 

1.00 

8 

0.69 

26 20 

16 46 

0 66 

0 26 

C 

1 00 

1 00 

3 

0 48 

26 91 

11 14 

0 37 

0.06 


1 00 

1 00 

2 


[22 .78] 




1 

1 00 

0 26 

6 

0 70 

26 93 

18 15 

0 89 

0.11 

8 

0 36 

1 00 

6 

0 66 

26 .13 

16 87 

0 36 

0 09 

9 

0 86 

0 30 

6 

1 09 

26 89 

28 22 

0 36 

0.13 

10 

0 26 

0 25 

4 

1 83 

26 79 

84 30 

0 26 

0 08 

11 

1 00 

2 26 

4 

0 29 

24 58 

7 11 

1 01 

0 80 

12 

0.36 

1 00 

8 

0 69 

25 16 

14 84 

0 89 

0 09 

13 

100 

0 26 

4 

0 67 

26 22 

16 90 

0 82 

0 07 

14 

1 00 

0 26 

4 

0 07 

24 84 

16 .64 

0 70 

0 33 

15 

100 

0 26 

4 

0 67 

26 36 

16 99 

0 18 

0 02 

16 

1.00 

0.80 

4 

0 03 

26 02 

16 13 

0 48 

014 

17 

100 

1 00 

4 

0.44 

26 42 

11 18 

0 12 

0 01 

18 

1.00 

1 00 

4 

0 44 

20 08 

11 48 

0 .54 

0.18 

19 

100 

0.26 

4 

0 67 

26 .72 

17 28 

0 .18 

0 02 

20 

0 25 

0 26 

4 

1 88 

26 70 

84 .18 

0 .16 

0 08 

21 

0 25 

0.26 

8 

1 20 

26 93 

81 .12 

0 .39 

0 18 

w = 20 


ipi- 

= 14 81 

M = 

8UC 4’’ 

{jovv} 

= 2.86 


f’o 

^[£f] 


25" 64 

' 





[P] 









= 0.6746^ 

1 [P"®] _ Q, 

’'07 







Km — l)[p] 





* The result by the 6th pair of stars is rejected by Peirce's Criterion ^see Appendix) 
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Hence, the final result from these observations is 
Lat. of Eoslyn = 37° 14' 25" 54 ± 0" 07 

235. To determine the valwe of a division of the level — ^It will 
^^nerally be most convenient to find the value of the divisions 
of the level by the aid of the micrometer. It would seem, 
■fclierefore, most natural to begin by determining the value of the 
Tnicrometer screw, but it will be seen in the next article that in 
■fclie investigation of the screw we must know the value of a 
<iivision of the level in parts of a revolution of the screw This 
value, then, we are here to find, and afterwards, when the micro- 
xneter value has been determined, we can convert it into arc. 

Let the telescope be directed towards a well-defined terrestidal 
xnark, or, which is better, to the cross-thread of a collimating 
■telescope. Let the level be set to an extreme reading L, Bisect 
tlie mark by the micrometer, and let the reading be M. How 
xxLove the telescope and level together [by the tangent screw 
"Plate Xm.] until the bubble gives a reading JD' near the other 
extreme. Bisect the mark again by the micrometer, and let the 
reading be M^. Then the value ci of a division of the level in 
■terms of the micrometer will be 



Jlf — if' 
F—L 


(245) 


and if F is the value (in seconds of arc) of a revolution of the 
xiiicrometer, we shall afterwards find the value i) of a division 
of the level in seconds of arc, by the formula 


2) = ltd (246) , 

Instead of a terrestrial mark we may use a circumpolar star 
at its culmination , for we can apply to each observation the re- 
duction to the meridian (237), so that each will be referred to 
file fixed point in which the star culminates. In "this method, 
Ixowever, we are exposed to errors arising from transient irregu-. 
larities in the refraction, and also to any error arising from in- 
clination of the micrometer thread The latter error, however, 
may be avoided by revolving the instrument in azimuth, so as 
-to observe the star always in the middle of the field, and then 
-vve should use the reduction to the meridian for oircummeil^di^ 
altitudes (238). . , " , ^ I ^ . 
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Example. — The following are some of the observations for 
determining the value of a division of the level of a zenith tele- 
scope, taken by Mr. G-. W. Dean, of the U. S. Coast Survey, at 
the Roslyn Station, Virginia, June 30, 1852, the telescope being 
directed upon a fixed terrestrial point. 

Headings of Difference. j 

Temp Level (fee* 



Mior 

N 

s 

Mior 

Level 





dlv 

cliv 

dlT 






1 

1941 

54 0 

114 







2106 

112 

63 9 

165 

42 65 

3 869 

0176 

.0310 

2 

2111 

561 

82 







2296 

10 5 

54 0 

186 

46 70 

4 048 

.003 

.0000 

3 

2305 

55 5 

88 







2506 

52 

59 0 

201 

60 26 

4.000 

.046 

0020 

4 

2517 

55.0 

91 







2704 

88 

55 2 

187 

46 15 

4 052 

007 

.0000 

6 

2709 

59 0 

48 







2915 

90 

64 7 

206 

49 95 

4.124 

.079 

.0062 

6 

2919 

66 0 

78 







8115 

9.2 

544 

196 

46.70 

4197 

152 

.0231 

7 

1176 

58 2 

58 







1390 

55 

58 5 

214 

62.70 

4.061 

016 

0003 

8 

1896 

69.6 

50 







1617 

45 

601 

221 

6510 

4 011 

.034 

0012 


Mean di = 4 045 Sum = 063S 

The column of v gives the difiference between each observed 
value of d and the mean. From the sum of the squares of v we 
find the probable error of the mean to be 

= 0 6746 0.028 

The yalue of d is here expressed in divisions of the micrometer 
thread which represent hundredths of a revolution. Hence we 
have, in parts of a revolution JR of the micrometer, the value of 
a division of the level, 

D = 0 04045 S± 0 00023 B 
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From twenty-one observations of the same kind, the value found 
was 

D = 0 03985 li± 0 00013 B 


236. To find the value of a revolution of the micrometer . — The most 
convenient method with this instrument, as it avoids displacing 
the micrometer, is by ti'ansita of a circumpolar star near its 
eastern or western elongation (Art 46). We first find the hour 
angle and zenith distance of the star at the elongation by the 
formulffi 

COB = cot d tan <p cos = cosec d sm ^ 


and then, a being the star’s right ascension, a T the correction 
of the chronometer, we find the chronometer time of the elonga- 
tion by 


Tf, = a 


aT I western eloiig i 
L — eastern “ J 


Set the telescope for the zenith distance direct it upon the 
star some 20“ or 80“ before the time of elongation, bringing the 
star near the middle veiiical thread, and clamp the instrument. 
Set the micrometer thread at any reading a little in advance of 
the star, and note the transit by the chi'onometer. Then advance 
the thread to a new reading, and again observe the ti'ansit, and 
so on until the star has been observed through tlie whole field 
or through the whole range of the micrometer screw The 
repeated manipulation of the screw may slightly disturb the 
direction of the telescope, but the only change which can affect 
the determination of JR will be shown by the level, which, there- 
fore, must also be frequently observed during the transits. Of 
course, the relation of the level to the telescope must not be 
changed during the observations. Now, denoting as above 
the zenith distance of the star at the time 2^, and the corre- 
sponding reading of the micrometer when the level reading is 
zero, z the zenith distance at the time T of an observed transit 
when the micrometer reading is Jff and the level reading is JLy 
we have (neglecting for the present the refraction) 

s = + (Jfo— JQiiJ — ZD 

or, since we as yet know the value of a level division only in 
parts of jB, 

2 = Zo + (iM^—M)R-^LIid 
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In like manner, for another observation, 

y = + (Jlf„ — M') B — L'Rd 

whence 


(247) 


The quantity z — may be computed (as we have shown iii 
Art. 45) by the fonnula 

sin {z — 2o) = ± sin (2^ — Ti) cos d ! 


where the lower sign is to he used for the eastern elongation ; or 


^ = ± sin (T - r.) (248) 

81 n i 

The value of JR thus found is corrected for refraction by sub- 
fracting fi'om it the quantity JiAr, in which Ar = the change of 
refraction at the zenith distance Zq for 1' of zenith distance, and 
R is expressed in minutes.* 


Example. — Obseiwations of Polaris at its eastern elongation 
were taken June 80, 1852, at the Eoslyn Station (Va.) of the 
U. S. Coast Survey, to determine the value of the micrometer of 
the same zenith telescope as was used in the example of the 
preceding articles. 

To prepare for the observation, we have 
^ = 37° 14' 26" 

^== 88° 30' 56" a= 1* 6"86-.8 

Hence, 52° 44' 42" if = 5 66 29 1 

Sid time of elongation = 19 10 7 .7 

Chronometer fast, 24 46 8 

= 19 84 54 6 

The micrometer thread was set at every half revolution, and' 


^ The values of both E and D might be found at the same time from these obser- 
vations, For by varying the level reading at the different observations (by means 
of the tangent sorew F), we shall have from the observations, taken suitably in pairs, 
equations of condition of the form 

from which both R and B may be found In this method z — must be the appa 
rent difference o' zenith distance affected by the differential refraction 

i 
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69 transits were observed. I extract only those taken on the 
even whole revolutions, to illustrate the method. 


Temp 


No of Mior 
oba M 


Level 
N S 


L 






R, 

I 

1 

dlv. 







641' 

'83 

77® 

1 

6 

42 

244 8- 

-1 

30 


0 — 

23" 

‘15* 

5 + 

2 

8 

ct 

a 

it 


15 

14 

2 

19 

40 

3 

458 

10 


3 

10 

cc 

tt 

tt 


18 

46 

8 

16 

7 

7 

375 

73 


4 

12 

c< 

ti 

tt 


22 

23 

4 

12 

31 

1 

291 

71 


5 

14 

42 

6 44 2- 

-0 

85 

25 

58 

8 

8 

55 

7 

208 

.12 


6 

16 

(( 

ti 

tt 


29 

29 

4 

5 

25 

1 

126 

30 


7 

18 

it 

it 

tt 


83 

4 

4 — 

1 

60 

1 + 

42 

77 


8 

20 

42 

644 2- 

-0. 

80 

36 

36 

4 + 

1 

41 

9 — 

• 39 

61 


9 

22 

it 

ti 

tt 


40 

11 

6 

5 

17 

1 

123 

.20 


10 

24 

42 

744 2- 

-0. 

75 

43 

43 

3 

8 

48 

8 

205 

43 


11 

26 

it 

II 

it 


47 

15 

0 

12 

20 

5 

287 

62 


12 

28 

41 

9 45 1- 

-1 

60 

50 

46 

7 

15 

62 

2 

369 

72 


13 

30 

it 


li 


54 

19 

3 

19 

24 

8 

452 

.08 

76 

14 

32 

tt 


it 


57 

52 

8 

22 

58 

3 

534 

70 


We compare the 1st obseiwation with the 8th, the 2d witii the 
9th, &c., and in each case we have Jf' — = 14Eev., or, taking 

d = 0.04, as found on p. 369, we have for the Ist and 8th ob^ 
servation (i' — i) rf = + 0- 020 revolutions of the micrometer , and 
hence, denoting the divisor lu (247) by a, we obtain 

a = — M + L)d = 14 020 

Proceeding thus for each pair of transits, we have — 



ObB 


a 

3 — i' 

R 

V 

Da 

1 and 

8 

14.020 

580" 94 

41" 436 

+ 0".042 

0.0018 

2 

tt 

9 

14.020 

581 80 

.462 

4- 0 068 

0046 

3 

tt 

10 

14.022 

581 .16 

446 

+ 0 062 

.0027 

4 

tt 

11 

14.022 

579 .33 

.316 

— 0 .078 

0060 

5 

tt 

12 

13 970 

677 84 

363 

— 0 081 

.0010 

6 

tt 

13 

13.970 

578 .38 

.402 

-1- 0 .008 

.0001 

7 

a 

14 

13.970 

677 .47 

.886 

— 0 068 

.0084 





Mean = 

41 .394 

Sum =» 

0196 


Prob. error = ? — 0" 014 

8 \6X7 
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1'lie change of refraction for 1' of zenith distance is, for = 
^2° 45'j = 0".046, and hence the correction of the above mean 

0".046 X = — 0".032. These observations, therefore, 

60 

Siv- e us the result 

£ = 41" 362 ± 0" 014 _ 

Tlie final value, as found from all the obsei^vations on several 
^lig’hts, was 

JB = 41"400 ±0"011 

■**'*icl from this we find the value of a division of the level of this 
instrument to he 

D = 1" 66 ± 0" 005 

"vvlaich are the values employed above in reducing the observations 
for latitude at Koslyn. 

237. A more thorough method of treating the preceding oboer- 
vations is the followmg. We have for each observed tiansit 


z — — — M) R — LBd 


■wlxere Jlf^is the unknown reading corresponding to z;,. Let us 
^tsstiine an approximate value for M^, denoting it by and put 
JkTo = + X. Also let jBj be an assumed approximate value of 

_Z?, and put S, = y. Then 

* z — z^= (If, — ilf + x') (JB, + y)— 

'wlaere, on account of the small values of L, we can use ii, instead 
of ^ in the last term. Then, neglecting the product xy as insen- 
eil:>le when My and JZ, are properly assumed, and putting 

n = 2 — Zj — (My — M) JBj + LRyd (249) 

we liave from each observation the equation of condition 

JB,a; + (Jlf,-ilf)y = n ( 260 ) 

from all these equations x and y can be found by the method 
'of least squares. 

. ; 'I'll-'us, hi the abOi^e example, if we assume Jlf, — 1 9.0, 1Z,= 41'' 4, 
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which are easily seen from the ohseiwations to he near approxi- 
mations, we have the following equations: 


414a;-|-13y = -f 0"98 
414a: -f lly = + 0 .55 
414a: -f 9y = -l-0 98 
414a;-l- 7y = — 0 ,24 
41.4a: + = — 0 .29 

414a: H- 3y = -f 0 69 
414a:+ y = — 0 04 

from which we form the nc 


414a:— y = -f-0"47 
414a:— 3y=: — 0 32 
414a:— 5y = + 0 33 
414a:— 7y = + 0 94 
41 4 X — 9 y = -f 0 .23 
414x — lly = -l- 0 67 
414x — 13y = + 0 .86 

equations 


whence 


23995 44x = + 240 12 
910y = — 172 

X = + 0 01 y = — 0 002 

= 19 01 _ iE = 41 398 


If we substitute the values of x and y in the equations of 
condition, we shall find the sum of the squares of the residuals 
to be = 2.956, and hence the mean eiTor of a single observation is 

= J 2956 496 

\14 — 2 


and consequently the probable error of y, the weight of which 
is its coefficient (= 910) m the final equation, will be 


2 0"496 

3 i/910 


= 0 " 011 




A.pplying to the above value of the correction for refraction 
as before, we have the final result by this method, 


JS = 41" 366 i 0 "011 

The smaller probable error here found shows that the observa- 
tions are better satisfied by the value of R found by the method 
of least squares. 


bxtha-mhridian observations fob latitude with the zenith 

TELESCOPE. 

238. It has been seen above that, although the probable error 
of observation with the zenith telescope is very small, the greater 
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probable error of tbe declinations employed, when the observa- 
tions are restricted to the meridian, rendei^s it necessary to greatly 
multiply the number of paira of stars observed. But if we are 
willing to observe one of the stars at some distance from the 
meridian, we can generally find a pair of fundamental stars, or 
stars from the most reliable catalogues, which can be observed 
at the same zenith distance within a sufficiently brief interval of 
time to exclude the probability of sensible changes in the state 
of tlie instrument, and by moderate attention to the determina- 
tion of the time the probable error of observation will be very 
little increased, while the number of observations necessary to 
attain to the desired degree of precision will be greatly reduced 
It may not be superfluous, therefore, to deduce here the necessaiy 
foimulre for this purpose. 

Let d and be the declinations of two stars, the first of which 
is observed out of the mendiau at the zenith distance z and hour 
angle t, and the second on the meridian at the zenith distance z\ 
which is very nearly equal to z. We have 

cos z = COB (<p — d) — 2 cos ^ cos d sin* } t 

= <p — 


The second equation gives 

z = <p — 8^ z — 


which, substituted in the first equation, gives 

sin l<p — i (<J+ ^') — — 2 ') = cos ^ cos ^ sin* } < 

Putting then 

cos cos 5 sin* J ^ /ocin 

sin r = , . (261) 

we shall have 


am i (<? — — z') 


(252) 


The quantity z' — z will be given by the micrometer and level, 
precisely as in the case of meridian observations. The value of 
f will always be known with sufficient accuracy for the compu- 
tation of T*. 

The effect of an error in t upon y, and consequently upon p,. 
may be computed by the formula 


=: (15 M) 


tan Y 


sm 
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To prepare for the observation, put C = 
being an assumed approximate value of <p^ and set the instru- 
ment at the zenith distance for the observation of both stars. 
The hour angle at which the star out of the meridian is to be 
observed will be found by the formula 


sin i ^ == 

or rather, 

am K = 


^K 

V( 


Sin } (C + — 5) am } (C — 9 ,^ + ^) 

cos <P cos d 

am [}(3' +d)-^ sin i (<5' — d) \ 
cos ^ cos (5 ) 



Then the sidereal time of the obseiwation of this star may be 
either a + ^ or a — a being the right ascension; and it may 
often be convenient to observe the star at each of these times. 

It will probably be most expedient to obsei've one of the stars 
in the meridian , but, if both are obseiwed out of the meridian, 
we can find the latitude by the method of Vol. L Art 186. 


239. The zenith telescope may be used with advantage in 
measuring any small difference of zenith distance. Its application 
in finding the longitude from equal zenith distances of the moon’s 
limb and a neighboring star is given in Vol. I Art. 245. The 
correction of the method there given for a small difference of 
the zenith distances of the moon and star, as found by the 
micrometer, is obvious. 


240. “We may determine both time and latitude with the zenith 
telescope^ by observing a number of stars at the same altitude, 
and combining them by the method of least squares. See Vol, 
I. Art. 189. 


ADAPTATION OP THE PORTABLE TRANSIT INSTRUMENT AS A ZENITH 

TELESCOPE. 

241. Prof. C. 8 , Lyman, of Tale College, has shown* that the 
transit instrument may be successfully used as a substitute for 
the zenith telescope in the application of Talcott’s method of 
finding the latitude by meridian observations. Indeed, it is 
evident that, if the level usually attached to the finding circle is 
made of the same delicacy as that applied to zenith telescopes, and 
a micrometer is added to the telescope, tliat method maybe carried 
out precisely in the same manner as with the zenith telescope. 


* Axa Journal of Science and Arts, Vol XXX p 62 
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The different method of reversing the instrument by lifting it 
from its Vs instead of revolving dii'ectly about a vei’tical axis, 
does not in any way affect the principle, the essential condition 
of Taloott’s method being always observed, namely, that the 
relation of the level and the telescope is to be absolutely the 
same at the observations of both stars of the pair. 


CHAPTER IX. 

THE EQUATORIAL TELESCOPE. 

242. The equatorial telescope is mounted with two axes of 
motion at right angles to each other, one of which is parallel to 
the axis of the earth. Of the various modes which have been 
employed for mounting the instrument according to these con- 
ditions, that which is now universally adopted is the one con- 
trived by Fraunhoebr and known by his name. 

■ Plate XIV.* is a representation of the great Fbaunhoeer 
equatorial of the Pulkowa Observatory, constructed by Mbrz 
and Mahler. The lens has a clear aperture of 16 inches, with 
a focal lengtli of 22.65 feet. The pier P is of stone (in smaller 
instruments a wooden stand is frequently used, resting on three 
feet) The upper face of the pier makes an angle with the hori- 
zon equal to tihe latitude of the place ; secured to this face is a 
metallic bed, which supports at two points the folar or hour axts 
M of the instrument, This axis, being in the plane of the 
meridian, and malting an angle with the horizon equal to the 
latitude of the place, is parallel to the earth’s axis, and, conse- 
sequeutly, is directed towards the poles of the heavens. Perma^ 
nently attached to the hour axis, and at right angles to it, is a 
metallic tube, DD, in which the declination axis revolves. The 
telescope is firmly attached to one extremity of this declination 
axis, and at right angles to it, the point of the tube at which it is 
attached being somewhat nearer to the eye end than to the 
object end. 


^ Keduoed from the drawing in the Description de Voheervatovre central of Stbutb 
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It is evident that as the instrument revolves upon the hour 
axis the declination axis remains in the plane of the celestial 
equator, and, consequently, the telescope, as it revolves upon 
the declination axis, always describes secondaries to the celestial 
equator, or declination circles. The declination of the point of 
the heavens towards which the telescope is at any time directed 
may, therefore, be indicated by the graduated declination circle 
which is read by two opposite verniers. The hour angle of this 
point is at the same time shown by the graduated hour circle 
which IS also read by two opposite verniers 

The great advantage of this mode of mounting the telescope 
is that we can follow a star in its diurnal motion by revolving 
“the instrument upon tlie hour axis alone, the declination circle 
being clamped at the reading corresponding to the star’s declina- 
tion Further, the star’s motion being uniform, we can cause 
the instrument to follow it automatically by means of a clock 
which, by a train, turns an endless screw acting upon the circum- 
ference of the hour circle. The observer is thus left free either 
to make a careful examination of the physical appearance of tlie 
objects m the field, or to measure their relative positions with 
the micrometer m of the telescope. 

It is impoitant that all the paita of the instrument be so coun- 
terpoised that the telescope will be in equilibrium in all positions, 
and possess the greatest freedom of movement upon either axis. 
This is effected in the Fraunhofer arrangement m the most 
perfect manner. The equilibrium of the telescope with respect 
to the hour axis is produced by the counteipoises TF, W, JT, and 
F, of which W, W are fixed cylindrical masses, but F is adjust- 
able, so that the equilibrium may be finally regulated with the 
utmost nicety. The weights JT (of which there are two, one on 
•each side of the declination axis) are attached to the extremities 
ef levers whose fulcrums are at x The opposite extremities of 
the levers seize upon a circular collar at K, in which there are 
four friction rollers The weights ^ thus not only contribute to 
the equilibrium, but also reduce the fructioii of the declination 
axis. The centre of gravitj’’ of the telescope tube is not in the 
prolongation of the declination axis, but nearer to the object 
glass; its equilibrium with respect to the declination axis is 
produced by counterpoises a (one on each side of the tube) at the 
end of levers abc. Each of these levers consists of two conical 
lubes attached to a cube at 6, which moves upon two axes ; and 
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their extremities c seize upon a collar around the tube. The 
extremity at which the weight is placed, is free, and the weight 
can be adjusted by sliding upon the lever. In consequence of 
the double axis of each lever at i, tlie counterpoises act in all 
positions of the telescope, and not only balance the tube, but pre- 
vent in a degree the flexure of the object end which would result 
from its weight, increased as it is by the great weight of the 
object glass itself Tlie centre of gravity of the telescope and 
all its counteiTpoises is now in the hour axis at a point a little 
above its upper journal; the result is a downward pressure upon 
this journal, and an upward pressure upon the lower journal. 
The weight co at one extremity of a bent lever reduces the fic- 
tion upon the upper journal by producing an opposite pressure 
at e at riglit angles to the axis, two friction rollers upon the 
extremity e being thus pressed against the axis The remaining 
small upward pressure of the inferior extremity of the axis is 
reduced by a spring which presses two friction rollers against the 
axis at g. 

The weight of the Pulkowa telescope (including all the paiis 
which move, namely, the axes and tube with its counterpoises) 
is very nearly 7000 pounds ; and yet, with this admirable system 
of counterpoises, it moves upon either axis with almost as much 
ease as a small portable instrument "Without this perfect equi- 
librium and reduced fiction, it would have been very difficult to 
produce a regular automatic movement of the instrument by the 
driving clock As this clock is required to produce a coniinuoits 
regular movement, it is not regulated by an oscillating pendulum, 
but by tlie friction of centrifugal balls against the interior of a 
conical box d. The rate of movement is regulated by raising or 
depressing the pivot of this conical pendulum, which, in conse- 
quence of the conical form of the box, changes the degree of 
friction of the balls against its interior surface The rate may 
thus bo adapted not only to the motion of a fixed star, but to that 
of the moon, or sun, or any planet, all of which have different 
rates of motion. In our own country, Bond’s* Spring Governor 
has been successfully applied to produce the equable motion of 
equatorial telescopes. 

A finder F is attached to the principal telescope (Art. 16). 

The field of the telescope is illuminated by a lamp the light 
of which is reflected towards the reticule by a small mirror 
within the tube. The direct illumination of the threads, which 

You 
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is required when very faint objects are to be observed, is effected 
by two small lamps suspended at n and n. (See Transit Instru- 
ment, p. 134). 

The micrometer is provided with a position circle (Art. 49). 

248. Any point of the heavens may be observed with the 
equatorial instrument in two different positions of its declina- 
tion axis For example, if the declination axis is at right angles 
to the plane of the meridian, — ^tliat is, horizontal, — ^the telescope 
will describe the plane of the meridian ; and this, whether the 
circle end of the declination axis is east or west, and, in general, 
the same declination circle of the heavens may be described by the 
telescope with this circle end of the axis on either side. These 
two positions are to be distinguished in the use of the instrument. 
Let us suppose the declination axis to be produced through the 
cvrcle end to the celestial sphere. The point in which it meets 
the sphere may be called the poU of the declination circle. If 
the hour angle of this pole is 90° greater than the hour angle of 
a star observed in the telescope, the circle is said to precede the 
telescope ; if the hour angle of this pole is 90° less tlian that of 
the star, the circle is said to folhw tlie telescope. Thus, for a 
star on the meridian (at its upper culmination) the circle precedes 
when it is west emd foUms when it is east of the meridian. 


QBNBEAL THBOET OE THB EQUATORIAL INSTRUMENT. 

244. Let US first consider the instrument in the most general 
manner, that is, without supposing its hour axis to bo oven 
approximately adjusted to the pole of the heavens. That point 
of the celestial sphere towards which the hour axis is actually 
directed will be called the pole of the inatrvmmt, or the pole of its 
hour axis, and that point in which the declination axis produced 
on the side of the decimation circle meets the sphere will be 
called the pole of this axis or circle. 

The .instrument is designed to give, by means of its two circles, 
the hour angle and declination of a star observed in the sight 
line of the telescope. If the sight line were perpendicular 
to the declination axis, and if this axis wore perpendicular to 
the hour axis, the readings of the circles would give et once (by 
merely correcting them for any index error) the hour angle and 
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declination referred to the meridian and pole of the instrument The 
deviations from perpendicularity being always very small in a 
well constructed insti'ument, approximate foiTQute will fully 
suffice to reduce given readings to the proper values referred to 
the pole of the instrument. But an equatorial instrument may 
sometimes be used in a place for which it was not intended, andj 
having no adjustment by which the angle which its hour axis 
makes with the horizon can be greatly changed, the pole of the 
instrument may be so far from the celestial pole tliat the reduc- 
tion of the hour angles and declinations from their instrumental 
to their values (referred to the celestial pole) will require the 
use of rigorous formulae. In order to provide for such a case, I 
shall first consider the method of deducing the instrumental 
quantities by approximate but sufficiently exact formulse , then 
give the rigorous formulse for reducing these to the celestial 
pole, and finally give the approximate formulee, most frequently 
required, for the case in which the deviation of the hour axis 
from the celestial pole is very small As some flexure of the 
declination axis and of the telescope is always to be expected in 
an instrument of this kind, I shall include its effect in the 
formulae. 

245. To find the instrumental declination and hour angle of an 
observed point — ^Let the figure be a projection 
of the celestial sphere upon the plane of the 
equator of the instrument; P' its pole; Z the 
zenith of the observer: then P'Z may be 
called the meridian of the instrument 

Let Q be the pole of the declination axis of 
the instrument. While the instrument re- 
volves upon the hour axis, the point Q will 
describe a circle of which P' is the pole, and which would be a 
great circle if the axes were at right angles to each other, in 
which case we should have P'Q = 90°. But we shall assume 
that there is a deviation from this condition, and suppose the 
arc P'§ to be = 90° — i: so that i will express the decimation 
of the point Q referred to the equator of the instrument. 

Let us next suppose the declination axis to remain fixed while 
the telescope revolves upon this axis and its sight line is brought 
upon a star 5. As the telescope revolves, the sight line (which 
we may here suppose to be determined by a simple cross thread), 
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deBcribes a circle in the heavens of which Q is the pole, and 
which will be a great circle if this sight line is perpendicular to 
the declination axis, and a small circle, ASB^ in any other case. 
Let ns suppose the polar distance of this small circle, or QS^ to 
be 90® — c : so that c will denote the collimation constant of a 
given thread. 

Tha»revolution of the instrument upon the hour axis is measured 
by the hour circle. When Q is 90° west of the meridian, the 
telescope should be in the meridian, and the reading of the hour 
circle, consequently, zero ; but let us suppose the reading is then 
— X, When Q is in the meridian and above the pole, tlie reading 
will be — X — 90°. If, then, for the actual position when the 
star is observed at S the reading is we have the angle ZP'Q 
= i + x + 90°. 

Let the insti*umental hour angle ZP'S = V Then we have 
the angle SP^ Q = ZP^ Q — ZP^S — + 90° , and since, 

from the construction of the insti’ument, this angle differs very 
little from 90°, the quantity i x — will be very small. 

As the telescope revolves upon the declination axis and its 
sight line desenbes the circle ASB^ the reading of the declina- 
tion circle will vary directly with the angle P^QS^ since Q is the 
pole of this circle. If we denote the reading of the declination 
circle when the arc QS coincides with QP^ by 90° — Ad, and the 
actual reading for the star at S by d, we shall have the angle 
P' QS = 90° — td — provided the readings increase with the 
star s declination, as we here suppose. 

Finally, let the instrumental declination be d'; that is, let 
P'aS= 90°— d^ 

W e have then in the triangle QP^B the given parts 

P'Q = 90° — i QS=90° — c 
90° — (d + Ad) 

and in order to determine and d' we are to jfind 


SP'$==90°--(^' — i — a;) 

P'£f=90°--d' 

From this tinangle we obtain the general equations 

sin d' = sin i sin c + cos i cos c sin (d + Ad) 
cos d' sm — x') = cos i sm c — sm i cos c sin (d + Ad) 

cos d^ COB (t — t — r) cos c cos (d Ad) 
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Jut, as i and c are supposed to be so small that their squares and 
roduets are insensible, these equations give 

sm = Bin (d -)- ^d) 
cos d'= cos (d + A(f) 

(^' — t — x) COB d'= c — i sin (d -(- Ad) 

'■hence 

d'=d'j-Ad ■( 

t' = t -j- X + c BQC d' — i tan d' i ^ ^ 

246 Flexure — The flexure of the hour axis may be supposed 
) be altogether insensible, since the centre of gravity of the 
hole instrument falls very near to the upper journal of this axis, 
Lid the pressure at this point is relieved by a counterpoise. 

The flexure of the declination axis, being assumed to result 
)lely from the ‘weight, changes tlie zenith distance of the point 
* Denoting the zenith distance of § by and the increased 
Bnith distance by (^ + df, we shall assume the flexure to be 
roportional to sin (Art. 204), and, therefore, put 

dC = e sin C 

L which e is the maximum of flexure of the declination axis 
irresponding to (^ = 90°. 

The flexure of the telescope changes the zenith distance ZS^ 
> that, putting ZS = C', we can express this flexure by 

d^ =e sin C' 

which e is the maximum of flexure of the tube corresponding 
C'=90°. 

The flexure of the declination axis changes the arc = 90° 
z, and the angle ZP^Q = ^ ^ + 90° , but these changes (the 

jxiire being supposed extremely small) evidently produce no 
nsible effect upon the declination d'. The flexure of the tele- 
ope, however, changes the arc P^8 = 90° — d', and thus also 
, Treating the changes as differentials, we have 

d P'^==d(90°-d') = dC' COB P'SZ 

we denote the zenith distance of P' by 90° — <pi (or let be 
e observer’s latitude referred to the equator of the instrument), 
e -triangle P^SZ gives 

„„ sin cos d' — cos <p sin d' cos t' 
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and hence 

dd' = — e (sin <p^ cos d' — cos sin d' cos t’) (m) 

* 

Again, we have 


d 

d 


P'Q =r. d (90° — t) == dC cos P’QZ 


In which we may put smP'§ = co8^ = 1. Substituting also 
the values 


cos F'QZ =: 
sin F^QZ = 


sin <p^ — sin ^ cos C 
cos i sin C 
cos (t 4 * 3 ?) cos <p^ 
smC 


'and neglecting the product of and ^ as insensible, we find 
di = — e sin 

dt= C cos cos (t -|- £1?) 

Finally, the flexure of the telescope changes the arc QS == 90*^ 
— c, and we have 



in which 


d QS = d (90° — c) = dC' cos Z8Q 


cos ZSQ = 


cos C — sin <? cos 
cos c sm C' 


C' 


Neglecting terms of the second order, therefore, 

dc = — e cos C 

in which we have 


cos C = sm i sin <p^ — cos % cos <p^ sin (f -f- x) 

and in this we may put d for t + x. Hence, again neglecting 
terms of the second order, 

dc = fi cos sin^' (jp) 

By the formulss for V (263), we have 

dV = df + dc sec d' — di tan d' 

and hence, by (n) and (p), 

d«' = « (sin tan d' + cos f j cos V) + e cos (p^ sec d' sin (g) 
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Hence, applpng the corrections (m) and (g) to and V (253), thd 
complete formulse, including the effect of flexure, are* 

— e (sin cos d' — cos sin d' cos f) "j 
^' = -f a; + c sec d' — i tan d* I (264) 

-f‘e(8in^«>, tand'+ cos 9 JiCosi') + ecos^eiS 0 Odi'Bmt' J 

247. To reduce the insinimental declination and hour angle (cf', t') 
to the celestial decimation and hour angle (o, r). — ^Let PZ 

be the true meridian, P the celestial pole, P' the pole 
of the instrument, S the observed star. Let y and 
denote the polar distance and hour angle of P ' ; 
that is, let 

r = PP' ^ = ZPP' 

and, producing PP', let 

1?' = ZP'N = 180*=^ — ZP'P 

The instrument gives, by the aid of (254), the values of 
= 90° — P'S, i'= ZP'S, and we are to find 8 = 90° — PS 
and r = ZPS, The triangle PP'S, in which PP'S = 180° 
— {V — ??') and P'PS = r — t?, gives 

Sin d = cos ^ sin d' — sin y cos d' cos (t' 

cos 5 cos (t — t 9) = sin Y sin d' + cos y cos d' cos (^' 

Goa d sm (t — 8) = cos d' sin (t' 

which will determine 8 and r from d' and t' when the instrumental 
, constants y^ &, and are known 

Putting 90° — <p = PZ, the relation between <p^, d-', <p, ??, and / 
is found from the triangle PP'Z, which gives 

sin cos sin ^ 7 ^^s <p cos ^ ■) 

cos cos = — sin r sm <p ojo^y cos cos > (256) 

cos sm = cos sin 1 ? ) 

248. In the preceding discussion I have not distinguished 
between the case in which the declination circle precedes and 
that in which it follows the telescope (Art. 243), The formulse, 
nevertheless, will apply to either case, provided we reckon decli- 
nations over 90° when they require it. By Pig. 62, in which 
for a star at S the declination circle precedes, we se<=^ that when 

* These formulsa are essentially the same as Bbssbi^’s See his Aetroiu Unter* 
tuchunffen, Vol L p 7. 
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tile telescope is revolved from S towards B and passes beyond 
the pole, we shall have declinations exceeding 90° if we wish to 
employ the same formulse as have been found for this position; 
but for these points beyond the pole the declination cirde follows 
the telescope The decimation in that case, reckoned in the 
usual manner, will be 180° — d', and the hour angle will be 
180*° -f- t' We may, therefore, employ these formulae in their 
present form in all cases, but when d/ falls between 90° and 
270*° we must finally take 180° — d' and 180° + t' as the proper 
instrumental declination and hour angle. (Bee also Transit 
Instrument, Art. 128.) 

If, however, we wish to distinguish the cases in the formulae 
themselves, we shall have, when the circle 'precedes^ the readings 
of the circle being and 

d' = ^d — e (sin <p^ cos rf' — cos (p^ sin d' cos f ') \ 

t' = jc + c sec c?' — i tan d' | 

“h er (sin tan cZ' + cos cos f') + e cos <p^ sec ' sin V I 

and when the circle follows^ the readings being and \ (267) 

180° — + e(8in (p^ cos d^ — cos <p^ sin 6Z'cosZ')\ 

180° -{- Z' = 4- — c sec rf' + z tan d^ j 

— e(8in tan '4-cos f)jCos t')+e cos ^OjSecc?' sinZ'/ 

249, The rigorous formnlse (255) and (256) will be required 
only in tlie rare case in which the pole of the instrument is at 
a considerable distance from the celestial pole; but I will briefiy 
indicate the methods of determining the instrumental constants 
for this case. It will always be possible to bring the hour axis 
of the instrument very nearly into the meridian of the place of 
observation, whatever may be the elevation of its pole above the 
horizon, so that the meridian of the instrument and the true 
meridian will nearly coincide. 

If we observe a fixed point iu both positions of the instrument, 
circle preceding and circle following, we shall have by (257), 
taking the sums of the respective equations, 

180° = d^+ d^+2Ad 

180° 4- 2Z' = Zj4- Zj,4- 2a; 4- 2e cos sec <i'8]nZ' 

the first of which determines the index correction (a<^) of the 
declination circle, and the second determines the value of Z' — x. 
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if we have independently found the flexure e, or if the fixed point 
is in the meridian of the instrument and consequently V = 0. 

Taking the differences of the same equationSj the observation 
of the fixed point also gives 

180° — 2d'=d^ — dj+2e(sin ^^co&d ^ — cos d' cos if') 

180 °=z — 2 csec d '-|-2 1 tan <i' — 2 e (sin ^^tan dZ'-f cos 


The first of these determines d' when e is otherwise known, and, 
the value of d' thus found being substituted in the second, we 
have an equation of condition for deterniiiiiug z, and e. The 
observation of at least three different points will be necessary in 
order to determine these quantities, or of at least two points if 
we neglect e. 

Upon the supposition that the pole of the instrument is very 
near the meridian, but at a considerable distance from the celestial 
pole, 7* IS a large arc, but & is small, and we have from the fii’st 
of the equations (256), by putting cos = dz 1, 

= ^ ±r 

and the value of y may be found fi’om the obseiwation of a star 
in the mendian and as far from the pole of the instrument as 
possible, since in this case we shall have very neai’ly 

dt ^ — d' 

in which rf' will be known from two observations of the star in 
the two positions of the instrument 

When Y has been thus approximately found, let a star be 
observed on the six hour circle both west and east of the meridi^. 
We deduce from (255) 

sm d^ = sin ^ cos 7" + cos d sm y cos (t — i?) 


Denoting the instrumental declination for the two observations 
by rf/ and and putting r = 90° for the first observation, and 
r = 270° for the second, we have 


whence 


sm d/= sin d cos 7" + cos b sin y sin 1? 
sin dl= sm ^ cos t ' — cos sin y sin ^ 

. „ sm dJ — sin d! 

2 cos d SlUT" 


This will give a sufScient approximation to provided the star 
is not very near the pole. 
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A theoretically rigorous uetermination of both y and ?? would 
be found by observing two points whose decEnations (^i, 8^ and 
hour angles (vi, t,) are known, and then solving the equations 

sin = Bin 3, cos y + cos dj sin y cob (tj — t>) 
sin d,' = Bin 3, cos y + cos 3, sin cos (t, — i>) 

When y and ^ have been found, we have, from the observation 
of one known point, 

cos d' cos (t' — tf') — sm 3 sin y cos 3 cos y cos (r — &) 
cos d' sin (<' — ^') = cos 3 sm (t — 

which determine — i?'; and, since ^ will be known from (256), 
i' will also be known. Finally, the instrument gives the value 
of i' — X, as we have shown above, and thus x becomes known. 

250 W/ien the pole of the instrument is very near the celestial pole, 
y is very small, but d- may have any value from 0° to 860°. Put- 
ting cos /- = 1 in (256), and neglecting terms of the same order 
as 7 ^, we find 

<p Y COS 

— 1 ^' = — ^ sm T? tan tp 

and (255) gives 

(J =z= d' — Y cos (t' — i?') 

T = ^' + — t 9' — ^ sin — 1 ?') sm sec d 

or, withm terms of the second order, 


d = d ' — Y cos (t — T?) 

T = — r sill ^ tan (p--Y sin (t — i 9 ) tan (J 

Substituting the values of dl and V from (254), and putting 
= a: — 7 - sin tan y?, which is constant, we have 

^ — T' COB (t — T?) — a (sin <p cos 5 — cos <p sm <? cos t) 

T=t 4* — 7- sm (t — T?) tan ^ + c sec ^ — % tan b 

-|- c (sm ip tan 5 4 cos ip cos t) 4 ^ cos ip sec b sm t 

which are the formulse usually required in practice. Here b is 
to he reckoned beyond 90° when necessary, being then the sup- 
plement of the starts declination {Ai± 248), and then r is the 
star's hour angle increased by 180°. 

The declination and hour angle are here apparent^ that is, 
affected by refraction, &c. If we wish 3 and t to represent the 
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geocentric position of the observed point, we may apply the 
corrections for refraction, &c. to d and t 

If we prefer to distinguish the cases in the formulae themselves, 
we shall have — 

For circle preceding : \ 

d = d cos (r — — e (sin ^ cos d — cos <p sin d cos r) I 

T z= ^ sin (t — 1 ^) tan <5 -j- c sec <5 — i tan 8 I 

~|- e (sin tan d -f- cos ^ cos t) -|- e cos ^ sec d sm r [ 

) (259) 

For circle following * ( 

180° — + A(i + r^<^s(T — i^)-|-e(8in ^cos 8 — cosy? sin <5 cos r)\ 

180°-f T==i -|-A!f — y-sin^T — 19) tan 5 — c sec (5 + 2 tan <5 | 

— £ (sin <p tan ^ + cos ^ cos t) + 6 cos <p sec 5 sin t / 

in which 8 and r will always denote the declination and hour 
angle of the star reckoned in the usual manner. 

ADJUSTMENT OF THE EQUATORIAL INSTRUMENT. 

251. The adjustment of the instrument with respect to the pole 
of the heavens consists of two operations • Ist, bringing the hour 
axis into the plane of the meridian, and, 2d, giving tins axis an 
elevation, with respect to the horizon, equal to the latitude of the 
place. 

For a rough preliminary adjustment, place the declination axis 
in a horizontal position, and move the stand until the telescope 
points to a star at the computed time of its meridian passage 
The hour axis is then nearly in the plane of the mendian, 
Then bring the declination axis into the plane of tlie meridian ^by 
revolving the instrument upon the hour axis through 90° by the 
hour circle), and direct the telescope upon a circumpolar star on 
the six hour circle. The elevation of the axis should be changed 
so as to make the star appear near the optical acsis at the com- 
puted time when the star’s hour angle is equal to 6* 

For the final adjustment, the outstanding deviations of the 
instrument must be found by properly combined observations of 
stars, taken in the two reverse positions of the declination axis, 
by the methods given hereafter. 

The position of the pole of the instrument with respect to the 
pole of the heavens may be. expressed by the two quantities 

f = y cos ■n — r sill ^ (26C) 

which are the distances of the pole of the instrument from the 
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six hour circle and from the meridian, respectively. According 
to our detinitions of y and a positive value of f ^vill indicate that 
the instrumental pole is above the true pole, and a positive value 
of 37 will indicate that the pole of the instrument is west of the 
meridian. I proceed to consider tlie methods of finding these 
quantities, as well as the other instrumental constants. 

252. To find — The most simple method is to observe the 
declinations of known stars at their culmination in both positions 
of the declination axis, and to compare the instrumental values, 
corrected for refraction, with the true declinations found from 
the best catalogues or ephemerides By the instrumental values 
we shall hereafter understand the values inferred directly from 
the readings {d) of the circle. 

As the two observations in reverse positions of the declination 
axis cannot both be absolutely in the meridian (unless observa- 
tions on different days are combined), one of them is taken a 
few seconds before the meridian passage, and the other a few 
seconds after it. In consequence of the great facility with which 
even the largest equatorial instrument can be revei’sed, the 
interval between the two observations will be so small that the 
mean of the two values of cos (r — d) will be sensibly the same 
as cos r being a very small quantity with opposite signs for 
the two observations. Hence, we shall have for each pair of 
observations on a star, by putting r = 0 in (259), 

d= ^ — e sin — d) 

180® — (5 = -j- Ad -f- $ + e sin — d) 

where and d^ are the circle readings in the two positions. The 
half sum of these equations gives the index correction of the 
declination circle, 

= 90® — d,) 

/ 

Their half difference gives 

f -f- 6 sin (99 — d)= 90° — ^ (djj — dj) — d 

If we put 

J> = 90° — ^(d,— dj) 

D will be the mean of the instrumental values of the deolination, 
as inferred from the two readings, whatever may be the mode in 
which the circle is graduated A number of stars being thus 
observed, we shall have the equations of condition 
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f + e8m(59 — d) = I) — 8 
e + esin(p - 8') = D'— 8' 

f -i- e sin (f - S")=.D"— 8" 

&o &e '' 

which, treated by the method of least squares, will give both 
f and e. 


SxAMPLE. — The declinations of ten stars were obseiwed by 
Otto Struve with the equatorial telescope of the Pulkowa Obser- 
vatory, 1840, June 22, according to the preceding method, and 
the values of D, corrected for refraction, were as in the following 
table. The values of B for the stara 1, 4, 5 and 8 were taken 
from the Nautical Almanac, for 2, 3, and 7 from Arqelander’s 
Catalogue, and for 6 and 9 from Airy’s Catalogue for the year 
1840. The latitude employed in computing the coefficient of e 
is <p = 59° 46' 3 The degrees and minutes of 8, omitted to 
save room, are the same as those of I) In order to apply the 
same formula to the stars observed below the pole, we have only 
to employ the supplements of their declinations instead of the 
declinations, that is, to reckon them ocer the pole. (Art. 128.) 


Stars 


Instr. doo. = D, ^ Equations v 


1 [j. Sagittarii 

2 7} Serjpentis 

3 ^ Serj>enti8 

4 ZAquilcs 

6. a Lyrce 
6 X Cygni 

7. dDraconis 

8 d Urm Min 

9 2LynciSjS,p 
10. ^ Aurigce, 8 p 


— 21° 6' 66".5 40" 6 — 14" 9 = + 0.99 — 5" 4 

— 2 66 23 8 3 4 — 20 4 = f + 0 89e— 7 7 

+ 3 69 47 1 59 5—12 4 = f+0.83e+2 2 

13 37 34 6 48 .3 — 13 7 = f+0 72e +4 4 

38 37 47.1 70 4—23 .3= f + 0 36e + 6 .2 
53 3 66 6 83 6 — 28 .1 = f + 0 12^ + 9 .0 

67 21 51 6 99 7 —48 .l = f — O.lSe — 3. 1 

86 34 22 6 81 .2 — 68 6 = ^^ — 0.46e — 3 4 

120 55 12 .0 79 9—67 9 = f — 088e+0 9 

124 19 4 6 76 9 — 72 .4 = f — 0.90e— 3 0 


The solution of these 10 equations gives 

f = — 40" 9 with the probable error = 1" 2 
e = + 3r.7 “ * “ = 1" 8 


The last column gives the residuals v after the substitution of 
these values in the 10 equations. From these residuals we find 
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the probable error of a single equation to be which is com- 
posed of the error of observation and the error in the star’s decli- 
nation. This degree of accuracy in the determination of abso- 
lute declinations, with an equatorial instrument of such dimen- 
sions, is surprising, and is a striking proof of the perfection of its 
workmanship. At the same time we perceive that very cmde 
determinations vdll be obtained if we neglect the flexure. 

253. To find 5 .— This will be found by comparing the instru- 
mental hour angles of different stars, near the meridian, with the 
observed clock times of their transits over a given thread. We 
shall, at the same time. And the instrumental constants i and c, 
and the mdex correction of the hour circle. 

We shall suppose the thread on which the stars are to be 
observed to be placed in the direction of a circle of declination, — 
that is, as a transit thread, ^and to be in the optical axis of the 
telescope. This optical axis may be deflued to be the line 
drawn through the optical centime of the objective, and the centre 
of the position circle of the micrometer: consequently, when the 
thread is revolved 180® by this circle, it should still pass through 
the optical axis. As the thread may not be precisely adjusted 
in this respect, the error is to be eliminated by combining two 
observations taken in these two positions of tibe thread. Two 
such pairs of observations are to be taken on each star, one pair 
with circle preceding, and one with circle following. A second 
star, in a widely different declination, being observed in the same 
manner, we shall have all that is required for the determination 
of our constants. If we observe a greater number of stars, we 
can treat the observations by the method of least squares. 

Supposing two stars to be observed, one near the pole and the 
other near the equator, the observations should be symmetrically 
arranged according to the following schedule, in which the posi- 
tion I denotes circle preceding, and IE circle following, and the 
letters a and b refer to the two positions of the transit thread for 
the two readings of the position circle differing by 180®, We 
should endeavor to make the mean of the times of the four 
observations on a star coincide very nearly with the instant of 
its meridian passage. 



EQUATORIAL TELESCOPE. 


383 


Star. 

Position 

Olook. 

Means 

Hour oirole 

Means 


I 

a 

(2^), 1 


T 

i%X 1 


f 

1st Star 


h 

i 






H A = a 

Decl = d 

II. 

b 

a 

1 

(TX i 

= 

T 

“‘■fl 

(t.x \ 
(f.X > 

= 





Mean 

= 

T 

■*0 

Mean 


to 


II 

a 

■> 


T' 

i^^X 1 


to 

2d Star 


b 

m, i 



(V). J 


K.A =a' 

Decl z=d' 

I. 

b. 

a. 

(2’/), •) 
-1 

= 

2’:' 

1 

(V). ■) 

= 

V 




Mean 

z= 

2 ;' 

Mean 

= 



The observations being very near the meridiauj the flexure of 
th » telescope (e) has no sensible eftect. That term of the flexure 
(e) of the declination axis which is multiplied by tan d may 
become sensible for stars near the pole, but, as it will always be 
combined with i, it will be convenient to put 


ij = i — e sm p ( 261 ) 

The term s cos y cos i, which is always less than e, will be 
practically unimportant, and will here be neglected. A method 
of determining e will, however, be given hereafter. 

With this notation we find, by putting r = 0 in the second 
member of (259), for the observation at the clock time T^, 


Tj = At + tan ^ + c sec i — ij tan d 
and if >ris the clock correction, we have also 

rj= 2;+ aT— » 

Hence, by putting 

>l = At-Ar 

we deduce ' 

19 tan i + c sec d — tan i = — a — A 

In the same manner the observation at the clock time gives 
1 } tan A ~ c sec < + ijtan 4 = Tj— tj— » — A 
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aud from these two equations, with the notation of the above 
schedule, 

ijtan3= — a. — )L 

c sec « — 1 , tan 5 = t [(T, — y 

The second star gives, in the same manner, 

Tj tan d' = — I 

e sec a' — 1 , tan a' = ^ [( T/ — t/) — ( T/ —t/)] 

By combining the two equations in 7 , we have, therefore, the 
following three equations . 

(tan a — tan a') = (T, — T/) — (t^ — — (a — a') -j 

r sec a - tan a = ^ [(t, - 1,) - (T, - T,)] V (262) 

c sec a' — j, tan a' = I [(t,' — t/) — ( T,' — T/)] J 

which determine yj, and c from the observed clock times and 
the readings of the hour circle. 

We can then find the value of X by the formula 

A = 2;— — tt — ijtan a= T^’ — t^'—a'—Tit&nd' (263) 

and finally, if the clock correction is otherwise known, the index 
correction of the hour circle, by the formula 

At = A7’ + A (264) 

Example — The following observations were taken, according 
to the above method, with the equatorial of the Pulkowa Obser- 
vatory, on June 3, 1840. 


Clock times I Hour oircle 


6 Ursa Min, I. 

a, 

h 

18A21”»66'6l 

28 26 8j 

|.J'i =18*22'" 41* 2 

28* 68“ 21'!' 
69 87 9 J 


28A 68« 69* 6 

n 

h 

a 

27 

29 

6 01 
88 6J 

\T^ =18 28 22 4 

0 

2 

6 

66 01 
17 7j 

!■?,= 

0 

4 6.4 





2i=18 26 81 8 





0 " 

1 88 0 

a Lyra II 

a 

h 

84 

86 

10 O’! 
66 4j 

2' 7 

0 

2 

4 

66.71 
42 6J 


0* 

8"» 40' 6 

I 

b 

a 

89 

41 

88 n 
24 9j 

.7\' = 18 40 29 a 


8 

10 

28 41 
16 4J 

''l'= 

0 

0 19.4 





2i' = 18 87 46 9 




v= 

0 

6 84 6 


The places of the stare, according to the Nautical Almanac, 
were — 

a Ursx Min a = 18* 24“ 6* 8 a = 86® 86'.2 
• Lyras »' = 18 31 34 0 S'= 38 38 1 
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Hence our equations (262) become 

15,97 17 = + 16*.6 
16 80c — 16.77 ii = — 17 2 
128c— 080 j, = — 1.76 

whence 

17 = + 0*98 ='+ 14" 7 
i, = — 0* 92 c = — 1' 94 

The values of i, and c are here not separately so well determine 1 
as they would be if the second star were nearer to the equator. 
Their ditference, however, — c = + 1*.02, is accurately deter 
mined by the first star. We next find, by (263), 

1 = — 23*4 

and if the clock correction is a 7’= + 20*. 0, the index correction 
of the hour circle is, by (264), 


At = — 3*.4 

To give the reader some idea of the stability of a large equa- 
torial properly mounted, I will here give tlie values of f and ij, 
together with the coefficient of fiexure of the tube (e), determined 
by the above methods, for the Pulkowa instrument during a year. 
They are taken from Struve’s Desorption de V Ohservatoire Ckniral, 
p. 204, only changing the signs of f and rj to agree with the 
preceding notation : 

f e tt 


1840, May 15 

— 41".2 

+ 82".6 

1840, April 17 

.+ 18" 9 

June 8 

— -^6 .4 

+ 21 7 

« 28 

+ 14 8 

« 22 

9 

+ 81 .7 

June 3 

+ 14 7 

July 8 

— 54 .8 

+ 19 .0 

July 24 

+ 10 2 

« 24 

— 48 3 

+ 84 2 

Sept 24 

+ 10 .8 

Aug 9 

— 43 .0 

+ 86 .2 

Nov ' 3 

+ 44 

Sept, 24 

— 43 2 

+ 21 7 

Doc. 26 

f 

+ 11 .4 

“ 26 

— 58 0 

+ 87 .2 

1841, Mar 15 

+ 16 .2 

Nov. 10 

— 88 6 

+ 86 4 

Mean 12 5 

Deo. 26 

— 44 .1 

+ 29 8 



1841, Mar 15 , 

— 43 .5 

+ 25 .6 



Means 

— 46 .1 

+ 29 ,6 




VoL IL— 25 
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The temperature during this period varied from — 22° to + 86° 
Fahr. The constancy of the coefficient of flexure for the 
extremes of temperature is as remarkable as the stability of the 
axis. 

264. By the preceding method of finding tj we also find the 
constants \ and c; but we can find rj independently of these 
constants by observing the declinations of stars on the six hour 
circle. When t = zb 6*, we have, by (259), 

5 — e Bin <p cos B 

where D is the mean instrumental declination from the observed 
readings in the two positions of the instrument (the two obser- 
vations being taken in quick succession very near the six hour 
circle, and one on each side of it). If we put — jD — d, we 
shall have the equation of condition 

zb ^7 + e sin cos ^ (266) 

and from a number of equations of this kind the values of yj and 
e will be found. 

If the same star is observed both at r = + 6^ and r = — 6^^, 
we shall have, for the two observations, 

17 + e sin yj cos 
— -f- 6 sin cos ^ =P 2 

1 = 1(^1 —A) (266) 

in which jj, — will he the diffei’ence of the observed instru- 
mental declinations, corrected for any difference of refraction 
that may result from changes m the meteorological instruments 
in the interval between the observations. 

But it is not always possible to observe stars on the six hour 
circle in both positions of the instrument, the pier or stand inter- 
fering with one of the positions for stars within a certain distance 
of the pole. We must then find D from a single observation 
by applying the index correction, previously found fi’om meridian 
observations by Art. 252, The equations formed from such an 
observation should have a weight of only one-half in combining 
the equations according to the method of least squares. 

265. Both f and can be found in a general manner from 
observations upon different stars, without limiting the obscr 
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vations to the meridian or the six hour circle. If each obser- 
vation of a star is complete, — that is, consists of the mean of two 
observations in the two positions of the decimation axis, — we 
shall have for this mean 

3 = i) — P' cos (r — &) — Be 
T = t -f At — ^ sin (t — i>) tan 3 -f B'e 

in which B and B ' are the coefficients of e in (259) Developing 
sin (r — i?) and cos (r — ■&), we find 

$ cos T -|- 5? sin T -t- J?fl = I? — 3 1 f2671 

At — f sin T tan 3 -f- cos t tan 3-f-.S'e=T — t J 

and, from a sufficient number of such equations, At, f, ij, and e 
will be determined. 

256. Again, f and 37 may be found from miph observations,-^ 
that is, observations in but one of the positions of the declination 
axis, — by observing each star twice at very different hour angles. 
We shall have for two observations of the same star at the hour 
angles and circle preceding in both observations or follow- 
ing in both, 

r, = t, -j- At — f sin Tj tan 3 -f- 7 cos t, tan 3 ± c sec 3 q: i tan 3 + A,e -f- B,e 
Tj = tj -1- At — f sin T, tan 3 -|- ij cos tan 3 ± e sec 3 q: i‘ tan 3 ± A,^ -f- Bji 

where the signification of A and B is apparent from (259). The 
difference of these equations gives 

— f (sin T, — SID Tj)tan 3-j-jj (cos r„ — cosrj)tan 3±:(Aj — e-f- (Aj — Aj) e=s 

r.-Ti-(t, — ^ = 2 ? 

How, suppose one series of observations in which each star is 
observed at equal or very nearly equal distances from the meri- 
diau, east and west : this equation will then be reduced to the 
form 

— f sin T tan 3 -(- e cos y> sec 3 sin r = g (268) 

and from the whole series, embracing stars of very different 
declinations, f and e will be determined. 

Suppose another series in which each star is observed at or 
very near to its upper and lower culminations : the equation will 
take the form 

— 7j tan 3 q: e cos = y (269) 
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This series will, therefore, determine and s. The upper sign 
will here he used for a senes in which the circle is west of the 
meridian at the upper culminations and east of the meridian at 
the lower culminations. This appeal's to he the most simple and 
satisfactory method of finding the fiexure e of the declination 
axis. Another method will he given in the next article. 

257. AIL the preceding methods of determining the instru^ 
mental constants depend upon the accuracy of the graduations 
of the two circles of the instrument Let us inquire how far 
it is possible to determine these constants independently of the 
circles, or without involving their errors * 

MrsL — The inclination 90° — c of the telescope to the decli- 
nation axis can be separately determined, independently of the 
other constants, as follows. Bring the telescope into a horizontal 
position in the plane of the meridian, the declination axis being 
then also horizontal. Place two collimating telescopes in the 
prolongation of the optical axis, one north and one south, 
and, directing them towards eacli other, bring the cross threads 
in their foci into optical coincidence (the equatorial telescope 
being for this purpose temporarily moved out of the line joining 
the collimators by revolving it about the hour axis). Then, 
brining the telescope upon one of the collimators, and clamping 
the hour circle, measure with the micrometer the distance 
between the fixed thread that marks the optical axis and the 
cross thread of the collimator. Revolve the telescope upon the 
declination axis, and measure the distance between its optical 
Ads aiid the cross thi'ead of the other collimator. The difterence 
of the two micrometer measures is the value of 2c. To elimi- 
nate any eccentricity of the fixed thread with respect to the 
optical axis, let each observation on a collimator be the mean of 
two taken -in reverse positions of the thread corresponding to 
readings of the position circle differing 180°. This metliod is 
identical in principle with the process ' given for the transit 
instrument, and more fully explained in Art. 145. Instead of 
one of the collimators, a distant terrestrial point may be used. 

We may, at the same time, determine the flexure e of the 
telescope, with the aid of the declination circle, but witl^out 
involving its errors of division (Art. 204). 


* See Bessel’s A8trono7n Unterauch , Vol I. p 14 
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Second. — An equation for determining the inclination, 90° — ^ 
of the declination and hour axes, can be obtained from the 
observation of the transits of two different stars in the same 
fixed position of the declination axis, that is, with the hour circle 
clamped at any assumed reading. If r and r' are the apparent 
hour angles of the stars, and Ty T' the sidereal clock times of 
the transits (corrected for clock rate)^ the difference of these 
hour angles will be known by the formula 

2 ^ = r' — T = r — r — (a'~ a) --- (r'— r) 

where r and r' are the corrections of t and r' for refraction ; and, 
as the difference is very small, we may use r for r' in the second 
member of (259): hence, if the cffcle precedes, we shall find 
for tins difference the expression 

2 q=. — [j' Bin (t — ^) + i — e sin (tan — tan 5) 

-j- (c -j- 6 cos sm t) (sec <5' — sec <5) 

Now reverse the declination axis, setting the hour circle at a 
reading differing 12^ from the fonner reading, and repeat the 
observation on the same’ stars on the following day. We shall 
then have, in the same manner, 

2 g' = — [y Bin (t — i + E sin fj] (tan — tan d) 

— {c — « cos ^ Bin t) (sec — sec d) 

The half difference of these equations is 

q = (i — E sin (tah — tan 5) — e (soc S' — sec d) (270) 

r 

from which, c being ' previously known, we find the value of 
i — e sin The hour circle is here used only to set the instru* 
ment approximately in the reverse position, and so that the values 
of T in the second members of all the equations may be regarded 
as equal to each other in the computation of the small terms 
We thus find the combination i — esin^ independently of the 
circle reading ; but we cannot separate i without such reading. 

rAirrf.— The quantities f and ij may be found independently 
of the readmg of tlie circles by obseiwing the same star at its 
upper and lower culminations, and also at its east and west 
transits over the six hour circle, without revolving the telescope 
upon the declination axis, and measuring the distance of the star 
in declination from the sight line vrith the micrometer. Thus, 
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for T = 0 and r = 180°, the reading of the decimation circle 
being constant, and /j and the micrometer distances of the 
star from the sight line in the two observations, and the 
refractions, and d the trize declination, we have 

d — r^z= d ^ Ad ? — e (sin ^ cos d — cos (p sin d) 

= + f — e (sin cos <5 -f cos p sin d) 

and the difference of these equations gives 

f = K/i —A) + 3 ('•i + O + e cos sin d (271) 

For T = 90° and r = 270°, we have 

a -f r, = d + Ad + /j — yj — e sm y cos d 

a + r, = d + Ad +/j -j- — e sm cos 3 

in which Tj and will be equal if no change in the meteoro- 
logical instruments has occurred. The difference of these equa- 

tions gives 

= (272) 

258. A precise determination of the constants would he re- 
quired if the instrument were to he used for determining abso- 
lute hour angles and declinations. But so large an instrument 
is liable to be so much affected by its own weight and by changes 
of temperature that we could not rely upon the constancy of 
its condition for the intervals of time tliat must necessarily 
elapse between the determinations of its errors and its applica- 
tion to the obseiwation of absolute positions of stars Hence its 
chief application is to the measurement of small differences of 
right ascension and decimation, or of distance and position angle 
■of two stars with its micrometer. The advantages of the equa- 
torial system of mounting for this application are obvious. 

The methods of conducting these micrometer observations are 
discussed in the next chapter. 
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CHAPTEE X. 

MICROMETRIO OBSERVATIONS. 

I SHALL confine myself to those micrometers which have been 
most generally approved by astronomers, either for their con- 
venience or their accuracy, and which are more or less in com- 
mon use at the present day. 

THE FILAR MIOROMETBR. 

259, This has already been fully described in Chapter H.^ 
where also the methods of finding the angular value of a re- 
volution of the screw have been given. Those applications in 
which this micrometer is but an auxiliary of some principal instru- 
ment — as in the transit instrument, meridian circle, &c. — ^have 
already been treated of under their appropriate heads. We are 
here to consider it as the principal instrument, and the telescope 
as the auxiliary: consequently, we are to suppose the tele- 
scope to be mounted with special reference to the convenience 
of micrometric observations, or, in short, to be an equatorial 
telescope. We also suppose it to be furnished with a position 
circle, constituting it a position micromet^ (Art. 49). 

TO FIND THE DISTANCE AND POSITION ANOLB OF TWO STARS* WITH 
THE FILAR MICROMETER. 

260. With the equatorial mounting, the telescope can be 
readily directed to the stars at any time by setting the circles to 
the known hour angle and declination of the middle point 
between the stars. Moreover, the automatic movement of this 
instrument (by the driving clock), by means of which the stars 

^I say “stars,” in general, for brevity; but the methods given are obviously 
applicable to the measurement of the distance and position angle of any two near 
points, as the cusps in a solar eclipse, or to the measurement of apparent semi^ 
d/ameters, &a 
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are kept in a constant position in tke field, is indispensable for 
the exact measurement of their distance and position angle. 

The micrometer is to be revolved until its transverse thread, 
■which is parallel to the screw, passes through the two stars. 
The zero of the position circle (i.e. the reading when the trans- 
verse thread is in the direction of a circle of declination) being 
known = P„, and P being the reading upon the stars, we have 
at once the required position angle p, by the formula 

^> = P-P„ (273) 

The distance of the stars is measured at the same time, by 
placing the fixed micrometer 'thread (which is perpendicular to 
the transverse thread) upon one of the stars, and the movable 
thread upon the other. The reading of the micrometer now 
being M (revolutions), and its zero for coincidence of the threads 
being M^, the required distance in revolutions of the micro- 
meter is 

m = M— Jlf„ (274) 

If P is the value of a revolution in seconds of arc (Arts. 42, 43, 
&c.), and s = the observed distance in arc, we then have 

tan ^ s = m tanP, or, neaidy, s = mlt (276) 

The distance m may also be found by placing the same thread 
successively upon the stars and taking the difference of the 
micrometer readings, thus dispensing ■with the fixed thread and 
with the determination of It ■will be still better to use two 
movable threads whose constant distance is known, as ■will be 
illustrated in Art. 266. 

In this process, we should bring the images of the stars on 
opposite sides of the middle of the field, and at very nearly 
equal distances from it. The position angle measured is then the 
angle between the arc joining the stars and the circle of decli- 
nation drawn to the ihiddle point between the stars. Both the 
distance and position ahgle thus observed are apparent ; ■fhe effect 
of refraction will be considered hereafter. 

261. Correction of the observed position' angle for the errors of the 
equatorial instrument — The preceding process would bo, complete 
if the zero of the position circle always corresponded to that 
position of the transverse thread in which it coincided with a 
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circle of declination. The adjustment described in Art. 49— 
namely, placing the micrometer thread so that an equatorial stai 
in the meridian runs along the thread — assumes, 1st, that the 
micrometer thread is pei’pendicular to the transverse thread, and, 
2d, that the equatorial instrument is in perfect adjustment in all 
respects, so that the transverse thread, once adjusted to the meri- 
dian, vi^ill remain in the direction of a circle of declination in all 
other positions of the telescope. 

-The first' source of error is avoided by adjusting the ti’ansverse 
thread independently of the micrometer liireads. This will be 
most readily done by- directing the telescope upon a distant ter- 
restrial point, and revolving the micrometer until a motion of the 
telescope upon the declination axis alone causes the point td 
move exactly along the thi’ead. The thread then represents a 
declination circle of the instiiiment, or rather a circle whose pole 
is that of the declination axis , and' we take the reading in 
this position as the zero of the position circle. 

The second source of error is next to be removed by computa- 
tion, based upon the actual state of tlie instrument. The distance' 
of the stare is correctly obtained independently of the errors of’ 
the equatorial adjustment, and we therefore have only to inves- 
tigate the effect of tliese errors upon the position angle. The 
adjustment of the thread by the method just described causes 
the thread to be at right angles to the ai*c QS, Fig. 54, 
which joins the pole of the declination axis and the e 
star. If P 18 the celestial pole and ^ is the required K 
correction of the observed position angle, we have \ 
the angle QSP = 90° — X. Let P^ be the pole of the \ 

instrument, and put \/ 

8 

QSP'=^W° — Q, PSP'=q 
we shall then have 

X = q+Q 

The triangle QSP' gives, with the notation of Art:. 245, 

, . ^ sin i — Bin crsin d' 

sin Q = ,, 

. cos c cos d 

or, with sufficient precision, 

-- Q = i BOO i — ctan’? - - 
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To take tlie flexure of the declination axis and telescope into 
account, we see, by Art. 246, that we must increase i by the cor- 
rection dt = — e sin and c by the correction do = e cos (p sin r. 
Hence, putting, as in Art. 253, 


= I — e sin <p 

we have 

Q = \ sec (5 — c tan d — e cos <p tan d sm r 
The triangle FSP\ with the notation of Arts. 245 and 247, gives 


sm q = 


sm Y sin (r — t 9) 
cos 


or. with sufficient precision, 


= T' sin (r — t9) sec d 

and it is evident that the flexure produces no sensible effect upon 
this angle We have, therefore, 

il = Bin (t — sec 5 + i, sec 5 — c tan 3 — e cos <p tan 3 sin r (276) 

This formula can be used for either position of the declination 
axis by observing the precepts of Art. 248 ; but if we wish to let 
8 always represent the actual declination, and regard (276) as 
applicable to the case in which the declination circle precedes, 
we shall have, for the case in which \t follows^ 

^ ^ sin (t — sec 3 — see ^ + c tan 3 — e cos tan 5 sin r (276*) 

The value of 8 must be that which belongs to the middle of 
the field, or the mean of the apparent declinations of the two 
stars. 

The position angle resulting from the observation will now be 


p = F^P, + X (277) 

262. The constant c expresses the angle between the optical 
axis and the axis of collimation ; and it may be well to repeat 
here the definitions of these terms as we have used them. The 
optical axis is the straight line drawn through the optical centre 
of the objective and the centre of the position circle; and the 
axis of collimation, the straight line drawn through the optical 
centre of the objective perpendicular to the declination axis. 
Ifow, the transverse thread may not pass through the optical 
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axis, but may have a cei'tain eccentrinijj : hence, to obtain the 
position angle according to the above Ibrniula with the utmost 
rigor, we must take the mean of two observations in reversed 
positions of the thread, corresponding to readings of the position 
circle differing 180°. 

The correction if the equatorial adjustment is good, will 
seldom amount to one minute of arc, and may usually be disre- 
garded. The impoii:ance of a correct determination of the posi- 
tion angle increases with the distance of the stars, since an error 
in this angle will produce errors in the deduced relative right 
ascension and declination of the stars which are directly propor- 
tional to this distance . at the same time, the greater distance is 
favorable to accuracy in the observation of the position angle. 
The field of the filar micrometer, however, is small, diminishing 
as we increase the magnifying power for the sake of increased 
accuracy ; and, since for this observation both stara must be seen 
in the field at once, we are obliged to use low powers for the 
greater distances (from 10' to 20'), and thus lose, in a degree, 
the advantage which the increased distance would otherwise 
afford. This difficulty does not exist in the use of the hehomeier^ 
for which, therefore, a greater degree of refinement in the deduc- 
tion of the position angle is requisite, and the above correction 
becomes of greater importance. 

263. Reduction of the observed position cmgU to the 
position angles at the two stars, — ^Let S and 5', Fig 65, 
be the stars, Pthe celestial pole, AS[,the middle point 
between the stam, and let the arc aSS' be produced 
through the star /S' towards A, Let 

p' = PSA, f = PSA, p = PS,A, 

i 

It is usual to assume p to be the mean of p* and p", 
but for large distances, and when the stars are near 
the pole, a correction becomes necessaiy. If we put 

h, 5', ^0 = the declinations of S, S\ S^, 

8 = the distance SS', 

the triangle PS^S gives 

cos d cos p' = cos J 5 cos cos p -f- sin ^ s sin 
008 / Bin f =s cos sin p 


mean of the 

Fig 65. 



a 
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whence s 

COB d pin (y — p) == — sin J 5 sm sm^ + sin* i s cos sin 2 

cos d cos Ip' ^p) = cos + sin i 5 sin cos — 2 sin* i s cos cos*jj 

and, developing sin J s and sin i 5 in series, 

cos d sm {p' —p) = — sm sin p + y^gS^cos sin 2;? -f &o 
cos <5 cos (p' — p) = cos ^0 + 7 5 sin cos p — &c. 

Dividing the first by the second, and putting for tan (p' — its 
value in series, we find 

p' — p = — is tan 2^(1 + 2tan*^o) — J.5® + &o 

En like manner, the triangle PS^^S' gives 

cos cos p" = cos } 5 cos cos p — sin } s sin 
cos d' sin p" == cos ^0 sin p 

ftom which we see that the development of — p will be ob- 
tained from that of j?' — p by merely changing the sign of s: 
hence 

p" ~ = + i 5 tan sin s* sm 2jp (1 + 2 tan* + &c 

Neglecting only the 4th and higher powers of s, we have, there- 
fore, 

i O' + /') — sin 2p (1 + 2 tan* \) (278) 

which is the required correction to be added to the obseiwed 
position angle p to reduce it to the mean ^ (jt>' + jp"). When s 
is expressed in seconds of arc, the second member must be mul- 
tiplied by sin 1". 

We also find, withm terms of the 3d order, 

i (/' — /) = 2 s tan sin p (279) 

The purpose of the observation is usually to determine the 
place of one star from that of another which is given. It will 
be convenient hereafter to consider the observed position angle 
as expressing the position of the unknown star referred to the 
known: thus, in the above formulee the three position angles 
j?", p are all reckoned in the direction fi’om the known to 
the unknown star, p^ being the angle at the former, p^^ the angle 
at the latter, and p the angle at the middle point between the 
two stars. 
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jco FIND THE APPARENT DIFFERENCE OF RIOHT ASCENSION AND 
DECLINATION OF TWO STARS WITH THE PILAR MICROMETER. 


264. First Method. — Observe the distance 5, and the position 
angle of the unknown star from the known stur, by the pre- 
ceding method. For a rigorous method of computation we 
must first reduce the observed angle to the mean of the angles 
at tlie stars, by (278). Thus, if we denote this mean by we 
first find 

1^0 — sin 1" sin 2p (1 + 2 tan* (280) 

in which we may take = the mean of the declinations of the 
stars, which may be found with sufficient precision by a rough 
preliminary computation. If we also put Ajp = J (p" — j?'), we 
find in the next place, by (279), 

Ap = s tan sin p (281) 

Now, a, <5 denoting the right ascension and declination of the 
known star, a', 5' tliose of the unknown star, the triangle 
formed by the two stars and the pole gives, by the Gaussian 
equations of Spherical Trigonometry, 

sin J (^ ' — d) cos i (a' — a) = sin } 5 cos 

cos } (<5' — d) COB i (a' — a) = cos } 5 COS Ap 

sin } (<5' + S) sin i (o' — o) = cos i s sin Ap 

cos } (^' -1- d) sin i (o' — oi) = sin } s sin p^ 

The 1st and 2d give 

tan } (S' — ^) = tan J s , • (282) 

008 Ap 

Having thus found J- (5' — d \ ' we also have J (5' + <5) = 5 + 
J {S' — 8)] and then the 4th equation gives 


Bin } (o' — o) = ^ * f “ (283) 

'• ^ cos}(i' + a) '• ^ 

For an approximate method of computation, sufficient in most 
oases, we can neglect the difibrence between p and and, con- 
sequently, also neglect terms in a* in (282) and (288), so that 
these equations will become 


d ' — d =ss cosp 

o' — o = s sin jj sec } (i ' 8) 
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Example. — In November 29, at the Washington Obser- 

vatory, Mr. Sears C. Walker observed the position angle and 
distance of the planet Neptune from a star as follows : 

Sid tune = 0* 17® 52* P = 82° 35' 7 m = 20 576 rev. 

For the zero of the position circle he found = 272° 38', 
and the value of a revolution of the micrometer was i? = 15".406. 
The star’s apparent place was 

a = 21* 51® 50* 69 ^ — 13° 25' 62".76 

Hence we have, by (284), 

P — F^ = y = 169° 57' 7 log cos p n9 99330 log sm p 9 24182 

log mB = log s 2 50105 , . , log s 2 60105 

^ — 6' 12" 14 log (<5'— n2 49435 log sec i (^'+ d) 0 01212 

^ (5'+5)=_13° 28' 29" a'— a=+56" 82=+3* 79 log(a'— ») 1 75449 

The computation by the rigorous formulse (282) and (283) gives 
the same results. Neglecting the differential refraction, which 
will be treated of hereafter, these differences applied to the 
given place of the star give for the place of Neptune at the 
sidereal time 0* 17*" 62*, 

a' = 21* 51® 54*.48 5' = — 13° 31' 4" 90 

In the case of a planet the place thus found has also to be cor- 
rected for its parallax. (Arts. 102, 103, of Vol. I.) 

265. When one of the stars has a proper motion^ the mean of 
several observed distances and position angles will not corre- 
spond precisely to the mean of the times. To proceed rigorously 
in that case, we must compute the differences of right ascension 
and declination from each observation ; and, as these differences 
may be regarded as proportional to the time, their mean will 
correspond to the mean of the times. But a briefer method 
of reduction consists in employing the mean of the observed 
distances and position angles corrected for second differences. Let 
^ij ^ 2 ) observed distances, and s^ their arithmetical 

mean ; p^^ p^^ _P 3 , &c. the observed position angles, and p^ their 
arithmetical mean; P^, Pg, &c the corresponding observed 
times, and P their arithmetical mean.. Let s and p denote the 
values of the distance and position angle corresponding to the 
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time r. We have only to find s and^, with which a single com- 
putation of the differences of right ascension and declination 
will give the quantities required for the time T, 

Let Aa, a 5 be the changes of right ascension and declination 
in one sidereal second. If a', 8^ are the values which corre- 
spond to the time T, we have 


5 Bin P == (a' — a) COS J ' + d) 
S COB p = 5' — d 

and, consequently, 


5i sin = (a' — a) cos J {d' + d) + — T') COS } (d' + d') 

fij cosjp, = (5' — d -f (Tj — T) 


Put 

T, - T = T,^T= r,, &0. 


and, also, 

/ sin 1 % = Aa cos i (^' + d) 

/ cos = A(5 

then 

sin Pj = s am ^ / sin 

5^ cos Pi = 5 cos p + / cos ^ 

whence 

Bin (j) -p,) =/sin (p — tf) Tj 

5i COS (p — J),) = S -\-f0OB(p — tf).Tx 




These equations give, first, 

y sin (j) — 1 ») . r, 

tan(jp-jj,) = 

1 +-C0S(JJ — #).Tj 


which developed in series [PI. Trig. Art. 267] gives 


^ ^ 5 Sin 1" 


/* sin 2 (p — #) 
s’ Bin 1" 



Each observation gives an equation of this form ; and the mean 
of n such equations, observing that It = 0, is 
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Tvliere we neglect terms of the third and higher orders. Here t 
is expressed in seconds of time, and we have, very nearly, 

'2 sm* i T 

J ~ (15 sm 1")* 

If we employ the quantity m given by Table V., — i,e. 


m 

our formula will become 


2 sm’ i T 
sm 1" 


A^in, the sum of the squares of the equations (A) gives 
s,’ = s’ + 2/5 cos (j) - ^>) r, + (/r,)’ 

whence 


ii= ’ 

s 


1 + 


2/ cos (j? — #) 


Ti -{- 




= l + yCOB(p — tf) Tj +i|-^j’sm’(jp — <>) 

where the terms of the third order are neglected. The mean 
of n equations of this kind is 

fo _ 1 _j_ /*6in’(p— i>) St’ 
s s’ ’ 2 » 


and, if ''ilf is the modulus of common logarithms, we have, veiy 
nearly,' 


logs = log s„—Jf|—j 


/ \’sin’(p — 1 >) Zm 


sm 1" 


^ (287) 


It will be convenient to find the correction of in minutes 
of arc, and the correction of log s„ in units of the fifth decimal 
place ; for which purpose we have to divide the last term of 
{286) by 60, and multiply the last term of (287) by 10®. It will 
also be convenient to let Aa and be the changes of right as- 
cension and declination in one mmvie of mean time, as they will 
usually be given in this form ; and then we must divide / by 
60.164 (= no. of’ sid. seconds in 1“ of mean time). "With these 
modifications our formulss will become 


= JJ. — [2 93984] sin 2(j) — ^ 

log s = log s, — [4.04186] sin’ ~ d) 

S* H 


(288) 
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where the logarithm of the constant factor is given. The quan- 
tities Aa, a 5,/, and s are supposed to be expressed in seconds 
of arc. 

266. Second Method. — Set the declination circle of the equa- 
torial instrument to the mean declination of the two stars ; direct 
the telescope to a point a little in advance of the stars, and clamp 
the hour circle. The telescope being jBxed, the diurnal motion 
will carry the stars across the field. Set the ti^ansit threads {i.e, 
the transveme thread and the threads parallel to it) in the 
direction of a circle of decimation, and, as the stars pass across 
the field, observe the clock times of their transits over the threads. 
At the same time, set the micrometer thread upon the two stars 
successively as each passes the middle of the field, and read the 
micrometer interval between tliem , this will give at once the 
difference of declination. The difterence of right ascension will 
be the difference between the observed clock times of transit of 
the two stars over the same threads, this difference being, of 
course, reduced to a sidereal interval when necessary, and also 
corrected for clock mte. 

For the reduction of defective transits, it is necessary to know 
the intervals of the threads, which will be found as in tiie transit 
instrument (Art. 131). 

If one of the bodies has a proper motion, the differences 
obtained are those which belong to the instant when this body 
was observed. 

It is usual, in observations of this kind, to avoid all consider- 
ation of the errors of the equatorial instrument, by adjusting 
the movable micrometer thread at the time of the observation 
so that the star runs along the thread.* If the transit threads 
are exactly peipendicular to the micrometer thread, they will be 
(very nearly) parallel to a circle of declination drawn through 

* This method is, howeyer, not strictly' correct; for the apparent path of a star la 
not prooisely perpendioular to the oirole of declination, on account of the difference 
of the refraction at different points of this path The error is, indeed, extremely 
small, except when the lenith distance is very great ; but, if we wish to proceed with 
the utmost precision, we oan set the threads by means of the position oirole If the 
xero Pq position oirole has been determined ns in Art 261, and the oirole is 

set to this reading, the threads will make the angle 7, with a true circle of decima- 
tion ; consequently, d and d' being the declinations of the stars, we must add the 
oorreotion ^ (d' — d) sm^ seed' to the observed time of transit of the star whose 
declination is d'. The angle X will be found by (276). 

VoL IT— 26 
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the centre of the field ; but, to eliminate any error arising from 
a defect of perpendicularity, the threads should be revolved 180° 
by the position circle, and the observation repeated ; and in a 
aeries of consecutive observations there should be a like number 
of observations m these two positions. 

The slide moved by the screw is often provided with three 
micrometer threads the constant distance of which from each 
other is known, and each of the two bodies is observed on the 
thread which is neai'est to it By this arrangement we are 
enabled to measure a large difference of declination with but a 
small motion of the screw, which often facilitates the observa- 
tion, especially when the stars have nearly the same right ascen- 
sion, and, consequently, pass the middle of the field nearly at 
the same time. 

The equatorial mounting enables us to repeat the observation 
as often as we please, with the greatest facility. After each ob- 
servation we have only to revolve the instrument a small dis- 
tance upon the hour axis and clamp it again a little in advance 
of the objects. 

Example — ^In 1846, November 29, at the Washington Obser- 
vatory, Mr. Walker observed the difference of right ascension 
and declination of the planet Neptune and a star as below The 
micrometer was adjusted so that the star ran along a micrometer 
thread There were three micrometer threads, numbered 1, 2, 3, 
of which 1 was nearest the micrometer head, and the constant 
distance between 2 and 3 was 29.983 revolutions. The readings 
of the micrometer increased with the declination. The value 
of a revolution was R = 15".406. 



TroiiBit Thread 
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II 

m 
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M 
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55.453 
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The star's place was 

a = 21* 60“ 8* 99 d = — 18° 23' 35" 11 

and therefore, neglecting the differential refraction and the 
planet’s parallax, we have 

a' = 21* 61“ 64* 29 (5' = — 13° 31' 3" 33 

which belong to the titne when Keptune was observed. The 
clock correction was — 3“ 31*.7, and therefore tlae place deter- 
mined corresponds to the sid. time 23^^ 28“ 28*. 7. 

Five observations of the same kind were taken successively, 
which gave at the sid. time 23^ 80“ 56*, a' — a = + 1“ 45*.23, 
= — 7' 29".40. 


267. Third Method. — ^When the telescope follows the motion 
of the stars automatically with great accuracy, we may measure 
the difference of right ascension by placing the micrometer 
threads at right angles to the diurnal motion and setting the 
fixed thread upon one star and the movable thread upon the 
other. The middle point of the arc joining the stars should be 
as nearly as possible in the centre of the field. If, then, m is 
the distance of the threads, and its equivalent in arc is 5 == miZ, 
we shall have, very nearly, sin (a' — a) = 2 sin J 5 sec Sq, in which 
Sq is the mean declination. This method will not be used for 
stars far from the equator, and therefore in all practical cases 
we may take a' — a = 5 sec ^q. The objection to this method is, 
that the difference of declination is not found at the same time. 

THE HELIOMETBR. 

268. This instrument belongs to the class of double image mi- 
crometers. The object glass of an equatorially mounted tele- 
scope is bisected, the plane of the section passing through the 
optical axis of the lens, and the two semi-lenses, set in separate 
metallic frames, slide upon each other in a direction parallel to 
the line of section.* Either semi-lens can be moved, and the 
amount of its motion measured, by a micrometer screw. Each 
semi-lens forms a complete image of a distant object at the prin- 

* The duplication of the image means of two oomplete lenses was myentel by 
eouauBB, in 1748. The improvement of substitating the two halves of a single lens 
was shortly after made by John Dollond. 
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cipal focus. These images (in a perfect instrument) are super- 
posed, and form but a single image at the focus, when the two 
semi-lenses are in their primitive position forming a single cir- 
cular lens , but when the optical centres of the two senii-lensec 
are separated by the sliding motion, the two images at the focus 
are separated from each other by a distance equal to the distance 
of the centres of the semi-lenses. The instrument thus arranged 
becomes a micrometer adapted for the measurement of small 
angular distances in general, but, from its supposed peculiai 
adaptation to the measurement of the sun’s diameter, has re- 
ceived the name of the heliomeicr. Thus, if 
A (Fig. 66) is the image of the sun formed 
at the focus when the centres of the semi- 
lenses are coincident, and one semi-lens is 
then moved until the image it forms is in 
the position J.', so that its limb is in appa- 
rent contact with that formed by the other semi-lens, the motion 
of the semi-lens, as measured by the micrometer screw, gives 
the measure of the angular diameter of the sun as soon as the 
angulai’ value of a revolution of the screw is known. 

Again, if A and B (Fig. 57) are the images of two stars when 
the semi-lenses are coincident, and if (the direction 
of the line of section of the lens being made to coin- 
• cide with that of the line joining the stars) one somi- 
^ lens is moved until the image of A is seen at i?, 
while that of B is moved to JS', the motion of the lens as given 
by the screw determines the angular distance of the stars. Tlio 
position angle of the two stars will also be determined by the angle 
which the line of section makes with a declination circle; and 
for this purpose the whole lens is mounted so as to bo revolved lu 
a plane at right angles to its optical axis, and its position at any 
time is shown by a graduated position circle attached to tlie tube 
of the telescope. 

Such is the general principle of the instrument ; but in order 
to give precision to tlie observation, it is necessary that the 
observed point of coincidence of two images should be in the 
optical axis of the complete lens, and that these- images should 
be separated by moving the semi-lenses in opposite directions 
and equal distances on each side of this axis ; or, if these condi- 
tions are not exactly or approximately satisfied, that we should 
have the means of computing the correction which the observed 


Fig 67. 
A B 
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measure requires. For this purpose, the ocular is also provided 
with a micrometer screw and a position circle, and the position 
of the point of contact of two images, with respect to the line 
joining the centres of the two position circles, can he determined. 
The mode of using the data thus obtained will he discussed in 
the general theory of the instrument hereafter given. 

269. Plate XV. represents the heliometer of the Konigsberg 
Observatory, with which Bessel determined the parallax of 
61 CygnL The focal length of the telescope is 102 inches, the 
diameter of the lens is inches. The equatorial mounting 
needs no special explanation, as it is esseutially the same as 
that described in the preceding chapter, except that the stand is 
here of wood and adjustable by means of four foot screws. The 
sliding motion of the semi-lenses is produced by the micrometer 
screws «, 6, which are moved by the observer by means of the 
rods a' and 6'. The measure of tlie motion is obtained either 
from the graduated heads of the micrometer screw or from two 
graduated scales, which are read by the microscopes e and /. 
The latter method is, however, chiefly used as a check upon the 
foiTuer, and also to verifj^ the regularity of the screw. The 
revolution of the lens about the axis of the tube is effected by 
a rack [liK) and pinion, which is out of view in the drawing, 
but is acted upon by the rod c. In order to read the micrometer 
and position circle after an observation is completed, the tele- 
scope has only to be revolved upon the declination axis until its 
object end is brought to a convenient position for reading. 

It greatly facilitates the successive repetitions of the observation 
to employ the automatic movement by clock-work , for after an 
observation the telescope can be revolved upon the declination 
axis loithout stopping the clocks and after reading the micrometer 
and position circle it can be restored to its fomer position in 
declination, and tlio objects will be still in the field. 

It is one of the chief advantages of the heliometer that the 
precision of the observation is not impaired by the diurnal 
motion ; for even when we do not employ the driving clock, a 
good result is obtained whenever we have made a contact of the 
images of the observed points near the centre of the field. The 
automatic movement is, therefore, not essential to secure the 
accuracy of the observation (as it is in the case of the filar mi- 
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crometer), but is cMefly important as facilitating the repetition 
of the observation. 

Et has been objected to the heliometer that the optical per- 
formance of a semi-lens is imperfect. In fact, it appears that, 
although the correction for spherical aberration of a complete 
lens may be perfect, it is not perfect for each half of the lens,— 
at least, it has not been found perfect in the instruments of this 
kind heretofore constructed There is also some inflexion of the 
rays of light produced at the line of section. The combined 
effect of these causes is an elongation of the separated images in 
a direction at right angles to the line of section. Another ob- 
jection is, that the brightness of each of the images is but one- 
half that of an image formed by the whole lens It has also been 
found that when the two semi-lenses are in their primitive posi- 
tion, forming a single complete lens, the two superposed images 
do not always form a single constant image, but that in a dis- 
turbed state of the air the images are frequently seen to separate 
momentarily This effect, of which no entirely satisfactory ex- 
planation has been suggested, has been observed in most if not 
all the heliometers. 

But these optical defects are more than compensated by the 
superior accuracy in the measurement of distances, resulting 
from the great precision with which contacts and coincidences 
of images can be observed The elongation of the images, being 
in a direction at right angles to the observed distance, has no 
sensible effect upon its measure, and its minute effect upon the 
position angle is eliminated by repeating the observation with 
opposite motions of the semi-lenses, that is, by interchanging 
the images. The tremulous motion of stars- arising from a dis- 
turbed state of tlie air is in general common to the images of 
both objects, and, therefore, does not affect the observation of a 
contact, and the momentary separation of the images above re- 
ferred to, which when the semi-lenses are separated produces 
a slight tremulous motion of each image, does not cause the 
images to appear so unsteady relatively to each other as the 
single image formed by a complete lens relatively to the thread 
of the filar micrometer. Finally, the experience of Bessel and 
others in the actual use of the instrument has proved that the 
probable error of a single measure, whether of distance or posi- 
tion angle, is less than in the use of any other micrometer.* 

* See Bkssm’s aooount of the Komgsberg hehometer, Aitron Nach, Vol. VIII 
pp 411-426 
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The heliometer possesses a great advantage over all other 
micrometers in the measurement of comparatively large dis- 
tances. "With a filai’ micrometer the distances observed must be 
the less the higher the magnifying power employed, since the 
whole distance must he in the field of view; but no such restric- 
tion exists with the heliometer, where only the point of contact 
or coincidence of two objects is required to be in the field. 
With the Eonigsberg instrument above described, a distance of 
1° 52' can be measured. 

GENERAL THEORY OF THE HBLIOMETBR. 

270. In the following discussion of the mathematical theory 
of the heliometer I shall chiefly follow Bessel.* 

I shall first investigate the general formulae which determine 
the position of any point of the celestial sphere observed with 
one semi-lens, the data being — let, the declination and hour angle 
of the point of the sphere which is in the liekomeier axis, which 
point may bo called the pole of the heliometer axis; 2d, the 
position of the semi-lens with respect to this axis, as given by 
the micrometer and position circle of the objective; 3d, the 
position of the point in the field where the image is observed, 
as given by the micrometer and position circle of the ocular. 

By the heliometer axis is here meant the straight line which 
joins the centres of the position circles of the objective and 
ocular ; and we shall here apply to this axis the notation which 
in the theory of the equatorial instrument (Art. 246) was applied 
to the sight line. Thus, 90° — c will now express the distance 
of the pole of the heliometer axis from the pole of the declina 
tion axis. If then we denote by 3^ and Tj the declination and 
lour angle of the pole of the heliometer axis, we shall have, by 
268), 

= ,'OOS(t, — «) ) .ggy, 

r, = t -(- at — sin (t, — #) tan 3, -f c see 8^ — tj tan S, ) 

vhere d and i are the readings of the declination and hour circles, 
ind ad, ai, y, a, and are the constants of the equatorial in- 
itrument, supposed known. The terms depending on the fiexure 
ire here omitted, as not sensibly affecting micrometric observa- 

* Astronomuche Uniersuchunffenj Yol I , Theone ernes mii einem ffeltometer versehenen 
^quaioreal-Instnmenis, See, hoveyer, also Hansen’s AusfUkrUchsMethode mit dm 
^aunhofersohen Heliometer Versuche anxustellenj 4to Gotha, 1827 
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tioiis, excepting only the term esiu^tan^j, which, on account 
of the factor tan may be supposed to become sensible for 
/ stars very near the pole ; and this term is included in our for- 
mulee by the substitution of = 2 — £ sin jp. 

It is assumed that the images of infinitely distant points 
formed by each semi-lens are mathematical points, that they all 
he in the same focal plane perpendicular to the heliometer 
axis, and that the straight lines joining these points and their 
images pass through the optical centre of the semi-lens. Let 
this optical centre be denoted by 0, The point 0 is moved by 
the micrometer screw in a plane which is at right angles to the 
heliometer axis and in a line which should pass through that 
axis, but a perfect adjustment in this respect will not be 
assumed, and we shall suppose that the line in which the point 
0 moves is at the distance h from the heliometer axis. The 
position of the point 0 in this line at any time will bo deter- 
mined by the micrometer reading m, together with the reading 
that corresponds to some assumed point of the line as an origin. 
Let this origin be the point of the line which is at the least dis- 
tance (= h) from the hehometer axis, and let a be the reading 
when 0 is at this point ; then the distance of 0 from this origin 
at any time will be expressed by m — - a. 

The direction of the line of motion of the point 0 at any time 
will be given by the position circle. The zero of the position 
circle will be the reading when this line coincides in direction 
with a celestial circle whose pole is the pole (§) of the declina- 
tion circle of the insfrument, as in Art. 261. If we hero denote 
this zero reading by and the reading at any time by n, the 
position angle of the line of motion will be 

= n — Wq -f A 

In which we have, by (276), 

A == 0 sm (ti — t?) + 2 J sec — (c + e cos tp sin Tj) tan (290) 

271 UTow, in order to express the position of the point 0 in a 
general manner, let us take two planes of reference at right 
angles to each other passing through the heliometer axis, and 
let one of these planes be the plane of the circle of declination 
passing through the pole of this axis. Let A Y, Fig. 68, be the 
intersectioii. of the plane of the circle of declination with the 
plane of motion of the semi-lens ; AJT the intersection of tho 
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second plane of reference with the plane of motion ; BO the line 
in which the optical centi'e 0 of the semi-lens moves; AO^ the 
perpendicular from A upon BO, Then, according to the nota- 
tion above adopted, we have AO^=h^ 0^0 = m -- and ABO 
= w-“Wo+^ = w — A, where, for brevity, we put 

k = n^ — J. (291) 

Hence the distance of 0 from the two planes of reference, or 
its co-ordinates on the axes AJT and A Y, are evidently 

x = (Til — d) sin (n — A) -f- & cos (n — A) 
y = (in — a) cos (ii — k) — b sin (n — A) 

The position of tlie point in the field of the ocular, at which 
the image of the celestial point is observed, which point we shall 
call the point o, will be determined by referring it to the same 
two planes . so that if //, a, ^ have the same signification for 
the point o that 7n, a, ??, A, b have for the point 0, the co-ordinates 
of 0 . with reference to these planes are 

f = (^ — a) sin (w — «) + /^ cos (y — x) 

•Q =(^li — a) COS (u — x) — /S’ sin (y — x) 

Fig 68, Fig. 69, 

r p 



The direction of the sight line oO, or that of a star whose image 
is observed at o, can now be determined by means of these co- 
ordinates and the distance /' between the planes of motion of o 
and 0 Conceive a straight line to be drawn through o, parallel 
to the heliometer axis. This line and the heliometer axis have 
the same vanishing point in the celestial sphere, namely, the pole 
of the heliometer axis. Let A^ Fig. 59, be this point of the 
sphere, S the star in the sight line oO, P the pole of the heavens. 
The plane passed through the line oA and the line oO makes 
with the plane of the circle of declination PA the angle PAS = tt; 
and the angle between the lines oA and oO is measured by the 
arc AS = A, The distance of 0 from the line oA is /' tan 
and its distances from the plane of PA and the plane drawn 
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thro Ugh oA at right angles to the plane of PA are/'tan J sin n 
and/'tan^i cos w. These distances are also expressed hy a: — $ 
and y — rj; and hence we have the equations 

/' tan J sin JT = a: — ? 

/' tan /f COB 7t = y — t) 

If we take the linear distance of the threads of the micrometer 
screw of the objective as the common unit of measure of all the 
quantities m, a, h, fi, a, /9, and if JJ is the angular value of one 
revolution of the screw, we have, since /' is the focal length of 
the lens, 

tan 2? = i 

Hence, the above expressions divided by /'give 

tan shut = tan M [(m — a) sin (n — ^) + 6 cos (w — K) \ 

— (u — a) Bin (y — x) — /S cos (v — x)] / 

^ M (292) 

tan /i cos® = tan JS [(m — a) co8(w — k) — b sin (n — k) ( 

— (/I — o) cos (y — ^ sin (y — x)] / 

These determine J and n, with which the declination 8 and hour 
angle z of the star are determined by means of the formulaj, 
derived from the triangle PAS, 

sm 5 = sin 5, cos 4 + cos d, sin /I cos x 
cos S cos (tj — t) = cos cos d — sin 8^ sin /i cos x v (293) 
cos 8 sin (r, — t) = sin A am k ) 

2T2. We can now proceed to the determination of the relative 
position of two stars S and whose images have been brought 
into coincidence by giving the two semi-lenses different positions. 
This relative position is expressed (as in the use of the -filar 
position micrometer) by the distance $ = SS', and the position 
angle at the middle point of S8' = p. Thus, in Fig. 65, p. 395, 
(Si being the middle point of SS', we have PSoS' = p. The 
declination ^^and hour angle r^of (Si-will be regarded as kno-wn. 

Let us distinguish the two semi-lenses by the numerals I. and 
n., and let the formulae (292) and (298) refer to the semi-lens I. 
and to the image of the star S formed by it. Let the image of the 
star (S' be formed by -the semi-lens U., and let the several quanti- 
ties referring to this star be distinguished by accents, excepting 
those which are common to both stars. These common quanti- 
ties are — 1st, the readings n and v of the position circles ; 2d, the 
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micrometer reading ft — a and the conatants ^ and x of the 
ocular, since these refer to a single point of the field. But we 
Hlifl .11 suppose the lines of motion of the two semi-lenses to be not 
perfectly parallel, and shall therefore express tlie angle which 
the line of motion of the semi-lens II. makes with a declina- 
tion circle by n — k'; so tliat, n/ denoting the zero reading of the 
position circle when this semi-lens is used, we have 

= — A (294) 

tan A' Bin 7 / = tan J? [(m' — a') sin (n — A/) b' cos (n — k') \ 

— (^fL — o) Bin (,—«)— /9 008 (v — x)] 

tan J' cos Ti' = tan B [(m' — a') cos (n — A') — b' sin (a — A/) ( 

— (/! — a) COB (v — a) + /S sm (k — «)] / 


sin d' = sin cos A' cos sin A' cos x' ) 
cos d' cos (tj — t') = cos \ cos A' — sin 5^ sin A' cos x' >96) 
cos S' sin (tj — t') = sin A' sin nf j 

The triangles PS^ and PS^S' (Fig. 65, p. 395) give 


and 


Bin J s Bin p=: — cos S Bin (t^ — t) 
sin i s cos p= — sin S cos fl, cos S sin S„ cos (t^ — t) 
cos i s = sin S sin a, -f cos 8 cos 8„ cos (t„ — r) 

sin } s sin jp = cob 8' sin (r, — t') 

Bin J $ coap = Bin 8' cos 8^ — cos 8' sin 5, cos (r^ — t') 
oosjs = sm a'sin Jj-l- coad'cos5oCOs(T|,— t') 


(297-1 


From these equations we must eliminate d, r, S', and t', since the 
values of s and p, resulting from the observation, are to be 
derived only from the declination S^ and hour angle of the 
middle point between the stai’s, and from the data obtained from 
the instrument. For brevity, let us write u and v instead of 
tan A sin x and tan A cos tt, and u' and v' instead of tan A' sin x' 
and tan A' cos jt'. Also, put r and r' for i/(l + wm -f vv) and 
l/(l -t" u'u' + v'v'). The equations (298) and (296) become 


and 


r sin 3 = sm 3, -f- v cos 3j 
r cos 3 cos (Tj — t) = cos 3j — v sin 3^ 
r cos 3 sin (tj — t) = m 

r’ sin 8' = sin 3j -f- 1 / cos 3j 
f COB 3' cos (r — /) = cos 3^ — u' siu 3, 
/ cos 3' sin (tj — t') = «' 
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These, coiiibined mth (297), give 


r sin } s sin;? = — cos <JjSin (to— t^) — u cos (tq — sin sin (t^ — r^) 

r sin is cob;? = — sin (5jCos ^o+ cos ^^sin ^qCOs (t^ — t^) — u sin^jjSin (t^ — tJ 
— V [cos cos + sin sin cos (t^ — r^)] 

r cos i s = sin ^J^sin 8^+ cos 5^cos d^oos — u cos 8^ sin (t^ — r^) 

+ V [cos 8^ sin ^ 0 — sm (5^ cos 8^ cos (t^— tJ] (298) 


and 


r'sin i s sin ;? = cos sin (r^ — T j) + w' cos (r^ — r J — v' sin 8^ sin (r^, — t^) 
/sm i s cob;? == sin 8^ cos — cos 8^ sin cos t,) + w' sin 8 ^^ sin (r^ — rj 

+ v' [cos COB 8g + sm 8j^ sin cos (tq — r J] 

/cos i s = sin sin ^o+ cos 8^ cos 8q cos (tq — tJ — u' cos Sq sm (tq— t^) 
+ 1 ?' [cos 8^ sin 8q— sin cos cos (tq— r^)] (299) 

These equations not only determine 5 and p, but also give a 
relation between 5^, r^and To find this relation, multiply 

the first two equations of (298) by r', and the first two of (299) 
by r, and subtract the former products from the latter: we ^d 


0 =■ (r + /) cos sin (tq — ri)+(r'M + ru^) cos (tq — r^) — (r'v -|- ru') sm 6 ^ sm (r^ — Tj) 
0 — (r + r") [sm d^oos 6^ — cos 8^ am cos (tq — Tj)] + (r'u + ru*) sin 6q sin (r^ — r^) 
+ (fv + rv') [cos cos do + am d^ sin do cos (tq — rj] 


which, if we put 


tan ^ sin = 


fu + rw' 
r + f 


tan ^ cos = 


/u + n/ 
r + r' 


may be written in the following form : 


(800) 


0=[co8di— sm djton^oosflt] 8m(ro— ri)+tan^ainG'oos(ro— r^) 


Bind,+co»d,tan^rooB(? _ , , 

tan d “ Oi— sm djtan^? oobG'] oo8(ro— rj— ton^ sinG^ Bm(ro---i) 


If we multiply each of these by cos^, and then introduce the 
auxiliaries h and -ff, determined by the conditions 

sm h = sin ^ sin Gf^ 
cos A am J = sm g cos (? 
cos h cos S = cos g 

we shall have 



0 = cos A cos (a, + S) sm (r„ — + sin A oos (to — t.) 
cos h sin (A 4- jff) r ^ 

' tan I ^ ^ ^^0 ~ -■ ^i) 



HELIOMETBB. 


413 


from which we deduce 


cos h Bin (ij -)- S) 
tan dg 

cos h sin (5j S') 

tan 


cos (Tg — Tj) = cos h COB (5, + jBT) 
sm (Tj — Tj) = — sin h 


and the sum of the squares of these gives, by a simple reduction, 


cos h Bin (a, + = si® <^g 

By the combination of the last three equations we have, therefore, 


sin 5, = cos h sin (ij -|- 

cos cos (t, — Tj) = cos A cos (<}, + if) ^ (302) 

cos 5g sin (t, — T,) = — Bin A i 

If we regard d, and r, as given by the declination and hour circles 
of the instrument, with the aid of (289), ive can employ these 
equations to obtain d, and Tg, or, if dg and Tgbe regarded as known, 
we can employ the same equations to obtain and r,, and then 
the reading of the decimation and hour circles is altogether dis- 
pensed with. 

The values of s and p will he derived from the following equa- 
tions, which are obtained by adding (298) and (299): 

(r-|-r') sin is sinj)=(«' — u) cos (t, — Tj) — (v' — v) sin sin (t,, — ^ r,) \ 
(r-|-r') sin Js cosj? = («' — «) sin (J„ sin (t, — r,) J 

+ (v'-v) [cos d, cos (Jg+sin 3, sin 3, cos (Tg— r,)] f 
(r-J-r') cos is = 2 [sin 3, sin 3, -f cos 3, cos dg cos (tj — t,)] f ^ ^ 

— (u'+u) cos 3g sin (Tg — T,) I 

+ (w'-H®) [cos 3j sin 3^— sm 3, cos dg cos (Tg— t,)] J 

In these rigorous formulss, every thing in the second members 
is known. But it will never be necessary to employ them in 
this rigorous form, except when the two stars are so near to the 
pole that the quantities u, v, v' can no longer he regarded as 
small in relation to the polar distance. In almost all cases, 
therefore, an approximate development of the formulae will 
suffice ; and this I proceed to consider. 


273. The approximate development of the equations (303), 
when the terms involving the third and higher powers of u, v, u', v' 
are neglected, is extremely simple, and would lead us to ihe 
formulae usually given for the heliometer. But it is easy to see 
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tliat such a development is not sufficiently exact, even for stars 
near the equator, when their distance approaches to the maximum 
limit (of about 2°) which the instrument is capable of measuring, 
unless a special method of observation is exclusively employed 
by which the terms of the higher orders are rendered practically 
insensible. The nature of such methods of observation will be 
seen hereafter; but, in order to obtain the most generally useful 
formulse, which can afterwards be simplified and adapted to 
special cases, I shall follow out the very precise development, 
given by Bessel, in which the terms of the thhd order are 
retained. 

In order to develop the equations (303) as far as terms of the 
third order in w, v, w', w', it is necessary to develop the factors 
by which w' — w, — v, w' + w, v' + v are multiplied, as far as 
terms of the second order only. If in (300) we substitute the 
values of r = 1/(1 + uu + vv) and r' = i/(l + V + and 
develop the expressions, we shall find that when terms of the 
third order are neglected they are reduced to 

tan ^ sin ^ (y! u) 

tan cos ^ (u' + V) 

and consequently we shall have, with the same degree of approxi- 
mation, 

sin gr sin (y! + u) 

sin g cos G = ^ (y' v) 

cos = 1 — ^ (w' + uy — ^ (v' + vy 

The equations (302), by the substitution of the values of h and S’ 
according to (301), become 

sin = sin cos g -)- cos \ sin g cos G 

cos ^qC 08 (tjj — = cos ^jCos g — sin ^^sm g cos G 

cos sin (t^ — ‘Tj) = — sin g sin G 

from which follow, also^ 

cos ^ = sin sin + cos cos cos (t^ — t^) 

sin g COB G = cos sin — sm <5^ cos cos (t^ — 

Bm g sin G = — cos 3^ sm(T^ — t^) 

With the aid of these equations the required development of 
f303) is readily obtained. We find 
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(r+ f) sin is sin^ = («' — m) [1 — ^(u'+ «)> — ^ («' + w)» tan« 

+ («' — '») B (m' + «) tan d^—\ (u' + u) («'+ v)] 
(r + r') sin is cos = ( 1 / — u) [1 — ^ (j/ -f- vy — ^ + «)» tan* 

— 2 (w' — u) (w' + u) tan 
(r+ O eo8is=2 [1 + ^ (u' + uy + ^ (v' + u)*] 

or, dividing the first two of these by the third, 

2 tan is sm u)[l— J(M'+My— ^(u'+n)’— ^(«'+w)>tan* Sj\ 

j (u' 4 - u) tan 5o — i («' + u) (v' + i;)] I 

2 tan is co8f>=(jj'— n)[l— n)“— J(M'+M)>tan’ flo]( ^ ^ 

— + w) tan (5j / 

iu which we are now to suhatitute convenient expressions foi 
w' — u,v' — V, u' + w, d' 4- V. 

It is expedient in practice to make all our observations depend 
upon but one of the micrometer screws of the two semi-lenses, 
since all the time that we may have to devote to the investiga- 
tion of the errors of the screws may then be expended upon this 
one. Let us suppose the micrometer screw of the semi-lens H. 
to be thus adopted, and lot w denote the angle between the lines 
of motion of the semi-lens H. and of the ocular, so that 


w = (n — K) — (iv — )t) 

and let/ and i?'be determined by the conditions 

f sin F = tan R [(m — a)sin {W — A)-|-6 cos (/c' — A:)-)-(y!i — o) sin w — /9 cos lo] 
f cos J'= tan J2 [(m — a)cos(A:' — A ) — h sin (A' — A) — (ji — o) cosw — /S sin w] 

(305) 

Multiplying these respectively by cos (n — k') and sin (n — k’), 
and also by — sin (n — k') and cos {n — A'), the sums of the pro- 
ducts are, by (292), 


I 


« =/ sin (n — A/ -|- J?*) 
V = f cos (n — A' -j- Jf) 



Prom which it follows that / and w — A' -f J?* are the same as 
tan 4 and ic. 

If we also assume 8 and to be determined by the conditions 


1 tan sin = tan R [ — (m — a) sin (A'— A) -f h ' — J cos (A' — A)] 

2 tan \8 cos .S = tan J2 [(m — a!) — (m — a) cos (A'— A) -f 6 sin (A'— A)] 

/'307) 
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we shall find, by means of the multiplication and addition above 
employed, and by comparison with (292) and (296), 

u' — = 2 tan } aS sin (n — h! E) ') 

i/ — V = 2 tan i S cos (n — // + 3 (308) 

and from (306) and (808), 

I (u' -f- w) = tan i aS sin (n — // + -S') + / sm (n — It' + F) 1 

^ (v' v)= tanl aS co8(n — A' + -®) + /cos (n — A/ + i?’) j (309) 

To facilitate the substitution of these values in (304), let us put 
q =: n — hi + E ^ (w' + w) = i(v' + v) 

we shall then have 


tan is 
tan iS 
tan is 
tan iS 


sin j? = sin gr (1 — j ^ tan® + cos q (u^ tan — u^ i>,; 

cos_p = cos q (1 — Uj® — i Wj® — ^ tan* — sm tan 


Multiplying these respectively by cos q and — sin g, and again 
by sm q and cos g, the sums of the products are 

tan is ^ [22;j(w^cos 2— ^iSin g,-j 

tan iAb 

^ii Q0aip—q)=l — (Mj* + Wj*)— ^ tan* ^ (m, cob j — sin qy 

The square root of the sum of the squares of these equations, 
neglecting terms of the 4th degree in their second members, gives 

tan is = tan i aSJ[1 — (w^® + Ui®) ^ (u^ cos q — Vi sin j)®] 

and their quotient gives tan (p — 5), for which we may write 
p — q, whence 

— jr = w, tan cos 2 \ 2 v^(u ^ cos ^ _ Vj sin -j- -|- v^a^ sin j] 

But with the notation just adopted, the expressions (809) become 

Ui = tan i a 8 sm 5^ + / sin -f- — E) 

= tan i S cos ^ +/ cos (gr -|- F — E) 

whence, also, 

I4i®+ i;i»= tan®iAS + 2/taniA? cob(F — E) 4-/® 

Wicos q — ViSin q =/Bin(F‘-‘ E) 
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by the substitution of which we obtain 

tanis=taiiJ/S' 2/tan iScoBiF—I!)—ip [l+co8>( P— | 

p=q + [tan J;S sin j +/ sin ( j -|- i?" — jB)] tan 

— cos 3 [tan“ i8 sin q + 2f tan iS sin (q + F — F) 
■i-f^Bm(_q + 2F—2F)-] (310) 

In the terms of the order of tan* J/S, we may put for q; but 
in those of the order of tan s, m the first line of the value of p, 
we shall employ the more accurate value 

q=p — [tan sin p f Bin (^p F — F)] tan 

Dividing the fii-st equation of (310) by 1 — tan* the first mem- 
ber becomes ^ tau s, within the degi'ee of approximation hero 
adopted, and in the small terms we may put J s for tan The 
equations thus become 

tan s = 2 tan iS |l — fs cos (F — F) — i/* [1 + cos* (F — F)]j 
p = n — A' 4- -E + [i s sm p -4- / sin (p + — F)] tan 

— [^ s* sin j5+i/s sin (p -j-F — F) +4/* sin (j3 2 J* — 2F)] coBp 

— [4s’sm2p-l-4/S8in(2jj-}-P' — ^)-4-4/*sin(2p-(-2i'’— 2^)] tan'a^ 

These may, however, be still further simplified. The angle E is, 
ill general, either very small or very nearly 180°, according as 
to' — a/ — (m — a) is a positive or negative quantity in (307). 
The case must be excepted in which the distance s is itself so 
email as to be regarded as of the same order as A' — A and b' — 6 ; 
but in this case the terms involving E are themselves so small 
that they can be wholly neglected. Putting, therefore, in the 
email terms, E=(i or = 180°, and also substituting the value 
of k' — n/ — A, and of X by (290), we have, finally, 

tans = 2tan [1 q:/s cos Jf — 4/’C^ + cos*J?')] V 

j> = n — n,' + + O' Bin(T|, — tf) -f i,] 800 a, / 

4- Qssinp ±/Bin(jp -f J?") — c — e cos sin rj tan > (811) 

— [J «* sin p ± 4/a sin (jp+2^) + 4/’ sin (p4-2 P)] cosjp i 

— [4 a’ sin 2p±4/a sin (2p +P) +4/* sin (2p4-2 P)] tan* j 

tn which the upper or the lower sign is to be taken according as 
m' — a' — (m — a) is positive or negative. In the value of X 
(290), we have here substituted r, and d, for r, and dj, which will 
produce no appreciable error. 

The angle p here expresses, the position angle /rom the star 
voun— 2r 
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whose image is formed by the semi-lens I to the star whose 
image is formed by the semi-lens H. It is also to be observed 
that we have employed the formulfie for the equatorial instrument 
as given for the case in which the declination circle 'precedes the 
telescope: so that, according to Ai1:s. 248 and 250, when the 
decimation circle will be the hour angle increased by 
180°, and wiU be the supplement of the declination ; conse- 
quently, also, p will be the position angle mcreased by 180°. 

274. The coincidence of the images of the two stars 8 and S' 
can be produced at the point 0 (Art. 271) in two different ways, 
namely, by opposite motions of the semi-lens II. relatively to 
the semi-lens 1. By the combination of the observations made 
in these two ways, we shall be able to eliminate a, a', 6, 6', Id — A, 
and it will no longer be necessary to determine these quantities. 

Let us suppose the semi-lens I to remain in the same position 
as in the first observation, and that the semi-lens II. is now 
moved in a direction opposite to that of its former motion until 
the second coincidence of the images is produced. This will, in 
general, require a common revolution, to a small extent, of the 
two lenses about the heliometer axis, thus slightly changing tlie 
reading of the position circle, which reading we shall now denote 
by Tij. Let the reading of the micrometer in this observation be 
w?^', and let the corresponding values of 8^ jS, and p be denoted 
by 8yi j®i, and p^ The formulsB (307) and (311), with these 
changes, will then apply to this second obseiwation, and (307) 
will become 

2 tan } 8^ sm = tan iE [— (m — a) sin (Id — A) + V — h cos (Jd — /:)] 

2 tan } 8^ cos E^ == tan R [m/— a' — (m — a) cos (]d— k)-\-h sin Qd — /:')] 

Since — a' and m' — a' fall upon opposite sides of m — a, the 
quantities 2 tan JS'iCOSjSi and 2tan cos .iS have opposite signs, 
but 2tanjSi sinj&j and 2 tanjA^ sinE are equal; from which it 
follows (since 8^ and 8 can differ only by terms of the 8d order) 
that E^ differs from 180° — jE^ only by terms of the order of the 
product of A' — k into 5®, and this difference may be regarded as 
altogether insensible. In the application of (311) to the second 
observation, therefore, the meaning of the double sign will be 
reversed. We can, however, avoid all the difficulty in distin- 
guishing the cases in which E is to be taken greater or less than 
90°, by calling that observation the firsts for which E < 90°, and 
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applying to it the notation n. Under this condition, the 
upper signs of (811) will be used for the first observation and 
the lower signs for tiie second ; and the value of for the second 
observation will be 180° + p. 

The formulae for the two obseiwatious may, therefore, be 
expressed as follows, where we introduce the value of 2tanJ/S 
given by the second equation of (307) after neglecting tlie insen- 
sible terms (which terms, however, even if they were sensible, 
would be eliminated by the subsequent combination of the two 
observations) : 

1st Observation 

tan 5 = tan ^ cos J?" — 4/* (1 + cos^ i?')'] 

cos E ^ 

^ — n/ + JS? + 0 sin (to — T?) + zj sec 8^ 

+ 5 sin + / sin ( + i^) — c — e cos tp sin tJ tan 8^ 

— [J 5® sin -|- j/s sm (p + jP) + sm (p + 2i?')] cos p 

— s* sin 2p -f- ^/s sm (2p -|- J?) + sin (2p + 2F)] tan* 

2d Observation 

tan s = tan R ^ ^ [1 -f/s cos -F— J/* (1 + cos* P)J 

P = — Wo' — ^ + |> sinCr, — tSi) + zj sec 8^ 

+ l—is sinp 4-/ sin (p + J’) — c — e cos ^ am tJ tan 8^ 

— [^ 5 *Binp — 4/5sin(p-f- jP) + 4/®sin(p-|- 2 jP)] cosp 

— [J 5* sin 2p — ^fs sm (2p -j- jP) + J/a sin (2_p + 21^)] tan* ^3; 

From the mean of the two observations, we have 
tan 5 = tan JS [1 — ^ /> (1 + cos* J')] 

P = ” — V+ l> Bin (To — ’>) -h sec 

+ [/ sm (j? +i^) — c — e 008 ^ sm tJ tan 

— y'j s* sin 2 jj (1 -j- 2 tan’ 

— if' [sill (.P + 2i^) cos + sin (2jp + 2F) tan’ 

The value of U, obtained from the difference of the tw^o values 
of p, is 

JE = ^ ” — Jssinjptan^g 

^ + s/s [ciii (P + cos p + sin (2p + JF) tan’ aj (S18) 

But it will not usually be necessary toregatd the divisor cos JS in 
the formula for tan s, for it can differ sensibly from unity only in 
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those caseij in which 5 is an extremely small quantity, and in 
these cases we may take E = ^[n^ — n). 

The method of observation with the heliometer, in which two 
corresponding observations in opposite positions of the semi- 
lenses are combined, may be regarded as fundamental and essen- 
tial. The same degree of accuracy which it affords cannot be 
attained by single observations, the reduction of which requmes 
an accurate determination of the quantities a', 6, 6', A:' — k; 
:^br, in addition to the uncertainty of such determinations foi 
any given position of the instrument, it is not certain that the 
values of these quantities are really constant for all positions of 
the telescope with respect to the horizon. It is true that oui 
formulee still involve /and which depend upon a, a', &c. ; but 
Qb'preme determination of these quantities is no longer necessary, 
since they enter only into the small terms of the formula*. 
Moreover, by a proper method of observation, /and F may be 
dispensed with altogether, as I next proceed to show. 


275. Assuming that a complete observation always consists of 
two corresponding observations, as in the preceding ailicle, 
there are yet three different methods of making such an obsoi'* 
vation, each of which offers some advantage over the others. 
These I propose to consider separately. 

First Method of Observation , — ^Let the semi-lens which is to 
remain fixed during the observation be set so that its sight line 
shall be parallel to the heliometer axis. This will be effected by 
making m — a = — a, and at the same time n — A; = v — k, or, 
in the most simple manner, by making m — a = n — a = 0. 
We shall then have/= 0, and lie formulee (312) become 


tan fit = tan R ^ ^ 

2 COB jS? 


+ O' sin (t„ — + Ij sec 
— (c + ® 8™ fj) tan — -j^j fi’ sin 2jj (1 -|- 2 tan* j 


(814) 


This method recommends itself by the symmetry which it gives 
to the ohseiwations, as well as by the simplicity of their reduction 
Second Method . — In this method, we make the lines of motion 
oJp the objective and ocular parallel, or ii? = 0, and also make 
m = a; but the ocular is moved between the two observations, 
being set for one observation so that ;i — a = J (m' — a'), and 
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for the other so that [jl — a = a'). We then- have 

/= is and i^= 180® for one observation, but JF= 0 for the 
other. These changes must be made in the two sets of formulse 
from which (312) were obtained; for in the combination expressed 
by (312) the ocular was supposed to have the same position in 
both observations. Here, however, we must put jP = 180° in 
the first and = 0 in tlie second, at the same time substituting 
is for/, and then make the combination : we thus obtain 


tan s = tan Ji ^ ^ 

2 cos^ 

P = ^ —^0 +[r sin (^0 — *») + *0 sec 

— (c-j-e cos sin t^,) tan 


( 315 : 


In this method, the rays from the two stars make the same angle 
(= J s) with the optical axis of each semi-lens , whereas in the 
first method the rays from one star make the angle s with this 
axis and those from the other star are parallel to the axis. The 
second method, therefore, ofters the advantage of bringing both 
images at equal distances from the axis, thereby producing equal 
distinctness and accuracy of definition in them, and avoiding the 
defects of the lens, which appear more prommently as the rays 
fall more obliquely. The greater simplicity of the first method' 
ill the observation will, however, give it the preference so long 
as the distance to be measured is not so great as to cany one of 
the objects beyond the limits of distinct vision. 

Thvrd Method . — This combines the advantage of the second 
method with the simplicity of the first. “We place the ocular 
permanently in the heliometer axis, and make each observation 
with the semi-lenses at equal distances from that axis and on 
opposite sides of it. The chief objection to this method is that, 
since both lenses are moved, it becomes necessary to know the 
value of a revolution of the screws of both , but, as has been 
already remarked in Art. 278, it is expedient to devote all our 
attention to the investigation of the errors of but one screw. It 
may also be objected to this method tihat, when the distance to 
be measured is rapidly changing, time will be lost in effecting 
the requisite symmetrical arrangement of the observations. This 
objection, however, maybe made with even greater force against 
the second method 5 but the first method is free from it. 

With any of these methods, if we wish to free the results from 
the effects of flexure of the dsolination axis and from the incli- 
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nation of this axis to the hour axis, without supposing \ and 
c to be known, we take two complete observations {i e, pairs of 
observations) in the two positions of the declination circle, pre- 
ceding and following; for we see by (314) and (315) that and c 
will vanish from the mean of these two observations. 

In Art 268, we have seen that sin 2/; (1 + 2taii*do) is the 
correction to be added to the position angle at the middle point 
between the two stars to reduce it to the mean (= p^ of the 
position angles at the two stars • consequently, if we neglect this 
term in the first method of observation above given, the result- 
ing position angle will be at once the mean i) 03 ition angle p^^ 
with which and the distance s we find the diftcrcnces of decli- 
nation and right ascension of the stars, by Art 264. The results 
are yet to be freed from the effect of refraction, by tlie methods 
hereafter to be given. 

276 I have thus far assumed that tlie contact of the images is 
always produced at a certain known point (o) of the plane of 
motion of the ocular. It will be well always to make the con- 
tacts at the middle point of the field, but the position of this 
point will usually be estimated only, unless it is indicated by a 
square formed of intersecting threads or some equivalent con- 
trivance, which, however, involves the necessity of illuminating 
the field or the threads. Let us inquire, therefore, to what 
extent an erroneous estimate of the position of tlie middle of 
the field will affect the observed measures. 

The quantities / and JP, determined by (306), express the actual 
position of the middle of the field (o) ; but if the point of con- 
tact is a different point (o'), the values given by the formulae 
require a correction 

Let h denote the angular distance of o' from o, and H the 
angle which oo' makes with the observed arc /SiS', H and w being 
reckoned in the same direction. The quantities tani?. (//—a) sin w 
and tan (// — a) cosio, which express the angular distances of 
the point o from SS", and from a perpendicular to drawn 
through the heliometer axis, must be increased by h sin H and 
Acos-ff respectively. Consequently, f^iwF and / cos will re- 
quire the corrections h sin if and — h cos jH’: hence, if we suppose 
ft to be so small that its square may be neglected, the effect upon 
tana will be, by (311), 

di fts* cos JET -f- hsf (2 cos F cos — sm sin S) ^ 
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and the effect upon the position angle will be 

q: ABm(p — ir)tand„ ± i As [sin (p — ^)co8p-|- sin (2p — ^^tan’JJ 
-|- Af [sm (p + i?" — H) cosp sin (2p F — H) tan* fS,,] 

Since h will bo but a few minutes in any case, it follows that tlie 
effect upon the distance will be usually inappreciable even for 
the greatest values of s and/. The fli’st and principal term of 
the effect upon the position angle is proportional to the tangent 
of the declination ; but it vanishes when sin (p — H) = 0, that 
is, -when 11= p, ov H. = p 180°, or when the point at which 
the contact is made lies in the declination circle which passes 
through the centre of the field. "When the telescope follows tlie 
diurnal motion accurately, and a contact has once been made in 
the centre of the field, the subsequent observations will all be 
very near tliis point. The greater the declination, the more 
careful must we be to make the contacts near the declination 
circle of the centre of tlie field ; but it is evident from the pre- 
ceding discussion that we shall probably always be able to effect 
this with sufficient accuracy by estimating the position of this 
centre, •without resorting to the use of illuminated threads. 

DBTBRMIlTATIOlSr OB THE CONSTANTS OF THE HBLIOMETBB. 

277. To jM a, a', a. — ^Direct the telescope to any fixed point, 
and, ha-^g brought the centre of the semi-lens I nearly into the 
heliometer axis (by estimation), revolve the lens 180° about the 
axis. If the imago of the point appears still in the same point 
of the field of view, the reading m of the micrometer is then 
evidently = a. If the imago has moved, we have only to move 
the semi-lens by its micrometer screw until the image has been 
carried to the middle point between its first and second positions, 
and, if this middle point has been correctly estimated, the semi- 
revolution will no longer affect the apparent position of the 
image. By repeating this process, we shall very quickly find 
the exact position of the semi-lens when its centre is at the 
minimum distance from the heliometer axis, for which m = a 
In the same manner, a' will be found for the semi-lens n. ; and, 
by a similar process, revolving the ocular 180°, a -will be found 

278. To find k' — k, h' — b — These quantities produce the 
greater influence upon the readings of the position circle, the 
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smaller the distance between two points whoso images are 
brought into coincidence. They will, therefore, be most accu- 
rately determined by complete observations (Art. 275) of the dis- 
tance and position angle of the components of a double star. 
Since s is in this case extremely small, we shall have JE= J (?ii — ?i), 
and, neglecting the insensible terms in (807), tlie single observa- 
tions will give 

s sin i (nj — n) = JJ [(ffi — o) — //) -[- 
s cos i (n, — n) = B \inl — a' — m a\ 

and (since in the second observation we put 180° — JE for E) 

s sin i (a, — a) = JB [(ai — «) (^ — 
s cos i (a, — a) = J! [m — a — aij' -h o'] 

from the combination of which we derive 

(m — — — b = \ (m' — m/) tan j (n, — a) (316) 

in which the second member and also the coeificient of L — /c' are 
known from the observation. By setting the semi-lens I. at various 
readings m, and making the contacts by moving the semi-lens 
n , we shall thus for each complete observation have an equa- 
tion of condition of the form (816) ; and since the coefficients of 
k — k'\u these equations may be made to have very different 
values, the combination by the method of least squares will give 
a very accurate determination of botli k — k' and b' — b. 

We may here observe that it is not necessary, nor is it advan- 
tageous, to bring the images of the stars into coincidence. It 
will be better to bring the image of one of the components 
formed by one semi-lens to the middle point between the two 
images of the two components formed by the other semi-lens. 
Thus, if a and b are the images of the two components formed 
by the semi-lens I , a' and b' those formed by the semi-lens II., 
in the first observation the images will stand thus ; 

a' a b' b 
* * * * 

and in the second observation thus : 

a a! b V 

* * * * 


' I i 1 ^ 
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As the components are supposed very close together, the bisec- 
tion of their distance will be more accurately estimated than a 
coincidence of superposed images. This method of observation 
is always advisable when the distance to be measured is but a 
few seconds. 

I should have remarked before that the quantity k — k' is tlie 
difference of the index errors of tlie position circle for the two 
semi-lenses, since from the values of k and k' (291) and (294) 
we have 

k — kT—n^ — n^ 

279. To find the index etror (n„') of theposiiwn circle. — This is the 
index error for the semi-lens II., with which we suppose all our 
observations to be made. Let the semi-lenses be separated to 
any assumed distance (by setting m — a and m* — a' to different 
readings), direct the telescope upon a fixed point, and revolve 
the objective until a motion of the telescope upon the hour axis 
(the declination circle being clamped) causes the two images of 
the fixed point to come successively into the sight line, that is, 
into the centi’e of the field of the ocular. The position angle of 
the line joining the two images is then nearly ± 90° ; but it will 
vary with the distance by which the semi-lenses are separated. 

If the hour circle is clamped and the objective is revolved 
until a motion of the telescope, upon the declination axis only, 
causes the images to come successively into the centre of the 
field, the position angle of the images will be nearly 0° or 180°, 
but will also vary with the distance of the centres of the semi- 
lenses. The relation between tlie reading (n) of the position 
circle and the distance of the lenses will be investigated for 
each of these methods. 

In either method, I shall suppose that the sight line of the 
semi -lens I. is made to coincide with the hehometer axis, which 
will be effected by setting the micrometers so that m — a = 0 
and — a = 0. 

1st When the telescope is revolved upon the hour axis. — ^It is ob- 
viously unnecessary to consider the position of the instrument 
with respect to the pole of the heavens, and we may therefore 
express the position of the heliometer axis by formulae which 
give the instrumental hour angle and declination of the axis. In 
order to show the effect of flexure, let us return to the general 
formulae (258), which, by omitting the terms r cos (r — i?) and 
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j sin (T - d) tan d, will express the declination and hour angle 
T, of the heliometer axis referred to the pole of the instrument 
Putting D for d + Ad and T for i + and \ — s sin <p, we 

shall put 

d,=D — e (sin cos D — cos <p sin D cos T) =D -|- Ai) 

— i,tanD + ecosj>cosr + ecosj98eei)sm T=T-\- aT 


in which <p will now denote the latitude of the instrument. Tho 
equations (293), under the form given to them in Art. 272, will 
now become 

rsm5 = sinD4. ucosD + rco83cos(!r — t) aD 
rcosScosCT — x)=oq%B — vsinD — rsin^ AD4'rcos5sin(T' — r) a? 
rcos58m(!Z’ — r)=u — r cos i 008 (2’ — r) tiT 

(817) 

in which d and r are the declination and hour angle of the fixed 
pomt. 

In the revolution about the hour axis, D remains constant. 
If the preceding equations are assumed for the case in which the 
image produced by the semi-lens I. is in the sight line, and we 
distinguish by accents those quantities which vary when the 
second image is brought into the sight line, we shall have, since 
d is fixed, 

• 1 V 

sin i = — sm D -j- _ cos 23 -f- cos ^ cos (2* — v) aD 

TV ' ^ 

1 v' 

= --j8mD + — cosD -f- COS <S cos (2" — t) aIX 

as the expression of the condition that the two images of tlie 
same point are successively brought into the eight line. But, as 
we may neglect the products of the small quantities c, tj, e, e, by 
the squares and products of u, v, u', ?/, we can in the last terms 
put cos {T t) = cos (2’' — t) = 1, and then give the equation 
the form 


7 )°°® “(7 “ 7 )®'” ^ — A-Zy) 

—(y ~ jsmD-l-ecos <!isiu2)co8a(co82’— ooe2’') 

From the second and third equations of (817) we have, with the 
degree of approximation here required, 

cos « cos 2’= cos 2) cos T — « sinD cos T — « sin T ' 
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and, therefore, also 

cos d cos T' — cos D cos T — v' Bin D cos t — m' sin t 
by means of which our equation becomes 

— y =|— — i jtani)4-eco8fitani)[(v' — i;)8inZ)co8T-(-(M' — it^sinr] 

The mode of observation above proposed, by which we have 
m — a = 0 and fi — a = 0, leads to a simplification of this equa- 
tion ; for these conditions give also / = 0, and consequently, by 
(306), u = V = 0, and r = i/(l uu vv) — 1. We have also, 
by (308), under the same conditions, 

v! =2 tan } (S sin (n — A' .S) 
v' = 2 tan J S cos (n — A' -(- .E) 

and, consequently, 

r' = 1 ^ (mV -1- vfv') = 1 -|- 2 tan* i 8 

Substituting these values, and neglecting terms of the order oi 
etan^JjS, we deduce 

COB (n — K -j-JS) =tan } /Stan jD-|-e cos ^ tan D [sin D cos rcos (n — 

sin r sin (n — A' -f jB)] 

trom which it follows that cos (n — A' + JEI) is of the same ordei 
as tan JS, and n — A' -f is nearly = ± 90°. We may, there- 
fore, in the last term, put cos (?i — k' + JEJ) = 0 and sin {n — A' 
-H JS!) = ± 1, and write the equation in the following form : 

sin [90° q= (n — A'-j- JB)] s= tan } S tan D ± e cos y tan D sin r (318) 

We shall here have to distinguish between the cases in which 
n — A' is nearly = 90° or nearly = — 90°. The angle jEis nearly 
= 0 or nearly equal 180°, according as m' — a' is positive or 
negative in (307). When n — A' is nearly = ■+• 90° and is 
nearly = 0, we have n — k'-^-JS nearly = -H 90°, and the upper 
sign in the second member must be used. Under the same 
conditions, the upper sign in the first member makes 90° — 
(n — A' + JS) nearly = 0, and the angle may be put for its sine. 
When n — k' is nearly = 90° and E is nearly = 180°, the 

lower signs must be used. Hence, if we write sin E for E or 
for 180° — E, we shall have, when n — A' is nearly = -|- 90°, 

3 : [n —A'— 90°) — 8inJS=tanififtanD±eoos«»taBPsinT (318(7) 
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and similarly, when n — A' is nearly = — 90°, 

± (n — A'4- 90°) + sin tan J ^tan Dq= e cos ^ tan i? sin t (3186) 

The value of k', according to (294) and (290), when wo refer A to 
the pole of the instrument, is 

k = n^ — sec + c tan « °os ^ tan sin r, 

where the last term is equivalent to the last term of (818). If, 
therefore, we neglect this term in (318), the value of k', which 
the equations then determine, will he 

= — ij sec 3, + c tan 

If we suppose k' — k and h' — 6 to he known, we shall know 
B from (807), and a single observation will determine k' by (318). 
But it will be preferable always to combine two coiTesponding 
observations in which m' — a' — m-\- a and tWj' — a' — m + a are 
numerically equal but have opposite signs ; then, n and being 
the readings of the position circle in the two observations, wo 
shall have from their mean 

— tj sec + c tan 5, = i (a, + ») h= 90° (319) 

If we set the micrometer at various readings in making these 
pairs of observations, and assume that the weight of the resulting 
determinations is proportional to J (m/ — m,'), and if we denote 
the several values of J — m') by M, M', M"^ &c., and of 
4(^1 + w) + 90° by N, N', N", &c., we shall have iJie final mean 
by the formula (see Appendix, Method of Least Squares) 

^ MB + M'N' + -1- &o 

'• ^ Jf + + &o. 

and then 

n,' — Zj see + c tan 8^ = (JV^ 

To elimmate the terms involving \ and o, we take observations 
In the two opposite positions of the declination axis, — circle pre- 
ceding and circle following,— and if (N) and (N') are the general 
means found in the two positions, we shall have 

V=K(-^V) + (A’)] (820) 

We see that the index error will be found Indeperfdant^y of jjdl 
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other quantities, by taking the mean of the readings in four 
observations, two in each position of the declination axis. 

2d. When the telescope is revolved vpon the decUnaiion axis.— In 
this case T is constant and D varies. The condition that the 
two images are successively brought into the centre of the field 
will be expressed by equating the two values of cos 8 sin {T r) 
given by the last equation of (S17). Putting cos ( T — t) = 1 m 
the last tena of this equation, we find 

_ COB S.t^T= — — cos d.e^T' 
r r' 

or, by the same method of observation as we employed above, 
making /= 0, and, consequently, also u = v — 0, and r- = 1, 

u'= fooeS (aT' — 

= r' cos J [tj (tan 2) — tan jy) — (c + e oos sin T) (sec I>— seojy)] 

which, with the same degree of approximation as was obseiwed 
above, may be reduced to 

u' = r'v' [ij sec a — (c + fl cos ?> sin T) tan 

Substituting tan (w — A' + JSJ) for -,i and r' = 1 (which involves 
only errors of the order of tan® multiplied by ij, o, e), we 
have 

tan (n — hi + JSI') — h B6od — (e + e cos ?> sin T) tan 9 

Hence n — Id + JSw very small or very nearly = 180°. When 
18 nearly = 0, we shall have, for the two cases of E, 

n — ft' d= sin JS( = lx sec ^ — (c + e cos sin T) tan 3 C821al 

and, when n — ft' is nearly = 180°, 

fi ft' ip sin E — \ sec 9 — (c e cos ^ sin T) tan 9 (8216) 

If we omit all the terms in the second member, the value of ft' 

which these equations determine will be that of V 

then, two observations are taken in which m' — a' — m + a and 

ffi' — a' w -f a are numerically equal but have opposite signs, 

and if n and tIx are the two readings of the position circle, we shall 
have 


<= i («i + »») 
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Regarding the weights of the several determinations thus made 
as proportional to the values of ^ a general mean (iV) 

will be found as above, and then we shall have 7?^' = (iV), 

280. Prom the preceding article it appears that by revolving 
the telescope upon the declination axis the index error of the 
position circle is found independently of all other quantities, 
and without reversing the declination axis. We should expect, 
therefore, that when this method is followed in both positions of 
that axis — ^that is, both with circle preceding and with circle 
following — the same value of will be obtained. Bessel 
found, however, that this was by no means the case with the 
KoDigsberg heliometer; for the difference of the resulting values 
was sometimes as great as 4', which is too great a difference to 
be ascribed wholly to errors of observation. He explains the 
discrepancy by supposing the telescope to have a tendency to 
revolve (so far as the elasticity of its materials will permit) 
about the point at which it is secured to the declination axis ; a 
revolution which has the same effect upon the position angles as 
a revolution of the tube about the heliometer axis, and wdiich is 
clearly to be distinguished from a flexure of the declination 
axis. Supposing the amount of the revolution to be proportional 
to the force which tends to produce it, the law which it follow^s 
in all positions of the instrument is easily assigned; for this 
force is merely that part of the weight of the telescope which 
acts at right angles to a plane passing through the docliilation 
axis and the heliometer axis, and is, consequently, proportional 
to the cosine of the zenith distance of the point of the heavens 
towards which the peiTpendicular to this plane is directed. The 
hour angle of this point is the same as that of the heliometer 
axis = and its declination differs 90° from that of the helio- 
meter axis = 90° + Denoting the zenith distance of the 
point by C, we shall have 

COB C = sin <p cos \ — cos ^ sin cos 

and the amount of revolution will he expressed by cos in 
which is its maximum. The observed position angles must be 
corrected by addmg this quantity, or 


4 (sin jp cos — cos p sin cos Tj) 


(822; 
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which term must, therefore, he annexed to the formulae for p in 
(314) and (315).* 

281. To find the index error (x) of the position circle of the ocidar . — 

Set the semi-lens 11. at any assumed distance =m' — a' from 
the heliometer axis, and the ocular at an equal distance = /i — a 
from that axis. Eevolve the ocular about its axis until the image 
of a fixed point is seen in the centre of the field. Let n and v 
be the readings of the position circles of the objective and ocular. 
“Without moving the telescope or changing n, repeat the obser- 
vation with the distance — (m' — a') = — (ji — a), and let v' be 
the now reading of the position circle of the ocular. Then, 
n — n/ being the true direction of the line of motion of the 
semi-lens 11., we have n — -{• v') — (ji — ??/). It will be well 

to adjust the index of this circle so that its readings will agree 
witli those of the position circle of the obj'ective. 

For the fixed point in the preceding methods of determining 
the index error of the position circles, it will be expedient to 
employ the intersection of a cross thread in the focus of an 
auxiliary telescope, mounted in the obseiwing room, with its 
objective turned towards the heliometer ; the two threads of the 
cross making an angle of 45° with a declination circle. 

282. To find the distance (fi) of the line of motion of the ocular from 
the hehometer cms. — Set the ocular at an assumed distance /a — a 
from the axis, and bring the image of a fixed point into the centre 
of the field. Keeping the telescope fixed, set the ocular at a 
reading fi' such that jx' — a = — {p — a), and revolve it until 
the image is again seen in the centre of ^e field. Let v and v' 
be the readings of its position circle in the two positions ; then 
we evidently have 

± ^ — ttHji tan i (180° — v -j- i/) (823) 

2t 

It will be easy to adjust the ocular, by means of the proper 
adjusting screws, so that its line of motion passes through the 
heliometer axis, and thus make ^ = 0. A small error in this 
adjustment will have no sensible effect upon the observations, as 
our formulae show. 

* See Bbssbl’b Aatron, Uhteraueh , Yol. L pp. 45, 72 In the latter place lie finda 
for the Kdnigsberg heliometer ^ (which he there denoted by =? 1' 914 
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283. Finally, the value of a revolution of the micrometer 
acrew (= jR) is to he determined with the utmost precision. Of 
the methods given in Chapter 11 for the filar micrometer, we 
may regard the following as the most suitable for the heliometer : 

Ist. By the measurement of the focal length of the lens and 
of the distance between two successive threads of the micrometer 
screw. 

2d. By the Gaussian process, or the observation of a thread in 
the focus of the lens with a theodolite. 

3d. By the measurement of a distance otherwise known, as, 
for example, the distance of two stars in the group Pleiades de- 
termined by meridian observations. 

By the third method, however, we cannot expect to reach the 
degree of accuracy which is necessary to give tlie heliometer all 
the advantage which it should possess as a micrometer. ThiA 
objection is obviated in a degree by measuring the successive 
distances between a number of stars which are nearly in the 
same great circle, and, having reduced these distances to the 
great circle joining the extreme stars, comparing the total reduced 
distance with the distance of the extreme stars as determined by 
meridian observations. 

Bessel, after a careful trial of all these methods -with the 
Eonigsberg heliometer, gave the preference to the first. I must 
refer the reader to his elaborate researches upon this instrument 
(already referred to) for his very precise method of determining 
the focal length of the lens. These researches include also some 
optical investigations of great elegance and importance. 


OBSERVATIONS UPON THE CUSPS OE THE SUN IN A SOLAR ECLIPSE. 

284. In the general discussion of eclipses in Vol. I , I omitted 
to speak of the use that may be made of these observations in 
■determining the corrections of the elements of the eclipse. The 
omission tnay be appropriately supplied here 
in connection with the heliometer, with which 
the observations are most accurately made. 

Let M and 8 (I'ig. 60) be the apparent places 
of the centres of the moon and sun, GC' the 
common chord of the intersecting discs. The 
•observation consists in measuring the distance of the cusps C, O', 
and the position angle of CG' with reference to the circle of 
declination drawn to its middle point. This distance, as well as 
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283. Finally, the value of a revolution of the micrometer 
screw (= JB) is to he determined with the utmost precision. Of 
the methods given in Chapter 11. for the filar micrometer, we 
may regard the following as the most suitable for the heliometer : 

Ist. By the measurement of the focal length of the lens and 
■of the distance between two successive threads of the micrometer 
screw. 

2d. By the Gaussian process, or the observation of a thread in 
the focus of the lens with a theodolite. 

3d. By the measurement of a distance otherwise known, as, 
for example, the distance of two stars in the group Pleiades de- 
termined by meridian observations. 

By the tMrd method, however, we cannot expect to reach tlie 
■degree of accuracy which is necessary to give the heliometer all 
the advantage which it should possess as a micrometer. Thia 
•objection is obviated in a degree by measuring the successive 
distances between a number of stars which are nearly in the 
same gi'eat circle, and, having reduced these distances to the 
great circle joining the extreme stars, comparing the total reduced 
distance with the distance of the extreme stars as determined by 
meridian observations. 

Bessel, after a careful trial of all these methods with the 
Eonigsberg heliometer, gave the preference to the first. I must 
refer the reader to his elaborate researches upon this instrument 
(already referred to) for his very precise method of determining 
the focal length of the lens. These researches include also some 
optical investigations of gi'eat elegance and importance. 


OBSERVATIONS UPON THE CUSPS OE THE SUN IN A SOLAR ECLIPSE. 

284. In the general discussion of eclipses in Vol. L, I omitted 
to speak of the use that may be made of these observations in 
determining the corrections of the elements of the eclipse. The 
omission may be appropriately supplied here 
in connection with the hehometer, with which 
the observations are most accurately made. 

Let M and S (Fig. 60) be the apparent places 
of the centres of the moon and sun, GG^ the 
common chord of the intersecting discs. The 
■observation consists in measuring the distance of the cusps C, G\ 
and the position angle of <7(7' with reference to the circle of 
declination drawn to its middle point. This distance, as well as 
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the position angle, will be affected by refraction, the correction 
for which will be investigated hereafter Let s aiidjj here denote 
the distance and position angle deduced from the obseiwation by 
the formulse above given for tlie heliometer, and also corrected 
for refraction 

The local time of each measure must be accurately known. 
!For this time, let the parallaxes of the two bodies in right ascen- 
sion and declination be computed (by Vol I. Ai't. 98), and let a 
and a' denote the resulting apparent right ascensions of the 
moon and sun respectively, S and 5' thoir apparent declinations. 
Let a denote the apparent distance of tlie centres = SM, and n 
the position angle of SM with reference to a circle of declination 
drawn through its middle point, reckoning this angle from the 
moon towards the sun. We have, with sufficient accuracy, 


<r sin TT = (a' — a) COS } (5' -f- d) 
ff cos TT = d' d 



which determine c and tt. 

For the same time, the apparent semidiameters of the moon 
and sun, which we shall denote by S and S' respectively, will 
be computed by Vol L Art. 131. We then have given the 
three sides of the triangle SOM, and, denoting the angles at M 
and Shy /I and //', we may find these angles by the usual formulse 
of plane trigonometry, or by the following formulae, which in 
the present case are somewhat more convenient : 


^ (^S COB fiL S' cos /f ) ='^ (T ^ 

2 ff J 


With either of these angles and the value of S or S', we can 
compute the value of CC'. Let this eompuied value of CO' he 
denoted by s' ; we have 

s' = 2/S sin /t = 2S' sin // f826) 

The difference between this computed value and the observed 
value s will determine the corrections which the elements of the 
eclipse require in order to satisfy the observation. Put a = s' 
-b ds'. Differentiating (826), we find 

dd =2S COB ti.d/i + 2 sin ;* . dS 

Vol, n — 28 
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and from the formula 


we find 


2/Sitf cos jtt = — flf'> 


— S(^ sia fi dfi = Qff — S cos fi)da-]- (S — er cos p.) dS — S'dS' 

whence, with the aid of the known relations between the parts 
of the plane triangle, we readily find 


28 
ff tan 


,dS + 


28 

G tan p 


d8^ — 


28 cos /i , , 

- d(T = s — 5 ' 
(T tan p' 


But, since da varies with tt, we must replace it by corrections 
which will have the same value in all the equations of condition 
thus formed. By putting 

<r Bin TT = (a' — a) COB } (5' 5) = OT 

ff COB TT = — d =y 

we shall find 

da = dx sin TT s-|- dy cos tt 

in which 

dx = COS } 4“ ^ — ®) 

dy = d(^d'^ d) 


and we may regard d{a^— a) and — d\ and, consequently, 
also dx and dy^ as constant for the duration of the eclipse. We 
then have 


r tan /t' <rtan p a tan p 


sin TT dx 


28 cos p 
a tan y 


C0S7rrfy==S — s' 


(827) 


This wiU be the final form of our equations of condition if the 
distance s is fnlly corrected for the instrumental errors. If, how- 
ever, the zero of the micrometer is uncertain, we should make 
observations on opposite sides of the zero, (with the heliometer, 
by placing the movable semi-lens alternately in opposite positions 
with respect to the stationary one,) and if c is the unknown error 
of the micrometer zero, we must write 5 dz c for 5 in the above 
equation, taking 5 + ^ for one series of observations and s — c 
for the other. The resolution of all the equations of condition 
by the method of least squares will then determine dS^ d8', dx^ 
dy^ and c. 


} 
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It will usually, however, be inexpedient to retain dS', as its 
coeflS.cient will differ very little from that of dS. The value ot 
the sun’s semidiameter is now so well determined that in dis- 
cussions of this kind it will he quite allowable to put dS' = 0. 

We may also form equations of condition from the position 
angles. The angle tt is formed by SM and a circle of declina- 
tion drawn to the middle point of SM, while p is foraied at the 
point D Denoting the middle point of SM by S, we have DE 
— S' cos fi'=l{S cos [I — S' cos p') = A; and we can now 
compute the position angle of CG' at the point J) from the 
knowm parts of the triangle formed by the points D, E, and the 
pole. Letp' denote this computed value ; we readily find 

p' = TT — 90° -)- .4 sin tan i {d' -f d) (328) 


Putting the observed value p=p' + dp', we have, by neglecting 
the insensible variations of the last term of (328), dp' = dn, and, 
consequently. 


cos 7t <ia; sinjrdy , 

— 

a sin 1' (f sin 1' 


(829) 


where dx, dy, and a are expressed in seconds and dp' in minutes. 
From all the equations thus formed, we can find dx and dy, or 
we can combine all the equations of the forms (327) and (329) in 
a single discussion. We see that the corrections of the semi- 
diameters cannot be determmed from the position angles alone. 

When the observations are made with the heliometer, each 
must be a single observation, for the chord s changes so rapidly 
that we cannot combine two opposite observations, as has been 
supposed in Art. 275. We must, therefore, reduce each obser- 
vation by the general formula (311), in which, however, we may 
make/= 0, by making all the contacts in the holiometer axis 
or middle of the field. The angle E in these formulse must then 
be known ; but if it has not been determined with certainty, we 
may introduce it into our equations of condition as an additional 
unknown quantity. For one series of observations, we must 
write p + Ein the place of p in (329), and for the other series, 
in opposite positions of the semi-lenses, we must write p — Eio. 
the place of E. But, as E varies inversely with the distance a, 
it will be necessary to put 


E= ^ 
5.sml' 



486 


MICROMETRIC OBSERVATluisa. 


in which is a constant which will be expressed in seconds, 
since 5 is m seconds and E in minutes. The equation (329) may 
then he put under the form* 

5 s 

^ COB w da: sin TT dy ^ ^ sm (// — n') (829*) 


For some observations of the cusps of the solar eclipse of July 
28, 1851, made with the heliometer of the Kouigsherg Observa- 
tory and reduced by the preceding method by the Director 
WiOHMANN, see Asiron, NacL^ Vol. XXXIII. p. 309. 


Pig. 61. 


THE RING MICROMETER. 

285. This is simply a thiu metallic ring, exactly circular, 
placed in the focus of the objective, with its plane at right angle? 
to the optical axis. From the times of transit of two stars across 
its edge, the telescope remaining fixed throughout the observan 
tion, we can find both the difference of right ascension and the 
difference of declination of the stars. Although inferior in 
accuracy to the filar micrometer and the heliometer, it possesses 
the advantage over the former of not requiring illumination, and 
over both in not requiring an equatorial mounting of the telescope. 

Let ABB^A' represent the inner edge of the ring. Denote by 
and the observed sidereal times of ingress 
and egress of a star at the pointsX and B; by 
and the same for a star obseiwed at 
A' and 5'. Dpon the supposition that the 
paths of the stara across the field are recti- 
linear, the straight line GMM'^ drawn from 
the centre ( 7 of the ring perpendicular to the 
chords AB and A'B\ will coincide with the 
reclination circle of the point C- The time 
of the transit of the first star over this circle is the arithmetical 
mean of the times and ^3 = J ; that of the transit of the 

second star over the same circle is J(/i' -|- ^/); and, hence, if a and 
a* are the right ascensions of tlie stars, we have 

a' - a = 4 (fi' + V) — I (Si + (830) 



* By (807), we perceive that y 3a here the value of the quantity [m — a) (k — h*) 
►j- 6 ' — h expreaaed m seconds , and by putting its value found from the discuBsion 
of the equations (829) in the second member of (816), and also tlie true value of 
m — a found from the value of c by (827), we shaU have an equation for determining 
i — V and V — 6. 
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Let r denote the radius of the ring expressed in seconds of 
are, d and d' the declinations of the stars, and put 


T = f,— t, 
r = BGM 
d=M:0 
p. = BM 

then we have 


15 

ju = — T cos 




r’=B'GM' 
d'= M'G 
fi'= B’M' 


/tt' = — t' cob d' 
2 


sin y- = - sin / = — 

r r 

d = r cos y d' = r cos / 

and hence the difference of declination of the stars : 



5 = d'— d (882) 

The signs of cos y and cos y^ are not determined by the second 
equations of (331); consequently, either sign may be used in 
computing d or d'. To remove the ambiguitj^ it is necessary 
that the observer note the positions of the stars with respect to 
the centre of the ring : then ^ or d' will be positive when the star 
passes north and negative when south of the centre. 


Example * — On the 11th of April, 1848, at the Observatory of 
Bilk, the planet Flora and a neighboring star were compared by 
a ring micrometer of a six feet refractor. The observed sidereal 
times were as follows: 


Flora (N of oentre) 

16” 36*0 
f/=ll 17 26 5 
t' == 50 .6 


Star (N of oentre). 

= 11» 17” 63*.0 
i,= ll 19 46,5 
T = 1 53 .6 


The approximate declination of Flora was S' = + 24° 6'.4. The 
apparent place of the star was 


a = 6* 4" 61* 93 

^ + 24® r 9".01 

The radius of the ring was r — 1126".25; and hence 


* Bbunnow’b Sph^riBohQ Astronozu^e, p, 646. 
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log t' 1.70829 
log cos s' 9 96043 
log y! 2 53878 
log sin ■/ 9 48715 

log cos y' 9 97850 
logd' 3 03013 
d'= + 17' 51" 9 


log T 2 05500 
log cos S 9 96067 
log At 2 89073 
log sin y 9 83910 
log cos y 9 85940 
logi 2 91108 
d = + 18' 34" 8 


The planet and star being both observed on the north side of the 
centre of the field, i' and d ate both positive, and hence 


S' — 3 = d'— d= + 4'17"l 

For the times of transit over the declination circle of the middle 
of the field, we have 

Mora, ^ CV + t’-) = 11* 17" 0*.25 
Star, i ) = 11 18 49 75 

a,'— »=— 1 49.50 


Hence we have for the planet 

a'= 6» 3“ 2*43 

3'= + 24° 5' 26".l 


which values express the planet’s apparent place at the time of its 
passage over the declination circle of the middle of the field, that 
is, at the sidereal time 11* 17“ 0*.25. But the effect of refraction 
has not yet been allowed for. See Art. 300. 


286. Correctwn for curvature . — The correction which the pre- 
ceding method requires, m consequence of the curvature of the 
paths of the stars, may be found as follows. In the spherical 
triangle of which the three angular points are the pole, the centre 
of the ring, and the point where the star enters or leaves the ring, 
we have 

sin 3 = sin D COB r -f- cos D sin r cos y 

where D is the declination of the centre of the ring. For the 
second star, we have 

Bin S' = Bin D cos r -f- cos D sin r cos 
and the difference of these equations gives 

2 sin } (3' — 3) cos } (3' -j- 3) = (sin r cob y' — sin r cos y) cos D 


V ■» i I 4 
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or, very nearly, 

(d' — d) cos } (S' -I- S) = (r COB ■/ — r cos y) cos D 
= (d' — ci)ooB D 

in which d' — is the approximate difference found by the pre 
ceding article. But we have, very nearly, 

D = d — d D = d' — d' 

the mean of which is 

and we may, therefore, put 

cos jD = cos i (*'+*) + i (d' + d) sin 1" sin i (S' -)- S') 
so that we obtain 

— 3 = d' — iZ ^ (d' -j- d) (d' — d) sin l"tan } (S' -)- d) (888) 

Hence, the correction of the difference of declination found upon 
the supposition that the path of the star is rectilinear, is 

+ K^' + ^ (d'— d) sin 1" tan } (d' + i) 

The correction disappears-when d' and d are numerically equal, 
that is, when the stars are observed at equal distances from the 
centre of the ring. 

In the example of the preceding article, this correction 
amounts to + 0".52, and the corrected difference of declination is 

i = -|-4'17".62 

287. If the outer edge of the ring is also an exact circle, it may 
be used in the same manner as the inner edge. Let tbe four 
transits of a star over the edges of both rings be observed at the 
times ij, <j, i ^ ; then, if r is the radius of the outer ring, Vi that 
of the inner ring, we put 

/iij 5= (t, — COB a 

8inr = — 8iny, = i^ 

r fi 

so that with the outer ring we find 

d^ r,(so$j' 
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and witli the inner ring, 

d =iri cos Yi 

and the mean of these values will be taken as the true value of 
d. In the same manner d' for the second star will be found, 
after which 5' — 5 = rf' — d. 

But when the four observations have been obtained, the pro- 
cess of reduction may be slightly abridged, as follows :* 

The sum and difference of the values of d"^ give 

= 

Putting 

, ^ [ (3843 

sinA = 't±3 sinB = ^ 

2a 2a ) 

we find 

r — r, = ^ ^‘ = 2a sin j 4 sin B 

‘ 2a 

r’4- = 2 a’ (1 + sin’ sm’ B) 

/t’-f" /V = 2 a’ (sin’ A + sin’ B) 


which, snhstituted in the above value of <P, give 


or 


<2’ = a’ cos’ A cos’ B 
d = a ooB A cos B 


(835) 


so that, A and 3 being found by (384), d is found by (335). The 
formulae (334) for determining A and B may also be written as 
follows: 


sin A = 


15 (t -f Tj) cos S 
4a 


4a 


in which r = — i,and 

Example.— On the 24th of June, 1850, at the Observatory of 
Bilk, Petersen’s comet and a star were observed with a double- 
ring micrometer, as follows’ 

Comet (N. of centre) Star (S. of centre). 



18» 15- 54* 

*1 

18* 18" 

55-3 


16 20 


19 

18. 


17 21 

% 

21 

20 5 

t: 

17 48 

t* 

21 

37 .5 


* Beunnow’s SphariBche Astronomie, p. 649 
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The approximate declination of the comet was 5'= + 69° 20', 
and the apparent place of the star was 


a = 14» 63"> 30* 75 

S = + 59° 7' 12".19 

The radii of the rings were — 




Outer, r = 

11' 21" 09 



Inner, = 

9 26 29 


whence 

a = 

10 28 .69 


Then we find • 

Comet. 


star 

t' 

1” 54* 0 

T 

2" 42* 2 


1 10 

Tl 

2 7.6 

iog(T'-t-T,'; 

) 2.24304 

log (t Tj) 

2.46196 

iog(T'— Ti'; 

) 1.72428 

log (t — Ti) 

1.64033 

, 16 cos d 

log , 

4a 

7 48667 

, 15 GOB S 

4. 

7 48938 

log sin A' 

9 72971 

log Bin A 
log sin B 

9 96133 

log sin 5' 

9 21095 

9 02971 

log cos A' 

9 92623 

log cos A 

9 65187 

log cos B' 

9 99419 

log cos B 

9.99760 

log 

2.71639 

log d 

2 44384 


= -(- 8' 39".27 

d = 

—4' 87" 87 


d'— d== + 13' 17".14 
and for the difference of right ascension, 
o' — tt = — 3“ 25*.88 

• 288. To find the correction for the 'proper motion of cm of the objects. 

— The most common application of the ring micrometer is to the 
determination of the difference of right ascensions and declina- 
tions of a star, and a' planet, or comet. But since a planet (or 
comet) changes both its light ascension and declination during 
the time of an observation, its path will not 
be at right angles to the declination circle 
drawn through the centre of the ring: so 
that the differences found by the preceding 
methods will require a correction. 

Lot Ab, Fig. 62, be the path of the planet 
across the ring; Cm the declination circle 
through C, the centre of the ring. Draw 
perpendicular to Cm, On pei’pendicular 
to Ab, bp perpendicular to AJB. Put 
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Aa' = the increase of the planet’s right ascension 
in one sidereal second, 

= the increase of the declination in one aid. 
second, 

= the Bid times of ingress and egress of the 
planet at A and 5, 

X = the correction of the mean of V and or 

of the right ascension of the planet found 
by the preceding methods, 

1 “t" ^a) + a? = the sid. time of the planet’s transit at m, 

/S = the angle BAb — mCn. 


The arc bp may be regarded as a portion of the declination circle 
drawn through b. The angle at the pole included by this circle 
and the declination circle of A is the hour angle described by the 
planet in the time t', which hour angle is r' — t' . ua'=T' (1 — Aa'). 
Hence we have, very nearly, 


We have, also, 
whence 


4P = 15 t' (1 — Aa') 008 if 
bp = t'. Ai' 


tan j8 = 


Ai' 

16 cos d' (1 — Ao') 


or, since the squares of Ad' and aa' or their product may he 
neglected, 

. _ A^' 

tan B = 

15 cos d' 


The correction x is the time in which the planet describes the 
line nm, and this time is foimd by the proportion 

■r'ix = Ab> nm = Ah i On tan /9 
for which we can taJce 


X = 


( 886 ) 


t' : ® z= 15 t' cob 8':d' tan fi 
whence, substituting the value of tan j9, * 

d' Ad' 

(15 cos t'y 

Since Ab = Ap sec /9, and sec p differs from unity only by 
terms involving (ad')*, we may take Ab = Ap, and hence 
, . 16 T'oosd',, 

An = ^Ap= (1 — A»') = /i'(l— A.') 


c 1 • > 
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SO that to compute d/=Gnva. this case we have 

Bin / = ^(1 — AoO d' = r cos (337) 

that IS, the computation by the preceding methods will give the 
value of d'j corrected for the proper motion, if we employ 
//' (1 — Aa') instead of /4'. In the method of Article 287, with a 
double-ring micrometer, the logarithm of 1 — Aa' may be added 

to the logarithm ^ ’ 

Example. — In the example of the preceding article the comet’s 
motion in one mean day was, in right ascension — 5”^ O', and in 
declination — 1° 17'; and therefore, since one mean day contains 
86636 sidereal seconds, * 


, 300* 

86636 

log(l — Aa')= 0.00150 

4620" 

log Ai'= rt8.72694 

86636 


Hence, in the computation of d/ we have 

1 13 COB ^ It /1 001 it 

log (1 — Aa') 7.48817 

4a 

log sm 9.73121 
log sin £* 9 21246 
log COS A* 9.92563 
log COB J?' 9 99415 
logd' 2 71476 
d'= + 8' 38" 60 


* The logarithm of 1 — Aa' may be found at onoe from the change of right aaoen^ 
elon in 48 hours, as foUowa, Let this change be expressed In minutes of arc, and 
denoted by (Aa'), then -we haye 


Aa'- ^ (AaQ 

16 X 2 X 86686 48818 


But if Jf is the modulus of common logarithms, we have fVom the development of 
log (1 — Aa') in series, by neglecting the second and higher powers of Aa', 


or, very nearly, 


log (1 — Aa') = — if Aa' = — 


0 48429 (Aa') 
48818 


log (1 — Aa')=s — 0.00001 (Aa') 


Hence, to correct for the proper motion in the computation of subtract firom the 
logarithm of /x' as many units of the 6th decimal place as there are minutes of aro in 
the 48 hour increase of right ascension. 
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and, therefore, 
By (336) we find 
whence 


d' — d = + 13' 16".37 
x= — 0*.47 
a'—a = — 3“26*30 


The correction of d' — d for the curvature of the path is, in this 
case, by (333), + 0".78; whence 

d'-~e = + lS' 17" 15 

BO that the corrections for curvature and proper motion here, 
accidentally, almost desti’oy each other. 

The apparent place of the comet (still affected, however, by 
parallax and planetary aberration, as well as the differential 
refraction) is, therefore, 

a'= 14*50“ 4*45 

y = + 59“ 20' 29".34 

at the sidereal time 18* 16“ 50* 75. 


289. It is yet to be shown under what conditions errors of 
observation or of the data will have the least effect upon the 
results obtained with the ring micrometer. For the effect of an 
error ar in the observed interval, we have, by differentiating (331), 

16 cos i At 

„ 

2r cos y 

= — r sm . A;'= — cos iJ tan y . At 

which shows that the error in the observed time produces the 
least effect upon d when tan y is least, and, therefore, for the most 
accurate determination of the declination, the chords described 
by the two stars should be as far from the centre of the ling as 
possible, or the difference of declination should be but little less 
than the diameter of the ring. If is not much less than r, it 
will be advisable to let the stars pass across the field on opposite 
sides of the centre, at nearly equal distances from it. But if d is 
very small, both stars should pass as far from the centre as 
possible, on the same side of it 
For the effect of an error in r, we have 

T 

= -- Ar = Ar . sGo Y 
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which is also least when the star is farthest from the centre of 
the field. 

For the second star, we have also = Ar sec and hence 
A (d* — d) = Lr (sec y — sec y) 

so that if the stars are on the same parallel of declination (when 
Y = Y^) the error in r has no effect upon the computed diflerence 
of declination, as, indeed, is otherwise evident. 

For the accurate detemination of the difference of right 
ascension, it is plain that the stars should pass as near to the 
centre of the field as possible, since the immersions and emer- 
sions can then be most accurately observed. 

290. To find the radius of the ring. — First Method, — Observe the 
transits of the sun’s limb over the 
edge of the ring. Four contacts 
will be observed, the sun’s centre 
being at the points a, 6, c, d (Fig. 

63) at the times t^^ t,^. If the 

radius of the ring is denoted by r 
and the sun’s semidiameter by i?, 
we see that the external contacts 
(at a and d) are observed at the 
times at which the transit of the 
sun’s centre would be observed 
over a ring whose radius was r + R; while the internal contacts 
(at h and c) are observed at the times at which the transit of the 
sun’s centre would be obseiwed over a ring whose radius was 
r — R, Hence, putting d = sun’s declination, and 

r = = ^8 — 

we have, by Art. 286, from the external contacts, 

. 2 (r + i^) sin = 16 T cos d 
2 (r + JB) COB = 2 d 

and from the inner contacts, 

2 (r — jB) sin / = 16 t' cos d 
2 (r — J?) COS / = 2 d 
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Eliminating x and y', we have 

4(r + Ef = (16 T cos 3)» + 4d' 
4(r — iJ)* = (15 t' COB -t- 4cP 

and eliminating (P, we obtain 

_ (15 cos sy (t + t') (r — 
165 


(838) 


In order to take into account the sun’s motion in right ascension, 
the intervals r and r' should be expressed in apparent time. 

It is easy to see that the formula (838) will still be applicable 
when the sun’s diameter is greater than that of the ring. 

Example.* — The sun was observed with a ring micrometer at 
the Observatory of Bilk as follows : 

External Gontaota Internal Contaote. 

ti = 10*31- 8*2 Sid. time = 10» 32“ 30* 8 

f^=10 34 47.6 t. = 10 38 25 3 


The sun’s declination was d = + 23° 14' 50" ; the semidiameter 
JR = 15' 45".07 ; and the sun’s motion in right ascension was 
4“ 8*.7 in one day. 

The sidereal intervals 8“ 39*.3 and 54*.5 must be reduced to 
mtervals of apparent time by multiplying them by the factor 


whence 


1 — 


248 7 
86636 


= 0 99713 


t = 218‘67 t'=64*.34 


and hence, by (888), 

r= O' 23". 67 


Second Method . — Observe the transits of two stars the differ- 
ence of whose declinations is accurately known. Then, r and r' 
being, as before, the intervals between the ingress and egress of 
the two stars respectively, we have 

p. = ^ r COB d=rsinj' d = dt r cos y 

p,' = y t' cos 3' == r sin d'=±:r(ioe/ 

Since for determining r it wiU always be advisable to select a 

* BacxMOW, SphEnsohe ABtronomie, p 661. 



RINGt MIOBOMETER. 


44T 


pair of stars whose difference of declination is not much less 
than the diameter of the ring, the stars will be observed on 
opposite sides of the centi’e : we shall, therefore, have 

d' — 4 = r (cos r + cos /) 

Let A andjB be assumed, so tliat 

then 

— d = r [cos (J. + J?) + COB (A — j?)] = 2r cob J. cos B 
/£' + /i = r [sm (J. 5) -f sm (A — B)'] = 2r sin A cos B 

ju' — /4 = r [sin (J. + jB) — sin (^A — By] = 2r cos A sin B 

Hence we derive 

d'—d d'—d 

d' — d 
2 cos A cos J3 

We may also use any one of tlie following forms for r; 



a'+m _ — _ m' _ fi 

2sinJ.oos5 2cosJ.sinJ sin(^-(-£) sm(jl — jB) 

In order to render iMs method exact, the atmospheric refrac- 
tion should be taken into account. Its effect upon micrometric 
observations in general will be considered hereafter, but, since 
for determining the radius of the ring micrometer it will be 
advisable to take the observations near the meridian, the refrac- 
tion may be allowed for in a very simple manner ; for we may 
then neglect its effect upon the right ascensions of the stars The 
effect upon the declinations is found by the formulss (284) and 
(20) of Vol. I. ; according to w^hich, if d and d' are the true decli- 
nations, the apparent values are 


a -l-A'eot(« -I- JV) 


where tani\r= cot cos r,, <p being the latitude of the place of 
observation, and Tj the hour angle of the centre of the ring. 
Hence the apparent difference of declination, which we will 
denote by {S' — d). 


{a' — a) = a'—a 


V sin {a’ — S) 
8in(« -f iiT) Bin 
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for which we may take 


(S'~S) = d'—d — 


Id sin (i' — 5) 
8in>[J(5-J-3') +iV] 


which is to he used for d' — d'm (339). It will here generally 
suffice to take k' = 57" ; but it may be accurately found by 
Column B of Table EE. 

When the stars are not very near the equator, the correction 
for curvature must be applied. If r were given, the observations, 
computed upon the supposition that the paths of the stare are 
rectilinear, would give the approximate difference d' — d, and 
hence in the inverse process we have only to use d' — d instead 
of (S' — S) in order to obtain the true value of r. How, by (333), 

d'—d={d'—d)—i sin 1" (d'> — d») tan } (3' + 3) 


or, since d'^ — d?= — (ji'^— f^), 
d' — d = (S' — 3) + i sm 1" (jd ii) (jJ — /t) tan J (3' 4- S') (341) 

in which (S' — S) is the difference of declination corrected for 
refraction. 


Example. — The radius of the ring of the micrometer em- 
ployed in the example of Art. 286 was determined by the stars 
Asterope and Merope of the Pleiades, the declinations of which 
were 

3' = -f 24° 4' 24" 26 3 = -f 23° 28' 6".85 

and the observed intervals were 


t'= 18*5 r = 56*2 

In order to illustrate the use of (340), let us suppose the hour 
angle of the centre of the ring to have been = 1* = 15° ; then, 
the latitude of Bilk being f = + 51° 12' 25", we find 

N = 37° 49' 6 log A' = log 67" 1 7559 

J(;3 + «')4.JV'=61 36 9 log cosec* ^ 1114 

S'— 6 = 36' 17" 41 log Bin (3' — 3) 8 0285 

corr — 0 78 log corr. n9.8908 

(3'— 3) = 36' 16" 68 

We find, in the next place, 

;t'=126"68 ;t= 386" 68 

log Ot' -f- /i) = 2 71038 log (jJ — fi) = n2 41489 
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whence the correction for curvature is, by (341), = — 0'M4, and 
therefore 

rf' — d = 36' 16" 48 


with which we now find, by (339), 


log tan A = 9.37263 
log see A 
log sec B 
log(d'-d) 
log 2r 


log tan 5 = 9 07714 
0.01176 
0 00308 
3.33775 
3.35268 
18' 46" 03 


Third Method — ^Direct the telescope of a theodolite towards 
the objective of the telescope which carries the micrometer, and 
measure directly the angular diameter of the ring by either the 
vertical or the horizontal circle of the theodolite, as in the case 
of the filar micrometer, Art. 46.* 


291. The filar micrometer, the heliometer, and the ring micro 
meter are now almost the only micrometers in use. I will, 
therefore, here only briefly mention two or three others, as it is 
not within the plan of this work to eater upon the history of the 
numerous instruments of this class which have been proposed. 

The duplication of the images of objects, which is eflected in 
the heliometer by dividing the objective, has also been effected 
by dividing the ocular, constituting what has been known as the 
double-image eye-jpkee micrometer. The principle of this instrument 
18 identical with that of Ramsden’s Dynameter, which is still 
used for measuring the magnifying power of telescopes (Art. 13). 
It is evident that by separating the two halves of a simple eye- 
lens until the image of one star coincides with that of another, 
the angular distance of the stars becomes known from the known 
angular value of a revolution of the screw by which the separar 
tion is produced. Amoi, of Modena, is said to have produced 
the best micrometers of this kind. 

The duplication of images is also effected by the use of a 
doubly refracting prism of rock crystal, originally proposed by 
Eoohon. The difficulty of determining the relation between the 
given position of the crystal and the angular distance of two 

* Upon the mg micrometer, see also papers by BvaBni* in the ManoitlioM Oorr^ 
Vola XXIV* and XXVL 
VOL. 
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objects whicb have been brought into contact, is a considerable 
obstacle to its general use, to say nothing of the optical difficul- 
ties m obtaining well defined images free from color.* 

Struve has proposed the use of a graduated plate of trans- 
parent mica placed in the focus of the equatorial, and this method 
has been employed by tlie Messrs. Bond in cataloguing small 
stars. TJpon a plate of mica of inch in thickness are 
drawn two sets of parallel lines, one system representing decli- 
nation circles, the other, at right angles to the first, representing 
parallels of declination. The relative declination of two stars 
which pass over the field is determined by merely observing the 
divisions of the graduated declination scale ovc>r which or near 
which they pass; and their relative right ascension is found 
from the observed times of their transits over the lines which 
represent declination circles, these times being noted by the aid 
of the electro-chronograph.f 

An ingenious mode of employing a double eye piece micro- 
meter (consisting of two complete eye pieces), apparently giving 
very precise results, is suggested by Mr. Alvan Clark, of Boston, 
m the Proceedings of the Am. Association for the Adv. of 
Science, 10th meeting, p. 108. 


CORRECTION OF MICROMBTllIO OBSERVATIONS FOR REFRACTION. 

292. Since the position of each of the two observed stars is 
affected by the atmospheric refraction, their relative position, de- 
termined by the micrometer, is also affected by it. The object 
of the following investigations is to determine the correction of 
the micrometric measures themselves, without requiring a sepa- 
rate consideration of the absolute places of the two stars. J 

293. To find the effect of refraction upon the observed angular distance 
of two stars and upon the angle which the great circle joining the stars 
makes with a vertical circle, — This mode of observation is indeed 
not practised, but the investigation of the effect of refraction in 


* For a desoription of a number of double image micrometers, see Pjsarson’s 
Practical Astronomy. 

t See Annala ofth^ Astronomical Observatory of Harvard College^ Vol. I 
1 1 have followed Bbsshl's methods {Astron, ZPntersuch , Vol. I ) in the investiga- 
tion of the greater part of the formnlm That portion of his article which relates to 
the ring micrometer is, however, considerably abridged and simplified 
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tliis case is very simple, and will serve as the ground-work of 
the subsequent applications. Denote by 

C; C', and the true and apparent zenith distances of the 
two stars S and S'; 

A, their difference of azimuth; 
r, r', their refractions ; 

il, and Z, Z', the true and apparent angles which the great 
circle joining the stars makes with their re- 
spective vertical circles, all reckoned in the 
same direction ; 

5, the true and apparent distances of the stars. 


We have, in the triangle formed by the zenith and the appa- 
rent places of the stars, by the Q-aussian equations of spherical 
trigonometiy, 

8 in}ssin}(Z -|- V) = sinjjl sin} (2 + 
sinjs 0O8}(Z + V) = cos}^ sin}(2r — /) 

and in the triangle formed by the zenith and the true places of 
the stars, 

sin }<r sin } (^ + A') = sin iA sin } (C + C') 
sin } <r cos } (ii -f- A') = COS sin } (C — C') 

If we put 


= + 0 + c, = J(C + c') 


and also substitute (^ — r anid — r' for z and z', the elimination 
of A from the above equations gives 


• 1 • 1 • 1 • I sin C. 

sm J<rsm ^ = Bmja sin L- 

* » Bin [C. -}(»• + rO] 

• 1 1 • i r sin i (f — CO 

Bin Jffcos-la = sin JsoosL- , ^ , 

sinirc — C'— (r — 


(r-r')] 


We may evidently, in the first equation, put for J(r + r')^ 
which is equivalent to assuming that the mean of the refractions 
for the zenith distances C the same as the refraction for 

the mean of these zenith distances, an assumption producing here 
no sensible error in' the factor sin [Co — i (>* + 1 *')] or sin (f# — 

We may also take 
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d/T 

in which the differential coefficient expresses the rate of change 

of tbe refraction corresponding to Then, in the fraction 

sin HC — f ') 

8ini[C — C' — (r — /)] 


which differs hut little from unity, we may put the arcs for their 
sines : so that, denoting this fraction by 6, we have 


b = 


C — C' _ 


If we also put 


1 

T — t' 


1 _±» 


a = 


sin 


sin (r, — To) 

and substitute and Js fcfr their sines, our formulae become 


0 - sin Aj, == s a sin 
COB Aj, r= s b cos 

From these we have 

tan Aj, = ^ tan 1^ 

0 

which developed* gives 

^ — ?d = — r-T— + 4 ( sin 41^ — &o. (342) 

0 a \b aj 

From the same formnlse we derive 


ff cos (Aj, — = s [a + (& — a) cos* ZJ 


and, dividing this by cos — ?o) ~ ^ — ir (^o — obtain 

<r — 5=:5j"a_l+(Zi — a) cos* Zq + ^ I ^ (343) 

294. To facilitate the computation of (342) and (343) a con- 
venient method of finding a and b is necessary* We have, for 
any indeterminate tjf, 


s 


^ sinC sin(2:+r) , femr 

A=: '"^^=C0Sr-f T 

Bm(C — r) sin^: ‘ tan^ 

dC _d(z+r) ^ 

dZ — dr dz dz 


Adopting for the refraction the form (V oh I. Arts. 107 and 

lit) 

r = A tan z 


^ By”H. Trig Art fi 64 . 
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m whieli 



we liaTe, putting cos r — l, 


b 


a = l + k 

die 

a = k tan* ^ + — tan z 
az 


These quantities may therefore be found by the aid of Column 
A of Table E. But, as the argument is there the apparent 
zenith distance, while in micrometer observations it is generally 
the true zenith distance that is given, it is expedient to form a 
new table, by which a quantity x, depending upon the refraction, 
may bo found with the argument C, such that 

b — a = X tan’ C 


In order to obtain the value of x for any state of the air, 
Besszl gives it the same form as that already adopted for k, 
and assumes 

X = a" r*' 

in which the factors and r, depending on the harometer and 
thermonieter, have the same values as before. 

The quantities log a", which are given in Column 0 of 

Table 11., must be determined so as to satisfy the above defini- 
tion of 7 C for all values of ^ and y*. AV^e have 


X 


tan* z 
^ tan* C 


dk z _ / K I 
Tz tan*"c'”\ 


dk ^ 
— cot z 
dz 


\ tan* z 
/tan*^ 


Taking the Napierian logarithms, 

U = A"l? + X"lr = ^ 


From the definition of k, we have 
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Since and y differ but little from unity, and Ij are so small 
that we may neglect their squares, so that the logarithm of the 
last factor of the above expression, under the form I (1 + x\ may 
be put = and hence 

Z ^ A -f" 2f|=Za -|- A.ip Xly z|l “I ^ j 

+ [ ^ (3451 

Tdz 


ITow, let {z) denote tnat value of z which corresponds to the 
given ^ when ^ = 1, = 1, a value which can be found from 

Column A of the table, as in Art. 119, Vol. 1. Let the corre- 
sponding values of a, A, Xj as found from that column, be denoted 
by (a), (A), (1), and the corresponding refraction by (r); then, 
a', A', X' being taken from Column B for the given we have, 
as in the article just referred to, 


(r) = (a) tan (z) = a' tan C 
z = (z) — a' tan C(A'Z/9 + A'Zt') 


The second member of (345) is a function of which may be 
transformed into a function of (z). The small terms multiplied 
by I j9 and Z/ will not be sensibly affected by substituting (^) for 
2 :, (A) for A, &c. The other terms may be developed by the 
formula 


in which 


fz =/Cz) + 


df(z) 


y + • • • • 


y = — tt'tan c (A' + A' If) = — (a) tan (z) (A' ip + A' If) 


We find 


+ 


^(g) 

d{z) 


tan (z) — 


(a) d (a) „ / V 

H see' (Z) 

(r) d(») ^ 


1 + 


d(a.) 

(»•)<*(*) 


I? 


d[z) 


+ 


^ d(») 


I ijo- 


cot (z) 


{A’ls + xnrj 



We have, also, 
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tan 2 _ tan [(«) -\-y] _ tan (a) a' 
tan C tan C tan C cos’ (z) 


-[l- 

wL 


(“) 

cos’ («) 




] 


{A'i§+x'ir) 



2 — 2 Z(a») — 


2(a) 
COS* (z) 


{An^ + }!lr) 


Hence, substituting in (344), 


U" + A"w + x"lr = iiJ — \ 

\ (f)diz)l 

cos’ (2) d ( 2 ) 2 I 

f(r)d(*) 

+z^ (.1)- 2(“) 2'-^tan(2)>l'+-W‘'(*) 

COS* (2) d (£f) ^ 1 I 

■^(r)i(2) 


Since this must be satisfied for all vaiues of ^ and y, the coefficients 
of and ly in the two members must be equal, respectively. 
Now, we have found, in Vol. I. Art. 119, 


(J) = i'(l + ^)=4'[' + + W] 

® H ’+ If) )=''[' + w «»■ W + If •»“ »] 


Substituting these values in the above equations, and comparing 
similar terms, we find 


lo" =2?a'-Z(a)+?^l + 


d(«) > 

)(A"— A')= 

,_A'(,a) _ 

d(A) 

(r)d(2)> 

cos’ («) 

diz) 

d(a) > 

|(i"-iO = 

^ H 


(r)d(2)> 

COS’ ( 2 ) 

d(z) 


d(a) \ 

(r)dC«)/ 

00t(2) 


cot(») 


(346) 


by which la", A", X" are computed, , The quantities a and a' 
in Columns A and B of the table, are expressed in seconds, but 
a" in Column C is in parts of the radihs, so that we must add to 
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the value found hy the fii’St of the equations (346), the constant 
log sin 1" = 4.685575. In the second member of the otlrer two 
equations we must also put (a) sin V for (a), and d [z) sin 1" 
for d{z). 

295. With the table thus prepared, the computation of x is 
precisely like that of k in finding the refraction. For example, 
to find log X for C = 80°, Barom. 30.35 inches. Attached Therm. 
40° F., Ext. Therm. 35° F ; we have 

A"= 0 994 A" = 1 099 log o!'= 6.3947 

log .B = + 0 01092 log y = + 0 01186 A" log /9 = + 0 0105 
log T == — 0.00031 A" log y = + 0 0130 

log /9 = + 0 01061 log X = 6 4182 


296. Our fundamental equations (342) and (343) may now be 
reduced to a much more simple form. It is evident that on 
account of the small value of x we may omit the terms in (^6 — a)*, 

&c. For the same reason, we may put — ^ for from 

which it differs only by terms involving x®. In (843) we may 
put a — 1 = X instead of its true value k, without sensible error ; 
for even at the zenith distance 85° the difference of x and k is 
only 0.00006, and consequently the error of substituting one for 
the other in this term will be less than s X 0.00006, so that even 
if s were as great as 1000" the eiTor would not amount to 0".06. 
We therefore adopt as fundamental the following simplified 
forms : 

<r — s = sx (tan» C cos’ l,+ V) 1 

A„ — = — X tan’ C cos \ sin ^ ' 

In these equations ^ le the mean of the true zenith distances of 
the two stars, and x the corresponding quantily in the refraction 
table. The quantHy Z, is that which would be given directly by 
the observation. 


The mean zenith distance f will be found, by a single com- 
putation, from the mean of the hour angles of the two stars and 
Ihe mean of their declinations. Denoting these by and and 
the latitude of the place of observation by we have, by equa- 
tions (20), Vol. 1, 

tan If = cot cos 

, „ tan T. sin . 

tanCBiny= ' ( 848 ) 

sin (»,-|- JiT) , , , , 1 1 ^ 

tanCoosijr = cot(i„^i\^| j j 1 1 h- ! ' n ‘ ^ 

MHiiiiikillilliilliliiii, 
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The parallactic angle q which these formulte gi^e at the same 
time with ^ will he required in the subsequent problems. In 
the observatory the computation is facilitated by a table, com- 
puted for the given latitude, which gives the value of N, and of 
log n = log (tan sin JV), for every minute of tlie hour angle r. 
We then have only to compute the equations 


tan f sin gf = n cosec (JS^ -(- JV) 
tan C cos g = cot -|- JV) 



297. Correeiim for refraction of mieromeirie observations of the 
distance and position angle between two stars . — The obseiwed position 
angle p is the position angle at the middle point of the arc joining 
the two stars (Art. 260) Let jt denote the true value of this 
angle, q the true parallactic angle found by (848) ; then we have 

and if q' is the apparent parallactic angle, we have 

h=l> — f 


From the differential formula (47) of Vol. I. we find that if f 
varies hj d(^ = r, the angle q varies by the quantity 

f — q = r Bin q tan 

and if we take for r the form (Vol. I. Art. 119) 

r = S' tan C 

we have 

f = q hi tan C sin q tan 

and, consequently, 

Z,= p — q — A' tan C sin q tan 

This value of 2, is to be substituted in (347); but in the terms 
already multiplied by sx we may take lo = p — q. Hence we 
have 

(T — s = sx [tan’ C 0O8’(p — ?) + 1 ] 

* — p = — X tan’ C cos (p — y) sin (p — y) — A' tan C sin y tan 


Since the position angle cannot be de+<‘TTniTiA4l witbin a nnTn- 
ber of seconds, the error of putting x f 
the formula for n- — p will be of no pr' 
moreover, since the terms of the series 
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to seconds by multiplying by the radius in seconds (= cosec 1"), 
we have, finally, 


c — s = sx [tan* Ceos* (p — j) + 1] (349) 

TT — p = — X cosec 1" [tan* C cos (p — j) sin {jp — tan C sin q tan 


Having obtained a and tc by adding these corrections to s and 
the true difference of right ascension and declination of the stars 
may then be computed by Art. 264, employing a and tt for s and 
p; that is, by the formulse 


sin } (a' — a) = sin ^ <r sin tt sec 

sin J (5' — d) = sin ^ <r cos tt sec i (a' — a) 

or by the approximate formulae 

a/ — a = ff sin TT sec 
5 cos r 


} (360) 
} (350*) 


298. If the apparent differences of right ascension and decli- 
nation have already been computed from s and p by Art. 264, 
and we wish to correct them for refraction, we have, by comparing 
the formulae (284) and (350*), and denoting the corrections which 
the apparent values of a' — a and d' — d require by the symbol a, 


A(tt' — a) == («r sin TT — s Sin p) sec (Jj, 
a(5' — d) = (T cos TT — 5 cos p 

A(a — a) = [(<r — 5) Bin p -f <r(sin tt — sinp)] sec 
A(5 ' — (5) = (tr — s) cosp -f (T (cos TT — cosp) 


or, again, with sufficient accuracy, 

A(a — a) == [(tf — fi) Bin p + ^ — P) ™ COS p] SeO 

A(j' — = (tf — 5) cosp — 5 (tt — p) sin 1" sin p 

and, substituting the values of — s and 7 : — p from (849), 

a(o' — a)=5 X [tan* C cos (p — q) sin q — ^tan C sin y tan cosp+sinp] seo 
^(d' — d)=5 X [tan* C ooa(p — q) cos g'+tan C sin q tan sin p+ cosp] 

(851) 

These formulee are somewhat abridged by introducing an 
auxiliary u such that 


tan u = tan C sin ^ tan 
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by which they become 

a((i' — a) = 5 x [tan* f cos (jp — q) sin j+sec w sin (;> — «)] sec "I 

A(S' — ^) = sx [tan* Ceos (j) — s') cos (7+800 m cos — «)] ^ 

Example. — ^In the example, Ait. 264, we had the observed 
qualities s = 316".993, 79 = 169° 67'.7. The latitude of the 
place of observation was (p = 38° 68'.7, and the sidereal time 
was 0* 17“ 52*. The right ascension and declination of the 
middle point between the stars were, approximately, 

o„ = 21* 61“ 52* = — 13° 28' 6 

The corrections for refraction being exceedingly small in the 
case of so small a value of s, the observer did not think it 
necessary to record the state of the atmosphere; hut, for the 
sake of illustration, I shall assume Barometer 30 29 inches, Att. 
Therm. 49°, Ext. Therm. 41° Eahr. 

TVe have, first, the hour angle of the middle point between the 
observed bodies, r, = 2* 26“ = 36° 30', with which and the above 
walues of <p and 8^ we find, by (348), 

= 44° 63' 9 C = 62° 28'.6 q = 81° 28'.2 


and by Column 0 of Table 11., 

log X = 6.4565 

Then, by (349), we find 

<r — s = + 0" 277 x — p = + 2' 1".7 

and hence 

= 817" 270 « = 169° 69'.73 


Erom these, by (360*), the true difference of right ascension and 
declination are found to be 


(o' — o) = + 56" 68 («' — a) = — 6' 12".45 

But, supposing the apparent differences to have been already 
•computed as in Art 264, namely, 

o' — o = + 66".82 3' — a = — 6' 12".14 

we should compute the corrections of these quantities by (851*), 
which give 

aCo'— o) = — 0",lSe 


Afa' 3) = — 0" 806 
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which, added to oJ — a and b' — b give the same values of 
(a' — a) and (b' — b) as above found. 


299. Correction for refraction of micrometer observations in whwk 
the difference of right ascension lias been obtained from the diffei'ence of 
the times of transit of the stars over threads lying in the direction of 
circles of declination, and the difference of declination has been dvreetly 
measured. (2d Method, Art. 266.) 

Let t and t' denote the observed sidereal times of transit of the 
two stars over the same declination circle. A star upon the 
same parallel of declination as the second star, but having the 
right ascension a' — {t' — t), would have been obseiwed simul- 
taneously with the first star, and would, therefore, have had the 
same apparent right ascension. The effect of refraction upon 
the time of ti’ansit of this supposed star is evidently the same as 
in the case of the real star; and the effect upon the difference 
of declination is also the same : so that this case is reduced to 
the preceding by supposing the stars to have been observed with 
an appai'ent position angle p = 0, and apparent distance s = 
b' — b. These substitutions in (351) give the required corrections 

a(o' — o) = X (5' — a) [tan* f cos 5 ' sin j — tan f sin g' tan 5g] sec 
a(3'— 3) = x(3'— 3) [tan*C cos *2 + 1] 


These foi-mulse are simplified by introducing the auxiliary iV 
already used in the computation of f. Substituting the values o^ 
tan f sin q and tan cos q from (348) and (348*), they are readily 
reduced to the following : 


x(3' — 3) n 008(2 3g-|-JV^ 

8in*(3,-|- 008*3, 


a(3' — 3) = 


X (3' — 3) 
sin*C3.-|-jy) 


(862) 


Example. — ^In the example. Art. 266, we have the observed 
difference of right ascension and declination of Neptune and a 
known star, 

a' — a = + 1” 45* 30 3'— 3 = — 7' 28"22 

and the place of the star. 




a = 21* 60" 8* 99 


— 13° 23' 86".ll 
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The sidereal time of the star’s transit being 23* 26”" 43''.4j the 
common hour angle at which the objects were observed was 

T,= 1» 36“ 31*.4 = 24“ 8' 8 

with which and <p = 38° 53'.7, 8^ = — 13° 27'.3, we find, by (8481, 

1 / = 48° 31' o log n = log (tan t, sm If) = 9 6261 
C = 57 O.I 

and assuming Barom. 30,29 inches, Att. Therm. 49°, Ext. Therm- 
41° Eahr., we find, by Column 0 of Table n., 

log X = 6 4577 

Hence, by (352), 

A(a' — tt) = — 0" 128 = — 0* 009 a(3' —S) = — 0".38y 

The differences corrected for refraction are, therefore, 

tt'— a = + l"‘46*29 3'— « = — 7' 28"61 

and hence the apparent place of Nq>tune, affected now only by 
parallax, was 

tt' = 21* 61“ 64'.28 d'= — 13° 31' 8".72 

on November 29, 1846, at 23* 28“ 28*.7 sidereal time at Wash- 
ington. 

300. Correction for refraction of observatims made with the riruj 
micTometer. — At each ti’ansit of a star over the edge of the ring, 
its apparent distance from the centre, (7, of the ring is equal to the 
radius r. If at the time t^ of its first transit its true distance is 
<ri, we shall have, by (349), putting r for s, 

(Tj = r [1 + X + X tan" C cos* {p — j)] (863) 

in which p is the position angle of the star referred to C, 
The zenith distance C and the parallactc angle q belong to tlie 
middle point between the star and C; but it is easily seen that 
it will produce no important error to assume them ei&er for the 
point C or for a mean point between the stars compared. We 
shall, therefore, here suppose Z and q to have the same values for 
all observations made in the same position of the ring. At the 
time <s of the stai’’s second transit, the position angle, reckoned 
in the same direction as for the first transit from the declination 



462 


MICROMETRIO OBSERVATIONS. 


circle through. C, will be 360° — p; so that, if is then the true 
distance of the star from (7, we have 

ff, = r [1 + X + X tan* C cos* {p + j)] (354) 

ITow, let 

= the time of the starts transit over the true declina- 
tion. circle of 0, 

Tj, Tfl = the true hour angles of the star, reckoned from the 
declination circle of (7, at the two observed transits, 
d,D= the decimation of the star and of Cj 

then we have 

and in the two triangles formed by the pole, the point C, and the 
two true places of the stars at the two observations, we have 

cos = sin D sin ^ -f- cos D cos d cos ti 
cos (T^ = sm i) sm <5 ^ '^a 

From the difference of these equations, namely, 

2 sin i ((Tj -f sin J = 2 cos D cos d sin } (r^ -j- sin i (tj — 

we derive, approximately, 




2 secJD sec 9 


To reduce this expression to a practical form, we have first, from 
(353) and (354), 


h — (Ti) =rx tan* C sin p cos p sin 2 j 


in which we may use the approximate values of siujp and cosp 
given by (331), where ^ is the same as jp; namely, 


(^j — t.) cos ^ 


COS p = — 

^ r 


where rf is the approximate value of 5 — D found by neglecting 
the refraction. 

For + tfjj) we may here use r; for, being only a multiplier 
of J ((T, — (Tj), the remaining terms would give only terms in x* 
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tQ the product. For ri + we put These substitutions 

being made in the value of | (tj — we have 

^ (Tj — T,) = d K tan’ C Bin 2 j sec D (365) 

which is the con'ection to be added to the mean of the observed 
times, in order to obtain the ti’ue time of the star’s transit over 
the declination circle of the centre of the ring ; for we have 

^0 — i “h ^») "h i C^i — ’'a) 

To find the correction of d for refraction, we observe that if 
Tj and Tj were known, the true value of the difference 8 — D 
would be found by the formulas 

_ j)f = _ (tj cos Sf 

Id — j)y = — (r, cos dy 

In these formulss, indeed, the path of the star is supposed to be 
rectilinear, but the correction for curvature has already been 
investigated, and is given by (333). The mean of these values 
may be expressed as follows : 

CJ- !))•-('> + "'J+l'' J 

and, consequently, by neglecting terms in 

■rue difference d is found from the formula 
d‘=r’— 

and therefore, observing that Ti + ^ 2 = 

= 2r’ X [1 4* tan’C (sin* q 4- oos’p cos 2 j')] 

Bubstitutmg d for r coap, and then dividing both members by 
(3 — D) 4 - d, (or by 2d, since this will involve only errors of the 
order x*), we find 

(a _D)_rf = [^(tan*CBin’g 4 - 1) 4 - dx tan’Coos 2q (368) 
which is the required correction to be added tb d. 
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For a second star, wo have, in like manner, 

— r^) = (Z'jctan^C sin 2 q secD 
'^0 = i (fi + i — “^aO 


I (367J 


(d' — D) — d' = — (tan® C sin® + 1 ) + d' xtan® C cos 2 g ( 368 ) 
d 


The difference of right ascension of the stars found by neglect- 
ing the refraction is 

■while the true value is : so that the correction for the 

refraction is 

L{a! — a) = ^ (r/ — t/) _ ^ (t, — T,) 

or, by (355) and (357), 

a(o' — o) = {d' — d) X tan“ C sin 2 j see (S69) 

in which we have put do = i!r (^ + ^0 instead of D, The correc- 
tion of the difference of the declinations of the stars for refi'ac- 
lion is, by (35§) and (368), 

A(i' — &) = (d' — d) X tan’ f cos 2 g — ^ ^ 2 + 1) 

(360) 

The values of and q to be used in these formulse will be 
found by (848), employing do= ir(^ + d') and the hour angle 
of the centre of the ring, which will be found from the transit 
of one of the stars by the formula 

To = i (fj -|- y O 

Example. — To correct the results in the example of Ari 285 
for refraction. — 'Wq have there found 


cJ'=-t- 17 ' 51"9 
d = -f - 13 34 .8 
d' — d = + 4 17 .1 
1 » 49*60 


= + 61 ° 12'4 
a, = + 24 3 3 

T, = 5 * 18 - 68 *. 

r = 1126".26 


m find, by (348), 


N= 9° 6' 7 
j = 42 53.7 


log » = 9 89083 
C = 64 ° 25'.0 
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The indications of the barometer and theraiometer are not giver ; 
but, assuming a mean state of the air, the refraction table gives 
for this zenith distance log x = 6 4382, with which we proceed 
to compute (359) and (360) as follows : 


log (d' — d) 2.4101 
log X 6 4882 
log tan’ C 0 6398 
~9 4881 
log COB 2 2 ' 8 8658 
1st term of (860) = + 0".02 

log sin’ q 9 6658 
log ftan’ f Bin’ j -)- 1) 0 4802 
log(d' — d') X 8 8483 
log ?•’ 6 1032 
5.4317 
log dd’ 5 9412 
2d term of (360) = -)- 0" 31 
3) = — 0"29 


log sec \ 0 0395 
. . 9.4881 

log Bin 2 g- 9 9988 
log a(o' — o) 9 5264 

A(a' — ») = + 0".84 = + 0*.02 


The corrected values are then 
o' — a = — 1"*49*.48 
d'—d = + 4' 16" 81 


The corrections for refraction are m this instance less than the 
probable errors of observation. Indeed, with the ring micro* 
meter, it will seldom be worth while to consider the refraction 
unless the zenith distance is over 60° and the difference of 
declination over 10'. 


CORRECTION OF MICROMETRIO OBSERVATIONS FOR PRECESSION, 
NUTATION, AND ABERRATION. 

801. In most cases, micrometer observations of the difference 
of position of two celestial bodies have for their object the 
determination of the apparent place of one of these bodies from 
that of the other supposed to be given. The apparent place thus 
found is then usually to be reduced to the mean place for the 
beginning of the year, or any adopted epoch, by applying the 
corrections for precession, nutation, and aberration with reversed 
sign. Sometimes, also, it is desirable to reduce the data fur- 
nished by the micrometer on different dates to a common date. 
The only case of interest, however, is that in which the distance 
and position angle have been observed. I shall consider first 
the effect of aberration, 
vot. n.-8o 
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802. To find the effect of aberration upon the angular distance of 
two stars. — ^Let ue denote by E the point of the ecliptic from 
which the earth is moving (as in Art. 387 of Vol. I.) ; by d-^, 
the true angular distances of the stars from E, by d-^', the 

apparent distances from E affected by aberration ; by a and s, 
the true and appai’ent distances of the stars from each other ; by 
Xv 7u the angles formed by a with and d^ , by Xi, Xi, the angles 
formed hy s with the same arcs. Then, since the aherration acts 
only in the great circle joining the star and the point E, the 
angle atE between the arcs d^ and d^ remains unchanged, and 
we have, precisely as in the investigation of the differential 
refraction in Art. 293, 

sin i ff sin } frj + Xi) = sin } s sin i (v/ 4- v,') ^ 

sin i -|- ^ 2 ^) 

sin } a COB J (jfi + = sin i s cos } (y' -f vj') ^ 

sm — !>,') 

If we write Xtt and Xa for J (^j + x^ and J {x^' + Xt), we may put 
these e<iuations under the form 

a Bin = a s sm y^' 

<s cos y^=:ihs COB y,' 

in which we have put 

a = ^ sin J(^— »>■,) 

siniJ/ 8in}(i5i/— tfi,') 

Now, we have (Art. 385, Vol. I.) 

’V — ’’o = * 8*1* 

in which k = 20".4451 ; and hence 


a=l — 
b = ' 


Tc cos 
1 


1 + A: cos 




ft cos 0 + *!* COS® '*0 = Sc. 


so that if we neglect ft®, as we may, we have a = &, and hence 
our equations give, simply, 


ro = ro' 
c = a8 

Bience it follows, 1st, that the angle which <r maihes with the arc 
#0 18 not sensibly changed by the aberration ; 2d, that the effect 
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of aberration upon the distance a is the same in whatever diree- 
iim the ai’C a may lie, and depends only on the distance of 
its middle point from the point -E, or, in general, upon the right 
ascension and decimation of this middle point. This latter 
principle suggests the most simple means of investigating a for- 
mula for computing the aberration in distance ; we have only to 
assume the distance a to coincide in direction with a declination 
circle, so that <r may be treated as the difierence of declination 
of the stars. Then the effect of aberration upon a A^ill be found 
by differentiating the expression Cfc' + Dd\ which expresses the 
correction for aberration (Art. 402, Vol. I.); thus, 




ddr\ 

a — + D.— 

dd dS] 


Taking ihe values of a' and h' foi’ the middle point of a, or 
for the right ascension a, and declination we put 



<r (tan e sm sin o, cos 



a OOS Og cos dg 


and then for computing ua we have the simple foirmula 


Atf = + Or +DS (861) 

for which C and D can he taken from the Ephemeris for the 
given date. The correction thus found is to be added to the 
true distance to obtain the apparent distance. 

The position angle pg at the middle point of a is composed of 
the angle and of the angle which the declination circle makes 
with the arc i?g : so that the change in Pg is the same as that in 
the latter angle, that is, it is the difference of directions of the 
declination circles drawn through the true and apparent places 
of the stars. This difference will he obtained at the same time 
with that produced by precession and nutation in the next article. 


303. To find ths effect of precession, nutation, and aherration upon 
the positim angle of two stars . — ^Let ttg, d^, be the right ascension 
and declination of the mifldle point between the two stars. The 
change Apg in the position angle is simply the change of direction 
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of the declination circle drawn through this point : so that we 
have 


tan = Apo = 


dotQ cos Sq 

d^Q 


oVj taking aQ= {cQ + + 56 + Cb + as the expression of 

the apparent right ascension at any time, where (cXq) is its mean 
value at the beginning of the given year (Vol 1. Art. 402), we 
have 




=cos«yor-4 — 

L ^^0 


+ B.^ + 0 

d$n 


dc ^ dd~l 

_ j_ 2) _ 

dd, ddj 


I. u u u 

n Bin sec <5o + ^ cos % sec + C cos a^, tan + -D sm tan 


Hence, putting 


a = n BUI BOC i\ / = COS tail <5^ 

/5' = cos a„ sec 3^ = sin tan (5^ 

in which, for a given year 1800 + ^ (Vol. L p 617 j, 

n = 20" 0607 — 0".0000863 1 

we have 

= Aa' + ^/3' + cy + Z)(5' 

The annual increase of po is n sin cLq sec Sq. If we wish to reduce 
the mean value of po from one given year 1800 + i( to anotlier 
1800 + we must, therefore, add the quantity {i' — {)n sin cXq sec Sq, 
in which a® and should be taken for the date 1800 + J (^ + ^0- 
The mean value of p^ being thus reduced to the beginning of the 
year 1800 + its apparent value for the day of the year will 
then be found by adding the correction Ajpo given by (863), A, 
JBy (7, and D being taken for the day from the annual Ephemeris 
or the Tabulce Begiomontance. 

The precession and nutation, evidently, do not aftect the appa- 
rent angular distance of two stars. 


} (362) 


(363) 


■ 1 . t i i U ‘ 
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METHOD OP LEAST SQUARES.* 

1. A NUMBER of otservations being taken for the purpose of 
determining one or more unknown quantities, and these obser- 
vations giving discordant results, it is an important problem to 
determine the most probable values of the unknown quantities. 
The metliod of least squares may be defined to be that method 
of treating this general problem which takes as its fundamental 
principle, that the most probable values are those winch make (he sum 
of the squares of the residual errors a rmrnmum. But, to understand 
this definition, some degree of acquaintance with the method 
itself is necessary. 

* Thoftrst published appUoation of the method is to be found in LBaoNDRs, Nouvdles 
miihodet pour la d^terminalion des orbites des com^tea, Paris, 1806 The development, 
however, from fundamental principles is due to Gauss, who declared that he had 
used the method as early as 1795. See his Theona Motua Corporum CcElaatwm^ 1800, 
Lib II. Sec III , Diagumtio da tlamtnixa ellxpixcia I^alladia, 1811; Beatimmung der 
Oenamghtit dcr Beohachtungm (v. Linubnau und BoaNBNBBnaBR’s Zeitachr^j 1816, 1, 
s 186) , Thaorta oombtnationta obaervaUonum erroribua mtntmta obnoxm, 1828 ; Supple- 
mentum theorm combtnaHoniaf &c , 1826 . all of which have been rendered quite access- 
ible through a French translation by J. Bbb.tb.axd, M6thode dea moindrea carr^ea, 3fS^ 
moirea aur la combinaiaon dea obaerxiationa^ par Oh. Fb. Gauss, Paris, 1866. 

For a digest of the preceding, together with the results of the labors of Bbbbbl 
and Haxbex, see Exgeb, Ueher die Methode der Heinaten Quadraie^ Berliner Asti^on. 
Jahrbuoh for 1884, 1886, 1886 ; in connection with which must be mentioned espe- 
oially the practical work of Gbjmjxo, Bxe Auagleichungare^hmngen der praciaaoKen 
Qeometrie^ Hamburg, 1848, 

See also Laplaob, ThSorie analyiiqut dea prohaUlit49i Hv, 11. Chap. TV ; Poissox, 
SurlaprohabxlxtS dea rSauliatamoyena dee obaervaiionBt in the Oonnaissanoe des Temps for 
1827 , Hxokh, in the Berlin Jahrbiioh for 1868 ; T|bbs^ 14 , in 4^tron> f^aoh » Nos 86^ 
869, 899; Hansbx, in 4^tron, Nack,^ Hos* 192, 202 etpeq^; in the Aatron 

leur^al (Cambridge, Mass,), VoJ JL^Q-Slrf 'proba^xL%i4a et thiorU 
dea arreuray Bruxelles, 1862. ^ ^ ’ J J " 
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EERORS TO WHIOH OBSERVATIONS ARE LIABLE. 

2. Every observation which is a measure^ however carefully it 
may be made, is to be regarded as subject to error; for expe- 
rience teaches that repeated measures of the same quantity, when 
the greatest precision is sought, do not give uniformly the same 
result. Two kinds of errors are to be distinguished. 

Oonsiani or regular en'ors are those which in all measures of the 
same quantity, made under the same circumstances, obtain the 
same magnitude; or whose magnitude is dependent upon the 
circumstances according to any determinate law. The causes of 
such errors must be the subject of careful preliminary search in 
all physical inquiries, so that their action may be altogether pre- 
vented or their effect removed by calculation. Eor example, 
among the constant errors may be enumerated refraction, aber- 
ration, &c. ; the effect of the temperature of rods used in mea- 
suring a base line in a survey ; the error of division of a graduated 
instrument when the same division is used in all the measures ; 
any peculiarity of an instrument which affects a particular mea- 
surement always by the same amount, such as inequality of the 
pivots of a transit insti’ument, defective adjustment of the colli- 
mation, imperfections of lenses, defects of micrometer screws, &c., 
to which must be added constant peculiarities of the observer, 
who, for example, may always note the passage of a star over a 
thread of a transit instrument too soon, or too late, by a constant 
quantity, or who, in attempting to bisect a star with a micrometer 
thread, constantly makes the upper or the lower portion the 
greater; or who, in observing the contact of two images (in 
sextant measures, for instance), assumes for a contact a position 
in which the images are really at some constant small distance, 
or a position in wMch the images are really overlapped, &c. &ic. 

Thus, we have three kinds of constant errors : 

1st Theoretical, such as refraction, aberration, &c., whose effects, 
when their causes are once thoroughly understood, may be cal- 
culated a priori, and which thenceforth cease to exist as errors. 

* The quabfioatiozL, when the greatest preoision is sought,” is important ; for if, 
e,ff , we were to determine the latitude of a place hy repeated measures of the meri- 
dian altitude of the same fixed star with a sextant diyided only to whole degrees, all 
our measures might give the same degree The aooordanoe of obseirations is, there- 
fore, not to he taken as an miallible eyidenoe of their aoouraoy It is especially 
when we approach the Ivnits of our mtasurxng powen that we become sensible of the 
discrepancies of obseryations 
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The detection of a constant error in a certain class of observar 
tions very commonly leads to investigations by which its cause 
18 revealed, and thus our physical theories are improved. 

2 d. Instrumental, which are discovered by an examination of 
our instruments, or fi’oin a discussion of the observations made 
with tliem. These may also bo removed when their causes are 
fully understood, either by a proper mode of using the instru- 
ment,, or by subsequent computation. 

3 d. Personal, which depend upon peculiarities of the observer, 
and in delicate inquiries become the subject of special investiga- 
tion under the name of “personal equations.” 

We are to assume that, in any inquiry, all the sources of con- 
stant error have been carefully investigated, and their effects 
eliminated as far as practicable. When this has been done, 
however, we find by experience that there still remain discrepan- 
cies, which must be referred to tlie next following class. 

Irregular or aecvierdal errors are those which have irregular 
causes, or whose effects upon individual observations are gov- 
erned by no fixed law connecting them with the circumstances 
of the observations, and, therefore, can never be subjected 
a jmon to computation. Such, for example, are errors arising 
from tremors of a telescope produced by the wind ; errors in the 
refraction produced by anomalous changes of density of the 
strata of the atmosphere; from unavoidable changes in the 
several parts of an instrument produced by anomalous variations 
of temperature, or anomalous contraction and expansion of the 
parts of an insti’ument even at Icnown temperatures ; but, more 
especially, errors arising from the imperfection of the senses, as 
tlie imperfection of the eye in measuring very small spaces, of 
the ear in estimating small intervals of time, of the touch in the 
delicate handling of an instrument, &c. 

This distinction between constant and irregular errors is, 
indeed, to a certain extent, rather relative than absolute, and 
depends upon the sense, more or leas restricted, in which we 
consider observations to be of the same nature or made under the 
same eircumsiances. For example, the errors of division of an 
instrument may be regarded as constant errors when the same 
division comes into all measures of the same quantity, but as 
irregular when in every measure a different division is used, or 
when the same quantity is measured repeatedly with different 
instruments. 
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After a full investigation of the constant or regular errors, it 
IB the next business of the observer to diminish as much as pos- 
sible the irregular errors by the greatest care iii the observations ; 
and finally, when the observations are completed, there remains 
the important operation of combining them, so that the outstand- 
ing, unavoidable, irregular errors may have the least probable 
effect upon the results. For this combination we invoke the 
aid of the method of least squares, which may be said to have 
for its object the restriction of the effect of irregular errors within 
the narrowest limits according to the theory of probabilities, and, 
at the same time, to determine from the observations themselves 
the errors to which our results are probably liable It is proper 
to observe here, however, to guard against fallacious applications, 
that the theory of the method is grounded upon the hypothesis 
that we have taken a large number of observations, or, at least, a 
number sufficiently large to determine the errom to which the 
observations are liable 

CORRECTION OP THE OBSRRVATIONS. 

8. When no more observations are taken than are sufficient 
to determine one value of each of the unknown quantities 
sought, we have no means of judging of the correctness of the 
results, and, in the absence of other information, are compelled 
to accept these results as true, or, at least, as the most probable. 
But when additional observations are taken, leading to different 
results, we can no longer unconditionally accept any one result 
as true, since each must be regai'ded as contradicting tlie others. 
The results cannot all be true, and are all probably, in a strict 
sense, false. The absolutely true value of the quantity sought by 
observation must, in general, be regai’ded as beyond our roach ; 
and instead of it we must accept a value wliich may or may not 
agree with any one of the observations, but which is rendered 
most 'probable by the existence of these observations. 

The condition under which such a probable value is to be 
determined, is that all contradiction among the observations ?s to be 
removed. This is a logical necessity, since we cannot accept for 
truth that which is contradictory or leads to contradictory results. 

The contradiction is obviously to be removed by applying to 
the several observations (or conceiving to be applied) probable 
corrections^ which shall make them agree with each other, and 
which we have reason to suppose to be equivalent in amount to 
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the accidental errors severally. But let us here remark that we 
do not ill this statement by any means imply that an observer is 
to arbitrarily assume a system of corrections which will produce 
accordance : on the contrary, the method we are about to con- 
sider is designed to remove, as far as possible, every arbitrary 
consideration, and to furnish a set of principles which shall 
always guide us to the most probable results The conscientious 
observer, having taken every care in his observation, will set it 
down, however discrepant it may appear to him, as a portion of 
the testimony collected, out of which the truth, or the nearest 
approximation to it, is to be sifted. 

Admitting, tlierefore, that tlie observations give us the best, 
as indeed tlie only, information we can obtain respecting the 
desired quantities, we must find a system of corrections which 
shall not only produce tlie desired accordance, but which shall 
also be the most probable corrections, and further be rendered most 
probable by these observations themsdves. 

THE ARITHMETICAL MEAH. 

4. In order to discover a principle which may serve as a basis 
for the investigation, let us examine first the case of direct ob- 
servations made for the purpose of determining a smgle unknown 
quantity. 

Let the quantity to be determined by direct observation be 
denoted by x. (Suppose, for example, to fix our ideas, that this 
quantity is the linear distance between two fixed terrestrial 
points.) If but one measure of x is taken and the result is a, 
we must accept as the only and, therefore, the most probable 
value, X = a. Let a second observation, taken under the same 
or precisely equivalent circumstances, and with the same degree 
of care, so tliat there is no reason for supposing it to be more in 
error than the first, give the value b. Then, since there is no 
reason for preferring one observation to the other, the value of 
X must be so taken that the differences x — a, x*- b shall be 
numerically equal ; and this gives 

X = i (a + 6} 

•Ibis , result piust be regarded as the only one that can be inferred 
fr(^ih the two observations consistently with our definition of 
^ideptal errors ; for positive and negative accidental errors of 

’ I 1 
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equal absolute magnitude are to be regarded as equal errors and 
as equally probable, since, from the care bestowed on the ohser- 
Yations and the supposed similarity of the circumstances under 
which they are made, there is no reason a, prwn for assuming 
either a positive or a negative error to be the more probable. 

Now let a third observation be added, giving the value c. 
Since the three observations are of equal reliability, or, as we 
shall hereafter say, of eqml weight, we must so combine a, b, and 
c that each shall have a like influence upon the result ; in other 
words, X must he a symmetrical function of a, b, and c. If we 
first consider a and b alone, then a and c, then b and c, we shalJ 
find the values 

i(flr4-6), }(!i + c), i(6 + c), 

with each of which the additional observation e, b, or a is to be 
combined. Each combination must result in the same sym- 
metrical function, which, whatever it may be, can be denoted by 
the functional symbol We must, therefore, have 

ic = 4 [4 (a -f &), c] 

= 4 [4 (a + c), &] 

= 4 [4 (& + c), <i] 

Introducing the sum of a, b, and c, or putting 

s a "1“ b — 1“ c 

these become 

ar = 4 [4 (s — c), c] = + [s, c] 

= 4[4(a-6),6]=4Cs,i] 

= 4 [4 (s — a), a] = 4 [«, a] 

But a is already a symmetrical function of a, b, and c, and there- 
fore these equations cannot all result in the same symmetrical 
function unless c, b, a, in the respective developments of the 
functions, disappear and leave only s. Hence we must have 

ar = 4Cs) 

Now, to determine "we observe that, as it must be general. 
Us nature may be learned from any special but known case. 
Such a ease is that in which the three observations give three 
equal values, or a = 6 = c; and in that case we have, as the 
only value, x = a, or 

a = + (3 a; 
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and, consequently, the symbol ip signifies here the division by 3. 
Hence, generally, 

a + 5 + C 
3 

in the same manner, if it had been previously shown that for 
m equally good observations the most probable value is 

^^a + 6+c+ .. -j-n 
tn 

it would follow that for an additional observation p we must 
have 

a-|-6-j-c+ 

ni + 1 

for, putting a = a + 6 + c+ ... + n+jj, we shall have 

» = + (s —P), pj = 4 [s,!’] = 4 Cs); 

But we have shown that the form is true for three observed 
values • hence, it is true for four ; and since it is true for four 
values it is true for five ; and thus generally for any number * 

The principle here demonstrated, that the arithmetical mean 
of a number of equally good observations is the most probable 
value of the observed quantity, is that which has been universally 
adopted as the most simple and obvious, and might well be 
received as axiomatic. The above demonstration is chiefly 
valuable as exhibiting somewhat more clearly the nature of the 
assumption that underlies the principle, which is that, under 
strictly similar circumstances, positive and negative en'ors of the 
same absolute amount are equally probable. 

5. If now n', n", n'" .... are the m observe d values of a 
required quantity x, and if x, denotes their arithmetical mean, 
the assumption of x, as the most probable value of x gives 
n' — Xj, n" — Xq, n'" — x,, &c., as the most probable system of cor- 
rections (subtractive from the observed values) which produce 
the required accordance. But the equation 

w' -)- n" + »'" + • 

- m ^ 


* Enokb, Berliner Astron. Jahrbuoh for 1884, p 262 
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may also be put under the form 

(n' — x^') + (n" ~ Xo) + (n"' ^ Xo) + . . — rco) = 0 

that is, the algebraic sum of the corrections is zero. 

This is, however, not the only characteristic of the system of 
corrections resulting from the use of the arithmetical mean. Let 
us examine the sum of the squares of the corrections. For 
brevity, let us denote the corrections, or, as they will be here- 
after called, the residuals^ by the symbol v: so that 

v' = n' — rCfl, i/' = n'* — u'" = n!" — &e. 

and also denote the sums of quantities of the same kind by 
enclosing the common symbol in rectangular brackets ; so that 


[i;] =v^ v" + + &c 

[vv} = ifv' + + &c 

a notation usually employed throughout the method of 
squares. We have 

[u] = 0 

and 

= (n' — + (n" — £Co)* + (n'" — + 

= [wn] — 2 [n] Xq + Tnx^ 

But since we have also 

m 

this equation becomes 

[ot] = [nn] _ 2 [n] ^ + m ^ j 

= [n»] — I 

Let be any assumed value of a:, giving the residuals 

— x^ v^= 7i" — Xj^ Vg = n'" — x^, &o. 

then, as above, 

[UiUj = [nn] — 2 [n] x^ + mx^^ 

Substituting in this the value of [nn] given by (3), we find 

[uiuj = [wu] + ^ 2 [n] Xi + Tnxj^ 

m 


= [w] -f »i I — a?! j 
= [yol + (a:, — xO ’ 
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This equation determines the sum of the squares of the residuals 
for any assumed value of x. Since the last terra is always posi- 
tive, we see that this sum for any value of x differing from the 
arithmetical mean Xf^ is always greater than \m]. Hence it is a 
second characteristic of the arithmetical mean, tliat it makes tlie 
sum of {he squares of the residuals a minimum. 

6. Observations may be not only direct, that is, made directly 
upon the quantity to be determined, but also mdxreet, that is, made 
upon some quantity which is a function of one or more quanti- 
ties to be determined. Indeed, the greater part of the obseiwa- 
tions in astronomy, and in physical science generally, belong to 

the latter class. Thus, let x,y,z be the quantities to be 

determined, and M a function of them denoted by/, or 

M=f{x,y.z. . ) (5) 

and let us suppose an observation to be made upon the value of 
M. Wq then have but a single equation between x,y, z... and 
tlie obseiwed quantity M, and the problem is as yet indetermi- 
nate. Various systems of values may be found to satisfy the 
equation, either exactly or approximately. Let us, however, sup- 
pose that the most probable system (as yet unknown) is expressed 

'hy x = 'p,y = q, z = r and let the value of the function, 

when these values are substituted in it, be denoted by V, or put 

V=f(P, 2. r ) (6) 

then JIf — Vis the residual error of the observation. In like 
manner, if a number of observations of the same kind be taken, 
in which the observed quantities M', M", M'" . . . are functions 

determined by the same elements p, q,r, , and if V', V", 

V" .... are the values of these functions when p, q,r are 

substituted in them, then M’-V, M" —V", 
are the residual errors of the observations. If there are p 
unknown quantities and also /i observations, and no more, there 
will be ju equations between the known and unknown quantities, 
which will fully determine the values of these nnknown quanti- 
ties : so that the probable values p, q, r are, in that case, 

those determinate values which exactly satisfy all the equations, 
and, consequently, reduce everyone of the residuals ilf' — V', 
M" — Y", &a to zero. But, if there are more than p observations, 
the determinate values found from p equations alone will not 
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necessarily satisfy the remaining equations, in consequence of 
accidental errors in the observations. The problem, then, is to 
determine from all the ohseroaiions^ or from all the equations^ the 
most probable system of values of the unknown quantities^ or, which is 
the same thing, the most probable system of residual eiTors. In tlie 
case of direct observations, we have seen that the most probj ble 
value of the unknown quantity was that which made the a go- 
braic sum of the residuals zero ; but this principle followed £ om 
taking the arithmetical mean of the same quantity, and is ob- 
viously inapplicable in the present case. The second principle, 
that the most probable value is that which makes the sum of the 
squares of the residuals a minimum, is of a more general 
character, and might be assumed at once, as at least a plausible 
principle, to serve as the basis of the solution of our problem ; 
but it will be more satisfactory to- justify its adoption by the 
calculus of probabilities. 

THE PROBABILITY CURVE. 

7. Although accidental errors would seem at first sight to be 
of a capricious and irregular nature which would exclude them 
from the domain of mathematics, yet, upon examination from 
theoretical considerations, confirmed, as will be shown, by expe- 
rience, we shall find that they are subject to remarkably precise 
laws. In the first place, we remark that they are subject to the 
follomng fundamental laws : 1st. Errors in excess and in defect 
— te. positive and negative, but of equal absolute value — are 
equally probable, and in a large number of observations are 
equaUy frequent. 2d. In eveiy species of observations, there is 
a limit of error which the greatest accidental eri’ors do not 
exceed : thus, if I denotes the absolute magnitude of this limit, 
all the positive errors are comprised between 0 and + i, and all 
the negative errors between 0 and — Z, and, consequently, all the 
errors are distributed over the interval 2Z. 3d. The errors are 
not distributed uniformly over this interval 2 Z, but the smaller 
errors are more frequent than the larger ones. 

Thus the frequency of an error of a given magnitude may be 
regarded as a function of the error itself; so that, if we denote 
an error of a certam magnitude by and its relative frequency 
in a given large number of observations by this function 
should obtain its maximum value for A = and become zero 
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when A =■ ±1. If, then, we denote the probahility* of an error 
A by y, or put 

y = ,pA (7) 

we may regard this as the equation of a curve, taking J as the 
abscissa and y as the ordinate. The uature of this curve will he 
accurately defined when we have discovered the form of the 
function hut we can see in advance that a curve such as 
Fig. A is required to satisfy the conditions already imposed upon 

Fig A. 
r 


A 



this function. For its maximum ordinate must correspond to 
^ = 0; it must he symmetiucal with reference to the axis of y, 
since equal en’ors with opposite signs have equal prohabilities; 
and it must approach very near to the axis of abscissse for values 
of d near the extreme limits, although the impossibility of as- 
signing such extreme limits of error with precision must prevent 
us from fixing the point at which the curve will finally meet the 
axis. 

8. The number of possible errors in any class of observattons 
is, strictly speaking, finite ; for. there is always a limit of accuracy 
to the observations, even when we employ the most refined 
instruments, in consequence of which there is a numerical suc- 
cession in our results. Thus, if 1" is the smallest measure in a 

. ^ That IB, if the error J ooours n tunes m rn ohservations, ^ = ^ 
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given case, the possible errors, arranged in their order of magni- 
tude, can only differ by 1" or an integral number of seconds. 
Hence, our geometrical representation should strictly consist of 
a number of isolated points ; but, as these points will be more 
and more nearly represented by a continuous curve as we increase 
the accuracy of the observations, and thus diminish the intervals 
between the successive ordinates, we may, without hesitation, 
adopt such a continuous curve as expressing the law of error. 
We shall, therefore, regard as a continuous variable, and tpA 
as a continuous function of it. 

How, by the theory of probabilities, if <pA\ ^ 

are the respective probabilities of all the possible errors J, A\ 
we have* 

9 J yA^ ^ -j- = 1 

when the number of possible errom is finite. But the assumed 
continuity of our curve requires that we consider the difference 
between successive values of A as infinitesimal, and thus the 
number of values of <pA is infinite, and the probability of any 
one of these errors is an infinitesimal. To meet this dMculty, 
let us observe that if a finite series of errom J, A', .... be ex- 

pressed in the smallest unit employed in the observations, these 
errors, arranged in the order of their magnitude, will be a series 
of consecutive integral numbers ; the probability of tlie error A 
may be regarded as the same as the probability that the error 
falls between A and A + 1; and the probability of an error De- 
tween A and A + i will be the sum of the probabilities of the 
errors A, A + 1, A + 2, J + (i -- i). if i is small, the pro- 

bability of each of the errors from A to A + i will be nearly the 
same as that of : so that their sum will differ but little from 
i(pA. As the interval between the successive errors diminishes, 
this expression becomes more accurate ; and hence when we take 
dAf the infinitesimal, instead of ^, we have (pA . dA as the rigorous 
expression of the probability that an error falls between A and 
A + dA. Hence, it follows, in general, that the probability that 
an error falls between any given limits a and h is the sum of all 


* For if there are n errors equal to ri equal to A\ &o , and the whole number 

of errors is m, the probabilities of the errors are respectively ^ 0j'= A, &o.. 

and the sum of these = i ™ ^ 

m 


m 
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the elements of the form between these limits, or the 

integral 



and this integral, taken between the extreme limits of error, and 
thus embracing all the possible errors, will be 

r+i '' 


We have heretofore assumed that the function yd is to be zero 
for J ± L It must also be added that, since the probability 
of any error greater than ± ^ is also zero, we should have ti) 
determine this function in such a manner that it would be zero 
for all values of d from + Z to + and from — Z to — oo. The 
obvious impossibility of determining such a function leads us 
to extend the limits d: Z to ± qo, and to take 


/• + » 

J_^pd.dd=l (8j 

This will evidently be allowable if the integral taken from 
± Z to ± 00 is so small as to be practically insignificant. Besides, 
^e extreme limits of error can never be fixed with precision, and 
it will suflSoe if the function yd is such that it becomes very small 
for those errors which are regarded as very large. 

9. Eetnrning now to the general case of indirect observations. 

Art. 6, in which we suppose a quantity ) to be 

observed, let d, d', d" be the errors of the several observed 

values of M, and yd, yd', yd" .... their respective probabilities; 
then, the probability that these errors occur at the same time in 
the given series being denoted by P, we have, by a theorem of 
the calculus of probabilities,* 

P = fp A ^ <pA\ tpAl* ^ 9 ^ 

The most probable system of values of the unknown quantities 


* If a single action of a cause can produce the effects fl, a\ a!\ . , , with the re- 
epectiye probabilities p, jt?" the probability that two Bucoessive independent 
actions of the cause will produce the effects a and is jTpV and similarly for any 
number of effects Thus, if an urn contains 2 white balls, 8 red ones, and 6 black 
ones, the probabibty that in two suooessiye drawings (the original number of balls 
being the same at each drawing) one ball will be white and the oiiher red is yt V A 
VoL. IL— 81 
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rj 3/, 2 . . . . will be iihat wliicli makes the probability P a maxi- 
mum. Consequently, smce x,y,z are here supposed to be 

independent,* the derivative of P relatively to each of these 
variables must be equal to zero ; or, since log P varies with P, 
the derivatives of log P must satisfy this condition, and we shall 
have 


which, since 


JL £? 

P' dx 


0 , 


1 n j,. 

— . — = 0, &c. 
P dy 


log P = log -1- log tpd' -)- log 9^" + 


give the equations 


.= 0 


' dx dx dx 

\~9^‘^ \-9^’j h ....= 0 

dy dy dy 




. = 0 


&c. 


&c. 


( 10 ) 


111 which we ha/e pnl 








The number of equations in (10) being the same as that of the 
unknown quantities, these equations will serve to determine the 
unknown quantities when we have discovered the value of the 
function f'A, as will be shown hereafter. 

Since the functions <pA and <p'A are supposed to be general, and 
therefore applicable whatever the number of unknown quanti- 
ties, we may determine them by an examination of the special 
case in which there is but one unknown quantity, or that in 
which the observed values M, M', M". , . . belong to the same 
quantity. In that case, the hypothesis that x is the value of this 
quantity gives the errors 


A = M — x, A'=M' — x, A"=M"—x ... 


^ That ifi, subject to no restriotioTLs except that they shall satisfy the obseryationSt 
or the equations M — /(», y, a, . - . For the case of ‘‘conditioned” Dbaervations* 
see Art h8 of this Appendix^ 
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whence 

__1 

dx dx dx 

and the first equation of (10) becomes 

/ (ilf — a:) + ^ {M' — ar) + / (Jf"— x) -f = 0 (12) 

This being general for any number m of observations, and for 
any observed values M, M', M ". . . let us suppose the special 
case 

M' = M" . =M—mir 


Since the arithmetical mean of the observed quantities is here 
the most probable value of x, we have 

x = + ) 

= ^ C-Sf + (w — 1) (M— mNy\ 

Jfh 

= M—(m~l)J!r 

whence 

M — x = (m — 1) if 
M’—x = M"~x = — if 

and, consequently, (12) becomes 

— l)if] 4- (»i_l) p'(_if)=0 

^'[(m-l)if]^^'(-if) 

(OT — l)if —if 


That is, for all values of m, and therefore for all values of {m — l)if, 
we have 1) if quantity ‘ 

Hence we have generally ^ equal to a constant quantiiy, and, 
denoting this constant by k, we have 


or, by (11), 


Integrating, 

V;rlience 


^ = kd.dA 

<pa 


log f J = } A J* -|- log K 
in which e is the base of the Napieriaii system of logarithms; 
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Since must decrease as J increases, must be essentially 
negative : representing it, therefore, by — A*, our function becomes 


To determine the constant x, let this value be substituted in (8), 
which gives 

Putting 

t = hji (13) 

this integral becomes 


t = hji 




The known value of the definite integral in the first member is 
t/tt (see Vol. 1. p. 163)^ ^whence 


and the complete expression of becomes 


= e — Wi AA 

t/tt 


The constapt./i must depend upon the nature of the observar- 
tions, and will be particularly examined hereafter. If we herb 
take it as the unit of abscisasB in the curve of probability, the 
equation (7) becomes 



by wMch the curve may be constructed. The values of y for a 
fewvvalues of 4 are as follows. 


A y Diff 


0 0 0.5642 

0.2 0.5421 

0.4 0.4808 

0 6 0.3986 
0 8 0.2975 
1 0 0.2076 

1 2 0.1337 

14 0.0795 

1.6- 0-048« 


— .0221 

— .0613 

— 0872 

— .0961 

— .0899 

— .0789 

— .0542 

— .0869 


A y Diff. 


1.6 
1.8 
2.0 
2.2 
2.4 
2.6 
2.8 
8.0 
cut ‘ 


0 0436 
0 0221 
0.0108 
0.0046 
0 0018 
0.0007 
0.0002 



— .0216 
— 0118 
— .0068 

— .0027 

— .0011 
— .0006 
— .0001 



I 
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fhe cur^e, Fig. A, iii Art. 7, is constructed from this table ; but, 
to exhibit its character more distinctly, the scale of the ordinates 
is four times that of the abscissee (which, indeed, corresponds to 
the case of h = 2). We see that the curve approaches veiy near 
to the axis for moderate values of and that the assumption of 
±: 00 instead of finite limits of J can involve no practical error. 
It is evident that the axis -ZJT is an asjmptote to the curve. 

The differences m the above table indicate tliat the^ curve 
approaches the axis most rapidly at a point whose abscissa is 
between 0.6 and 0.8. The exact position of this point, which 
is a point of inflexion, is found by putting the second differen- 
tial coefficient of y equal to zero, which gives 


whence 


d^y 2 , iAA 

yiz ^ i/^ 


AA 


0 


J = -is = <^-7071 

X/A 


The ordinate Mm is drawn at this point. We shall have occa- 
sion to refer to it again hereafter. 


THE MEASURE OF PRECISION. 

10. The constant h requires special consideration. Since the 
exponent of e in (14) must be an abstract number, ^ must be a 
concrete quantity of the same kind as A In a class of observa- 
tions in which A is small for a given probability <p4^ ^ will be 

small, and h will be large. Thus, h will be the greater the more 
precise the nature of the obseiwations, and is, therefore, called by 
Gauss the measure of precision. If in one system of observer 
tions the probability of an error A is expressed by 

g— A /iaa 

x/tt 

and in another, more or less precise, by 


_ g — WAA 

ft 

f 

the pTobflbilily tliat in one observation of the &s;b’ s^tjem 
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.error committed will be comprised between the limits — d and 
-f 8 will be expressed by the integral 



A e-WlAA dJ 


and) in like Tnfl.Ti Tip.rj the probability that the error of an observa- 
tion in the second system will be comprised between — 8' and 
+ d' will be expressed by 


/•+*' h' 
J—g ]/ir 


These integrals are evidently equal when we have h8 — h'8'. If, 
for example, we have A' = 2h, the integrals will be equal when 
8 = 2d'; that is, the double error will be committed in the first 
system with the same probability as the simple error in the 
second, or, in the usual mode of expression, the second system 
will be twice as precise as the first We shall presently see how 
the value of h can be found for any given observations. 


THE METHOD OP LEAST SQUABES. 

11. The preceding discussion leads directly to important prac- 
tical results. W e have seen (Art. 9) that to find the most probable 

values of x,y,z firom the observed values of M =f {x,y,z, ) 

we are to render the probability P= ^4. a maxi- 
mum, that is, by (14), 


— img— A'A' + A"A"-(- . . . 


(16) 


must be a maximum; and this requires that the quantity 
Ad -(- A' A' + A" A" + should be a minimum. Thus, the prin- 

ciple that the most probable values of the imknovm quantities are those 
which make the sum of the squares of the residual errors a minimum, is 
not limited to the case of direct observations, but is entirely 
general. 


The principle is readily extended to observations of unequal 
precision. For if the degree of precision of the observations 
!£, JH', JH ". . . . be respectively h, h\ A". . . ., and we compare 
these observed quantities with the values V, V, V ". . . ., computed 
with the most probable values of x,y,z whereby we obtain 
the residual errors -Sf — F= 4, if' — F' = J'. . . ., it is the same 
thing as if we had taken observtitions of $qu^ precision (repre* 
-sented by 1) upon the quantities itpA Jiad 

5 . ! n 1 ! h . % 
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compared them with the computed quantities h V\ h" F". . . 
whereby we should have found the errors hM — hV ^ hJ, 
— /i' F' = h! A\ . . in which case we shoqld have to reduce 
to a minimum the quantity 

+ 

that is, each error being multiplied by Us measure of precision^ and 
thereby reduced to the same degree of precmon^ the sum of the squares 
of the reduced errors must he a minimum. 

In what precedes is involved the whole theory of the method 
of least squares. I proceed to develop its practical features. 


THE PROBABLE ERROR. 

12. From the preceding articles it follows that the probability 
that the error of an observation falls between A and A d A 

expressed by 

JL e-WiAA dA 

and the probability that it falls between the limits 0 and a is 
expressed by 

"h /'A = a 
— I g — ;tAAA dA 
«/ A =» 0 


and this integral expresses the number of errors that we should 
expect to find between the limits 0 and a when the whole num- 
ber of errom is put = 1 [equation (8)]. If we put i = hA^ the 
integral takes the form 


l/ TT 



The whole number of errors, both positive and negative, whose 
numerical magnitude falls between the given limits is twice this 


integral, or 


2 

-y- I e~^i 

l/5f •/ 1 = 0 


(16) 


The value of this integral (which may be computed by the 
methods of Vol. 1. Art. 113) is given in Table IX. The number 
of errors between any two given limits will be found by taking 
the difference between the tabular numbers corresponding to 
these limits. Since the total number of errors is taken as unity 
in the table, the required number of errors in any particular case 
is to be found by multiplying the tabular numbers by the actual 
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number of observations. Thus, if there are 1000 observations, 
we find that 

between t = 0 and i = 0 5 there are 520 errors. 

« t = 05 “ « = 10 “ “ 322 “ 

« f^lO “ i=16 “ “123 « 

« « = 15 “ « = 20 “ “ 29 “ 

« i = 20 “ < = 00 “ “ 6 " 

13. The degrees of precision of different series of observations 
may be compared together either by comparing the values of k, 
or by comparing the erroi’s which are committed with equal 
facility in the two systems. The errors to be compared must 
occupy in the two systems a like position in relation to the ex- 
treme errors, and we may select for this purpose in each system 
the error which occupies the middle place m the senes of errors arranged 
in the order of thevr mjognitude, so that the number of errors which are 
less than this assumed error is the same as the number of errors which 
exceed it. The error which satisfies this condition is that for 
which the value of the integral (16) is 0.5. Denoting the cor- 
responding value of t by p, we find, by interpolation from Table 
IX., 

P = 0.47694 

and we have 

If then we denote by r the error which, in any system of obser- 
vations whose degree of precision is /i, corresponds to the value 
^ or put 

P = hr h = ^ (18) 

there will be a probability of i that the error of any single obser- 
vation in that system will be less than r, and the same proba- 
bility that it will be greater than r; which is sometimes expressed 
by saying that it is an even wager that the error will be less than r. 
Hence r is called the probable error, 

We may, therefore, compare dijOferent series of observations 
by comparing their probable errors, their degrees of precision 
being, by (18), inversely proportional to these errors. 

14. In order to apply Table IX. in determining the number 
, Df errors in a given class of observations, wo must know the 
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measure of precision h, or the probable error r: thus, if we 
wish the number of errors less than a, we enter the table with 

ap 

the argument i = ah, or i = — ' 

For greater convenience, we can employ Table IX.A, which 
gives the same function with the ai’gument ^ . For fexample, if 

there are 1000 observations whose probablo error' is r = 2", 
and we wish to know the number of errors less than, a = 1", we 

take from Table IX A, with the argument ^ = 0.6, ihe number 

0 26407, which multiplied by 1000 gives 264 as the required 
number. 

The following example from the Fundammia Asirmomios of 
Bessel will serve to show how far tlie preceding theoiy is sus- 
tained by experience. In 470 observations made by Bradley 
upon the right ascension of Sinus and Aliavr, Bessel found the 
probable error of a single obseiwation to be 

r = 0" 2637 

Hence, for the number of errors less than O'M the argument of 
Table IX. A will be = 0.8792; and for 0."2, 0".3, &c., the 
successive multiples of 0.3792. Thus, we find from the table 


for 0" 1 with arg 0 3792 

the number 0.20187 

"02 

“ 0.7584 


0.39102 

"03 

“ 1.1376 

a 

0.66710 

“ 0 .4 

" 1 6168 

u 

0 69872 

“ 0 .6 

“ 1.8960 

iC 

0 79904 

"06 

“ 2 2762 

u 

0 87511 

“07 

" 2 6644 

u 

0 92661 

" 0 .8 

“ 8.0336 

It 

0 96926 

“09 

“ 3 4128 

it 

0 97866 

" 1 .0 

" 3.7920 

u 

0 98946 


00 

tc 

1 00000 


Subtracting each number from the following one, and multiply- 
ing thA remainder by 470, the number of observations, tliere were 
found 
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Betveen 

No of errors 
by the theory. 

No. of errors by 
experience 

0".0 and 0" 1 

96 

94 

0 .1 “ 

0 2 

89 

88 

0 .2 “ 

0 .3 

78 

78 

0 .3 « 

0 .4 

64 

68 

0 .4 « 

0 .5 

50 

61 

0 .5 « 

0 6 

36 

36 

0 .6 « 

0 .7 

24 

26 

0 .7 « 

0 8 

16 

14 

0 8 

0 .9 

9 

10 

0 9“ 

1 .0 

5 

7 

over 

1 0 

6 

8 


The agreement between the theory and experience, though 
not absolute, is remarkably close. The number of large errors 
by experience exceeds that given by the theory, and this has 
been found in other cases of a similar kind; which shows at least 
that the extension of the limits of error to ± oo has not intro- 
duced any error. The discrepancy rather indicates a source of 
error of an abnormal character, and calls for some criterion by 
which such abnormal observations may be excluded from our 
discussions and not permitted to vitiate our results. Such a 
criterion has been proposed by Prof. Pbiroe, and will be con- 
sidered hereafter. 

THE MEAN OE THE BRBOBS, AND ^THB MEAN EBBOB. 

16. The selection of the probable error as the term of com- 
parison between different series of observations is arbitrary, 
although it seems to be naturally designated by its middle posi- 
tion in the series of errors. There are two other errors which 
have been used for the same purpose. 

The first is the rnmn of the errors, these being all taken with 
the positive sign. In order to find its relation to the probable 
error, let us first consider a finite series of errors 

A, J",.... 

with the respective probabilities 
2a 2a* 


2a" 
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^ 80 that in m observations there will be 2 a errors (numerically) 
equal to 2 a' equal to A', &c., the probability of a positive error 

A being The mean of all these errors, each being repeated 
a number of times proportional to its probability, is 


2aA -j- 2 a' A' +2 a" A" + 
m 


2A.^ 2A'.- 4- 2A" — + . .. 
m m m ' 


When the number of errors is infinite, the probability of an 
error A is to be understood as the probability that it falls 
between A and A + dA, which is ^A . dA (Art. 8), and the above 
formula for the mean of the errors becomes the sum of an infi 
nite number of terms of the foiun 2A fA . dA. Hence, putting 


we have 
or, by (18), 


71 = the mean of the errors, 


-s: 


yTt h i/tt 


’ pV^ 


= 11829r 


r = 0.8453 


(19) 


} 


( 20 -) 


Another error, very commonly employed in expressing the 
precision of observations, is that which has received the appella- 
tion of the mean error {der miiilere Fehkr of the Germans), which 
is not to be confounded with the above mean of the errors. Its 
definition is, the error the square of which is (he mean of the squares of 
all the errors. Hence, putting 


we have 


or, by (18), 


e = the mean eiTOr, 


s = -Jl.s = l-i 826 r 

/>l/2 

r = 0.6746* 


( 21 ) 


} 


( 22 ) 


"When we put A = 1, we have e = Vh The mean error is, 
therefore, the abscissa of the point of inflection of the curve of 
probability (Art. 9). In the figure, p. 479, Oflf is the mean error, 
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OP the probable error, OE the mean of the errors, tod Mm, Pp, 
Ee, their respective probabilities. 

THE PROBABLE ERROR OP THE ARITHMETICAL MEAN. 

16. The en'or above denoted by r is the probable error of any 
one of the observed values of the unknown quantity x. "We are 
next to determine the relation between this and the probable 
error of the arithmetical mean of these values. 

If J, A', A'* ... . are the errors of the observed values, the 
most probable value of x is that which renders the probabiliiy 

JP = A** TZ — -h A"A''‘+ . X 

a maximum (Art. 11), and, consequently, the sum AA + 

+ a minimum. But this sum is rendered a minimum by 

the assumption of the arithmetical mean as the most probable 
value (Art. 5), and hence the quantity P expresses the probability 

of the arithmetical mean if A^^ A'' are the ejrrors of tiie 

observations when compared with this mean. The probability 
of any other value of rr, as x^ + d, will be 

P'z= .J 

A”* TT — — A7iJ[AA] — 2[A]fi+tnjd| 

Since lA] = A + A' + A'' + = 0 (Art. 5), and lAA] = mee 

(Art. 16), this expression may be put under the form 

P'= h^yc—^m^—mhA(9e + S6) 


and at the same time we have 


so that 


JPzpf z= 1 


that is, the probability of the error zero in the arithmetical mean 
is to that of the error 5 as 1 : For a single observation, 

the probability of the error zero is to that of the error d as 
Hence the measure of precision (Art. 10) of the 
single observation being h, that of the arithmetical mean of m 
such observations is h\/m; from which follows the important 
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theorem that th£ ‘precision of the mean of a number of observatmis 
increases as the square root of their number.* 

If, then, r is the probable error of a single observation, and rg 
that of the arithmetical mean of several observations, we must have 



(23)' 


and A:om the'^eonstant relation between the mean and the proba- 
ble error (22), 



(24) 


DETERMINATION OF THE MEAN AND PROBABLE ERRORS OF OIVEN 

OBSERVATIONS. 

17. The principles now explained will enable us to determine 
the mean errors of any given series of du'ectly observed quanti- 
ties. Let n, n', n" .... be the observed values ; their arith- 
metical mean ; v, v', v" the residuals found by subtracting 

a^o from each observed value : so that 

•o = n — x^i w' = n' — »" = ji" — aTg, &o. 

If Xo were certainly the true value of x, so that v, ‘o ', were 
the actual or (as we may say) the true errors, and, consequently, 

identical with d. A', A" , we should have, according to the 

above, wiee = {_A^ = [vy], and hence 


and this must always give a close approximation to the value of e. 
But the relation mee = [AA] was deduced from a consideration 
of an infinite series of errors which would reduce the mean 
error of Xg to an infinitesimal, according to the principles assumed, 

and thus make v, v', v" identical with z/. A', A" ... A better 

approximation to the value of e, where the series is limited, is to 
be obtained by considering the mean error of x^ itself, and conse- 
quently, also, the mean errors of the residuals v, v', v" If 

then we suppose the true value of x to be -f- S, we shall have 
die true errors 

— A'=‘ 0 '— 8 , &c. 


*' See. in eonneotion, Arts. 21 and.26. 
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whence, observing that [v] = 0, 

[JJ] = mee = Ivv'] — 2 [t;] ^ md^ 

= [vu] + md^ 

Thus the approximate value mse = [vy] requires the correction 
mS^, the value of which depends upon the value we may ascribe 
to d. As the best approximation, we may assume it to be the 
mean error Sq : so that, by (24), 


which gives 
whence 


md^ = me * =: m — = ee 
® m 

mee = [vv] + se 



and consequently, also, by (22), 


(26) 


(26) 


Thus from the actual residuals the mean and the probable error 
of a single observed value are found. Hence, by (23) and (24), 
the mean and probable errors of the arithmetical mean will be 
found by the formulae 

Example. — Let us take the following measures of the outer 
diameter of Saturn’s ring observed by Bessel at the Ednigsberg 
Observatory with the heliometer, in the years 1829-1831.* The 
measures, denoted by n, are all reduced to the mean distance of 
Saturn from the sun, and are here assumed to have the same 
degree of precision. 


* Miron JTack., Vol XII. p. 169. 
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n 


V 


VV 

f 

1 


V 


vu 

38" 

'91 

__ 

0" 

'.40 

01600 

39" 

'41 

+ 

0' 

10 

0 0100 

39 

32 

-t- 

0 

01 

0001 

39 

40 

+ 

0 

.09 

0081 

38 

93 


0 

38 

1444 

39 

SO 

+ 

0 

05 

.0025 

39 

31 


0 

.00 

0000 

39 

20 


0 

11 

0121 

39 

17 

— 

0 

14 

.0196 

39 

42 

+ 

0 

11 

0121 

39 

04 

— 

0 

27 

.0729 

39 

.30 


0 

01 

0001 

39 

67 

“h 

0 

26 

.0676 

39 

41 

-f- 

0 

10 

.0100 

39 

.46 

-1- 

0 

15 

.0225 

39 

43 

+ 

0 

.12 

.0144 

39 

30 


0 

01 

.0001 

39 

43 

-t- 

0 

12 

0144 

39 

08 

— 

0 

.28 

.0784 

39 

36 

-f 

0 

05 

0025 

39 

.35 

4- 

0 

04 

.0016 

39 

02 


0 

29 

0841 

39 

.26 


0 

.06 

,0036 

39 

.01 

— 

0 

30 

0900 

39 

.14 

— 

0 

17 

0289 

38 

86 

— 

0 

46 

2025 

39 

.47 

-1- 

0 

.16 

0256 

39 

61 

+ 

0 

20 

.0400 

39 

29 


0 

02 

0004 

39 

21 


0 

10 

0100 

39 

32 

-1- 

0 

01 

.0001 

39 

17 

— 

0 

14 

0196 

39 

40 

+ 

0 

.09 

.0081 

39 

60 

+ 

0 

.29 

0841 

39 

33 

-1- 

0 

02 

.0004 

39 

54 

+ 

0 

.23 

.0629 

39 

28 


0 

.03 

0009 

39 

.45 

-f 

0 

.14 

0196 

39 

.62 

+ 

0 

.31 

.0961 

89 

72 

+ 

0 

.41 

1681 


a:, = 39 308 [»v] = 1,6884 


Hence, since m = 40, we have, by (26) and (26), 

r = 0".202 X 0.6746 = 0" 186 


and consequently, by (23) and (24), or (27), 


«=r082, r.= ta=r.022 

✓(40) ✓(40) 


That is, the probable error of a single observation was 0'M36y 
and that of the final result = 39".808 was only 0",022. 

18, The preceding method of finding the probable error &om 
the squares of the residuals is that which is most commonly 
employed ; but when the number of observations is very great, 
it is desirable to abridge the labor, if possible. A sufficient 
approximation can be obtained by the use of the first powers of^ 
the residuals as follows. 

The number of observations being very great, we shall pro- 
bably have as many positive as negative residuals. If v', v'\ 
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In a great number of observations there must be as many posi- 
tive as negative products of the form and such that we shall 
probably have = 0 ; and since we also have me* = 
ms^ = this equation gives 


If we have 


_Ea _ gj _j_ 

JT = a; ± a?! ± iCj 


(31) 


and the mean errors of x, x^, x^ are e, gj, Sj, we have by the pre- 
ceding equation the mean error of a: ± Zi = •|/(£* -|- ej*), and by 
a second application of the same equation, considering a: ± as 
a single quantity, the mean error of JT will be found by the 
formula 

= ^ + -f (31*) 


and the same principle may be thus extended to the algebraic 
sum of any number of observed quantities. 

In consequence of the constant relation (22), if r, ri, r* . . . . 

are the probable errors oi x, x^, x^ and H the probable error 

of X = a; ±: ajj ± a :2 j shall have 


jS* = r* -b ri» -f r,» -t- . . . . (32) 

Example 1. — The zenith distance of a star observed in the 
meridian is 


C = 21° 17' 20" 3 with the mean error e = 2" 8 


and the declination of the star is given 

8 = 19° 30' 14".8 with the mean error Sj = 0" 8 

Required the mean error JE of the latitude of the place of obser- 
vation, found by the formula p = + d. We have, by (31), 


jEI= t/[(2 3)» 4- (0 8)»] = 2".44 

Hence 


= 40° 47' 35" 1 with the mean error .© = 2" 44 

Example 2. — The latitude of a place has been found with the 
mean error e = 0".25, and the meridian zenith distance of stars 
observed at that place with a certain instrument has been found 
to be subject to the mean error Si = 0".62 : what is the mean 
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error E of the declinations of the stars deduced by the formula 
S = f We have 

E = -/[(O 26)> + (0.62)“] == 0" 67 

20. Let us next consider the function 

X = ax 

and suppose x has been observed with the mean error e, and a is 
a given constant. Eveiy observation of x with the error ± A 
gives X with the ei’ror ±.aA, so that the mean error of X must be 

E ~ as 

In general, by combining this with the preceding principle, if 
we have 

X = ax a^Xi + -f . . 

and if the mean errors oi x, Zy, . . . . are e, Sj, Sj, , and E 

that of JT, we shall have 

E* = a’e* + ai“ei’ + + . . = [a“e“] (33) 

and the same form may be used for probable errors. 

Example, — ^A s an example illustrating the application of both 
the preceding principles, suppose that in order to find the rate 
of a chronometer we find at the time t its correction + 12'" 18*.2 
with the mean error 0'.8, and at the time t' the correction 
+ 12'*21'.4 with the same mean error 0*.8, and the interval i' — t 
■= 10 days. The rate in the whole interval is 

12" 21*.4 — 12" 18* 2 = + 8*.2 

with the mean error, according to Art. 19, 

t/[(0 8)* + (0 8)»] = 0'.42 

The mean daily rate is then 

+ ^ = + 0*-82 

with the mean error, according to Art. 20, 



600 


APPENDIX. 


21. If 2 , Xi, ... . are the several ohserved values of the 
same quantity, their arithmetical mean being 

a-o = ^ (a + ill + a:. + . . ) 

and if r is the probable error of each observation, what is the 
probable error r„ of ? By Art. 19, the probable error of the 
sum a: + ail + a;, + .... is 

l/(r^ 4* i"’ + i"* + ) == = r i/m 


and the probable error of — th of the sum is, by Art. 20, 

1 T 

r, = — X ri/m = -— 
m y'm 

as lias teen otherwise proved in Art. 16. 

22. Let us now take the general case in which JT is any fono 
tion whatever of the ohserved quantities x, . . . . expressed 

^ = f (Xj Xu X^j . . .) 

Let the variables be expressed in the form 

x = a + Xi = Oi + x/, Xa = aa 4- x/, 

< 2 , o^, 02 . . . being arbitrarily assumed very nearly equal to 

X, X 2 . • • respectively, and such that x', x/, x^ may 

be so small that their squares will be insensible. The given 
mean errors e, . . . may then be regarded as the mean 
errors of x\ a?/, x^ .... The function X developed by Taylor’s 
theorem is 

•rr ^ / VI dX , dX f . diX . 

Z=f(a, a„ a, .. ) + —sd + —a, + — x. + .... 
and the mean error of .Z will he that of the quantity 


Aar ,, rfJT ,, (fX , , 

- 7 — -l + + ••• 

dx dx, * dx. 


or, by (38), 
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or, if r, Ti, rj . . . are the probable errors of x, Xj_, Xj . . and B 
that of JT, 



This formula is, indeed, but approximative, since we have 
neglected the terms involving the higher powers in the develop- 
ment of JT; but the mean errors of these small terms will be in- 
sensible if we suppose that the errors e, Sj, Sj . are so small 
that the differences between the observed values x, a;,, ... 

and tlie true values are of the same order as the quantities 
x', Xy', x^ . . ., which will always be the case where proper care 
has been taken to reduce the accidental errors of observation to 
their smaUest amount. If the given function is implicit, as 

0 — (-^ ^11 • ) 

we should still by differentiation obtain the differential coeffi- 
cients, and then find the mean error of X by (34). 


Example. — The local apparent time at a place in latitude 
fp = 38° 68' 63" was found (V ol. I. Ai’t. 145) from the sun’s 
zenith distance ^ = 78° 12' 26", when the declination was 
d = — 22° 50' 27", to be i = 2* 47"* S9'.4. "What is the probable 
error of this result, supposing the probable errors of the data 
to be — 

Probable error of $» = r = 0".6 

« « a = Ti = 0 .6 

“ « C = r, = 3 6 

The formula 

0 = — cos f -f sin f sin a -|- cos js cos a cos t 


expresses i as an implicit function of (9, and 'We find 
(Vol. I. Art. 86) 


di. _ 

1 

dip 

COB p tan A 

dt _ 

1 

d8 ~ 

cos a tan 2 

dt 

1 

'dZ~ 

' cos f sin 
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'i 

1 1 
I 

I, 

where A is the azimuth and j the parallactic angle. "We 
1 from the data A = + 40° 1', q = 32° 51', whence 

' ^ _ 1 532, — = 1.680, — = + 2.001 

il df ’ dd df ^ 

and the probable error of t ie, by (34*) 

,1 B = l/[C0.5 X 1 632)“ + (06 X 1 680)» + (3 5 X 2.001)*] = 7" 12 

i 

,i or, in seconds of time, 

B = 0-.47 

' 23. To complete this branch of our subject, it is to be observec 

that the preceding demonstrations apply only to the case wher< 
the quantities entering into combination are independent ; bu. 
when they are merely different functions of the same observec 
quantities, the above formulse are incomplete Let us suppose 
that we have X and JT', different functions of the same observec 
quantities , or 

X =/ ... ) 

the mean errors of x, X 2 • • * being e, fii, ©2 5 tihLO-t 

‘I wish to find the mean error E of the function, 

r==X(X, X') 

, If any single observation of a;, x^^ is affected by an erro 

, dy 5*2, respectively, the corresponding errors in X and X' 

will be — 

I, Error in X, A = ad + 

“ X, = a^d + aX + CL^d^ + 

in which a, ^ 2 . . . . are the differential coefiS.cients of X, anc 
a', a/, Oj' . . . the differential coefiGlcients of X', with referenc< 
j to x, a:i, ajj, . • . . The corresponding error in Y will be 

‘p 

I in which A and A' are the differential coefficients of Y with re 

ference to JT and X'. The square of the mean error E will bi 
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the mean of the squares of all the values of which result 

from all the possible values of S, di, 3^ 

Substituting the values of J and /i', we have 

= (Jla + A'a') d + 4- A'a^’) 5 , 4 

which we may briefly express as follows : 

r=ce + ^d^ + rs,+ .... 

I£ the number of values of is denoted by m, the mean of all 
the values of A"^ will be 


K3=..E£l + -m 

m m m 


' m ' 


4- 4- 2or — + • ••• 
' m ' m ' 


In consequence of the various signs of 8d^, S8„ &c., the mean 
value of each of these quantities will be zero ; and the mean 
values of 3’, 8^^, &c. are e*, &c. Hence the formula becomes 

simply 

= {Aa + A’a'y e> 4 - 4 - A\y e,’ 4- . . . . 


or 


JS^ = A' (aV 4 - aj%» 4 - . . ) 4 - (a'V 4 - a/ V 4 - 
4 - 2 AA' (aa's* + 4“ ' 




( 86 ) 


To illustrate by a very simple example, let 


X=2a: jr=8a; 


and suppose e = 0 . 1 ; then, to find the mean error JB of 

r=jr4-x' 

we cannot take JS = i/[( 0 . 2 )* 4 - ( 0 - 8 )*] as we should if JT and JT' 
were independent, but by the above formula we must take 

U = t/[( 0 . 2 )> + (0 8 )* 4 - 2 X 2 X 8 X ( 0 . 1 )*] = 06 

as in fact we find directly, in this simple case, by first substi- 
tuting in T the values of X and X'. 
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WEIGHT OP OBSERVATIONS. 

24. Observations of the same kind are said to have the same 
or different weight according as they have the same or different 
mean (or probable) errors. We assume a priori that observations 
will have the same weight when they are made under precisely 
the same circamtances^ including under this designation eveiy 
thing that can affect tlie observations ; but whether this condi- 
tion has in any case been realized can only be learned, 
ierioriy from the mean errors revealed by the observations them- 
selves. 

In order to obtain a numerical expression of the weight, let 
U3 suppose all our observations to be compared with a standard 
fictitious observation the mean error of which is any assumed 
quantity Sy Let the actual observations be subject to the mean 
error e. Let it require a number p of standard observations to 
be combined in order to reduce the mean error of their arith- 
metical mean to that of an actual observation, that is, to e , or, 
according to (24), let 

e = ^ or = (36) 

then one of our actual observations is as good, that is, has the 
same weight, as p standard observations, and the number p may 
be used to denote that weight. If, in like manner, other obser- 
vations of the same kind are subject to the mean error s', and 
we have 

one of these observations has the weight of p' standard observa- 
tions, and the weights of the observations of the two actual 
series may be compared by means of the numbers p and p'. 
The weight of the fictitious observation is here the unit of 
weight; but this unit is altogether arbifrary, since it is only the 
relative weights of actual determinations that are to be con- 
sidered. 

It follows immediately, since we have 

== = p'e'® 

or 

jp 


( 87 ) 
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that the loe^hts of two observations are reotprocaUy proportional to the 
squares of their mean errors. 

The measure of precision (Ai't. 10) and the weight are to be 
distinguished from each other the former varies inversely as 
the mean error, the latter inversely as the square of this error. 


25. Jb fnd the most probable mean of a number of observations of 
different weights . — ^Let n', n", n'" .... be the given observed 
values; p', p", p'" .... their resiiective weights. By the pre- 
ceding definition of the weight, the quantity n' may be considered 
as the mean of p' observations of the weight unity, n" as the 
mean of p" observations of the weight unity, &c. We may, 
therefore, conceive tlie given senes of observed quantities re- 
solved into a series of standard observations, all of equal weight, 
and then apply to the latter aeries the principle of the arithme- 
tical mean. The whole number of equivalent standard observa- 
tions will be p' + p" -f p'" ; the sum of the p' standard 

observations will be p'n'; the sum of the p" standard observa- 
tions will be p"n" , &c. . hence the desired mean will be 


or, more briefly, 


ffn' + fn"-\-p"'n"'-\-.... 




ipn] 


( 88 ) 

(38*) 


This formula shows that although the above demonstration 
implies that p', p", p "' .... are whole numbers, yet any numbers, 
whole or fractional, may be used which are in the same propor- 
tion ; for f being any arbitrary factor, whole or fractional, we 
may write for (38) the following : 


Jp'ti -h fp"v!' + fp"'n"' -1- 

//+/y'+js>'"+- •• 

and then j^', fp'\ fp '" .... may be regarded as the weights. 

The value of is here an arithmetical mean only in the con- 
ventional sense implied in the substitution of fictitious observa- 
tions with uniform weights for the given observations. It may 
be called the general mean, the probable mean or the mean by weaghis. 

The weight of this general mean, referred to the unit of p', 
p", .... is -t-p" -f . 
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The mean error of the general mean will he expreseed by 

" \/(^ + P" + + • 0 i/[pl 

where Sj is the mean error corresponding to the unit of weight. 

If $1 is not given, we shall have to find it from the observations 
themselves. Taking the difference between and each of the 
given quantities, we have the residuals 

vf = n' — vf'=n" — x^, v"' = n'” — x^, .. . 

If e', e", e'" . . . are respectively the mean errors of n', n", n'", .... 
we shall have, as in Art. 17, 

= V V + e/ 

whence 

pV» = e,*=pV»' + pV 

and, in like manner, 

gj* = -j- 

_j_ 

&C. 

The number of given values n', n" ... being = m, the sum of 
these equations is 

me* = \jpvv\ [p] e,® 

which combined with the above value of e, gives 



and consequently, also, 

Example. — Let us suppose that the observations of Saturn’s 
ring in Art. 17 had been given as in the following table, where 
the mean of the first seven observations of Art. 17 is given 
= 39".179 with the weight = 7, the mean of the next following 
four = 39".286 with the weight = 4, &q. 
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p 

n 

1 

!> 

vv 

pvv 

7 

39" 179 

— 0"129 

.016641 

1166 

4 

286 

— 0 

023 

529 

21 

5 

294 

-0 

.014 

196 

10 

4 

407 

+ 0 

099 

9801 

892 

1 

410 

+ 0 

102 

10404 

104 

8 

.820 

+ 0 

012 

144 

4 

3 

377 

+ 0 

069 

4761 

143 

4 

.810 

+ 0 

.002 

4 

0 

8 

127 

— 0 

181 

32761 

983 

6 

448 

+ 0 

140 

19600 

1176 

[p] = 40 a:, = 

= 39 308 



[pui;] 

= 3998 

Here the general 

mean 

found by (38) of course 

agrees with 


that found before For the mean error coraesponding to the 
unit of weight (which in this case is that of an observation as 
given in Art. 17), we have, by (39), since m = 10, 

and for the mean error of by (40), 

e =J( ^®®®)=0"033 
" v\9x40/ 

which agree sufEiciently well witli the former values. A perfect 
agreement in the mean errors is not to be expected, since our 
formulae are based upon the supposition that we have taken a 
sufficient number of observations to exhibit the several errors 
to which they are subject in the proportion of their respective 
probabilities ; and this would reqmre a very large number of 
observations. 

26. In the application of the preceding formulse, it must be 
observed that when the weights of different determinations of 
the same quantity are inferred from their mean errors, we must 
be.cerfain that there are no constant errors (that is, constant 
during the observations which compose a single determination) 
before we can combine them together according to these weights, 
unless the constant euors are known to affect aU.the determine 
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tions equally and witL. the same sign. For example, if ten 
measures of the zenith distance of a star are made at one cul- 
mination, giving a mean error of 0".4, and five measures at 
another, giving a mean error of 0".8, the weights according to 
these errors would be as 4 to 1. But if it is known that the 
errors peculiar to a culmination (and afifecting equally all the indi- 
vidual observations at that culmination) exceed 1", it would be 
better to regard the observations as of the same weight, since 
there would be a greater probability of eliminating such peculiar 
errors by taking the simple arithmetical mean. If, however, the 
observer, from considerations independent of the observations, 
can estimate the weight of determinations made under different 
circumstances, then it is evident that these weights will serve 
for the combination, if the mean accidental errors of the several 
determinations are sensibly equal. 

But if from the different circumstances we have deduced 
weights for the several determinations, and at the same time the 
mean errors (deduced from a discussion of the discrepancies of 
the observations composing each determination) are widely dif- 
ferent, it is not easy to assign any general rule for reducing the 
weights which shall not be subject to some exceptions. In such 
cases, practical observers and computers have resorted to em- 
pirical formulae, involving some arbitrary considerations, more or 
less plausible. 

In many cases we can proceed satisfactorily as follows. Let 

s = the mean accidental error of a single observation, 
yj = the mean error peculiar to a determination which rests 
upon m such observations, 

^ total mean error of such a determination, 

then, e and tj being supposed to be independent, we shall have 



( 41 :) 


H then 7 can be obtained from independent considerations, this 
fonnnlamE give the value of e, and, consequently, the weight 
for each d^ermmation, and the combination may then be made 

by (38). For an example of a discussion according to these 
principles, see YoL L Art. 286. 
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INDIBBCT OBSERVATIONS. 

^7. I proceed now to the application of the method of least 
squares to the solution of the general problem of determining 
the most probable values of any number of unknown quantities 
of which the observed quantities are functions. The observa- 
tions are then said to be indirect. The particular case of direct 
observations, already considered, is, however, included in this 
general problem ; being the case in wliich the number of un- 
known quantities is reduced to one, and this one is directly 
observed. 

The general problem embraces two classes of problems, which 
must be distinguished from each other. In the first class, the 
unknown quantities are independent, in the sense that they are 
subject to no conditions except those established by the observa- 
tions: so that, before talcing the obsiriations, any assumed system 
of values of these quantities has the same probability as any 
other system. In the second class, there are assigned, a prion, 
certain conditions which the unkn own quantities must satisfy at the 
same time that they satisfy (as nearly as possible) the conditions 
established by the observations. Thus, for example, if the three 
angles of a plane triangle are to be determined from observations 
of any kind, we have, aprvori, tlie condition that the sum of 
these angles must be equal to two right angles, and all the 
systems of values which do not satisfy this condition are excluded 
at the outset. This class will be briefly considered hereafter, 
under the head of “ conditioned observations but our attention 
will be chiefly directed to the first class, which includes most of 
the problems occurring in astronomical inquiries. 

Again, the equations which the observations are to satisfy may 
be linear or non-linear; the observed quantities may bo explicii or 
implicit functions of the required quantities ; but, for simplicity, 
we consider first the case of linear equations, to which all the 
others may always be reduced. 

EQUATIONS op CONDITION PROM LINEAR PUNOTIONS. 

28. Let us suppose the equations between the known and 
unknown quantities are of the form 

' ax ■^hy-\-cz-\- 


-j- i=y 
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in whicli a, b, c,.,, .1 are known quantities given by theory for 
each observation, T^is the quantity observed, md x, y, z ... are 
the quantities to be determined. For each observation, we have 
a similar equation, and thus a system such as the following : 

a'x + b'y + (fz + . . . + r =F' 

+ b"y + + + Z" =F" 

+ 6"'2/ + c^"z + . . . . + Z'" = 7 "' 

&c. &c. 

the number of these equations being greater than that of the 
unknown quantities (Art. 6). If our observations were perfect, 
all these equations would be satisfied by the same system of 

values of x,y,z,,,; but, being imperfect, let M'j i(f", AT'" 

denote the values obtained by observation for 7 ', 7 ", 7 '" 

When these values are substituted in the second members of ( 42 ), 
there will, in general, be no system of values of x, y, z..,. which 
satisfies all the equations at the same time, and we can only 
determine that system which is rendered most probable by the 
observations. Let us therefore denote by i 7 ", iV"' .... the 
values which the first members of our equations obtam when 
any hypothetical or assumed system of values of x, y, z . . . As 
substituted in them ; and put 

— Jf", — AT'", .. . 

then v\ v '" .... are the errors of the observations according 
to this hypothesis. Fmally, let us put 

w'=Z'—Af', 72 "=Z" — Jlf", n"'=Z"' — if'",.. . 

then our equations may be thus expressed : 

a'x +Vy + (/z 4- . 4- n' = i/ 

a"a; 4- (f'z , 4- ti" = v" 

4- ¥"y 4- c"'zr 4- . . 4- n'" = ?/" 

&c &c 

If our observations were perfect, we should be able to find 

values ofx^y, z which would reduce all the quantities y', v", 

y"' .... to zero. It is usual, therefore, to write zero in the ceuond 
members : 

a'a; + + . . 4- n' = 0 'j 

a"x 4- 4“ 4- 4- n" = 0 / 

a"'x + b'"y + </"z + .... -[^n '"=0 ( " 

&o &o. I 
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and these are called the equations of condition, since they express 
the conditions which the unknown quantities are required to 
satisfy as nearly as possible. "We may, however, with more rigor 
regard (43) as our equations of condition, and treat them as 
expressing the general condition that the unknown quantities 
shall be such as to give the most probable system of errors 
v', n", v'" .. .. 

ITow, according to Art. 11, the most probable system of values 

of x,y,z (and, consequently, the most probable system of 

errors) is that which makes the sum of the squares of the errors 
a minimum : thus, we are to reduce to a minimum the function 

[jjw] = -|- vi'v" + »"V" -j- .... 

Regarding [uu] as a function of the variables x,y,z. .. (which we 
mast remember are here independent), the condition of minimum 
requires that its derivatives taken with reference to each valuable 
shall each be zero ; that is. 


or 


—ft — fl 

dx ' dy ' dz ' 


jdvf , dv/' „ dv"' 

dx dx dx 

. dv' , ,, dv" , dvf" 

ff hi;" h v"' 

dy dy dy 

jdv' . ,, dxl' . ,,, dxf" 

dz dz dz 

&o 


.... = 0 
. .. = 0 
.... = 0 


(44) 


(which we might have obtained directly from (10) by substituting 
(p'jd == kd = kv, and dividmg by the constant k). But, by differ- 
entiating the equations (48) with reference to x,y, z..,. succes- 
sively, we have 


di/ 

dx 

dv" 

dx 


== « I 




& 0 . 


dy 

dy 

&o. 


dv' . 

dz 

&o. 


BO that (44) are the same as the following : 
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Vv* + 6"v" + + . . = 0 / 

dv' + d'v” + c"V" + . . = 0 [ 

&o. j 

The number of these equations is the same as that of the un- 
known quantities; and if we now substitute in them the values 
of v", v'" . . . from (43), we have the final or, as we shall call 
them, the n&rmal equations, which determine the most probable 
values of x,y,z.... 


NORMAL EQUATIONS. 

29. "We see by (44*) that to form the first normal equation we 
multiply each of the equations of condition (43) or (43*) by the 
coefiicient of x in that equation, anid then form the sum of all 
the equations thus multiplied. The resulting equation is called 
the normal equation in a: * The sum of the equations of condi- 
tion severally multiplied by the coefficients of y is the normal 
equation in y, &c. To abbreviate the expression of these sums, 
we put 

[аа] = a' of a" a" a"' a'" . 

[аб] = a'b' -h a"6" -f a"'b'" 

[flc] = a'd a"c" + . . . . 

&o &o. 


then the normal equations are 


[aa] X + [a6] y -f [ac]js + — -j- [an] == 0 

[at] X -f- [6J] y -|- [6c] ^ . -f- [in] = 0 

[ac] X + [6c] y -|- [cc] z . . -f- [cn] = 0 

&o. &o 


(45) 


80. The formation of such normal equations is one of the 
most laborious parts of the computations involved in the method 
of least squares, especially when the number of equations is very 
great.t It is important to have a means of verification, or 
“control,*’ to insure their accuracy, before proceeding with the 
ne^ct important process of elimination. A very simple and 
efiective control is the following. 


* The normal equation in x” is so called because it is the equnlion which deter- 
mines the most probable value of x when the other variables are reduced to zero, oi 
when X is the only unknown quantity ; and so of the others. 

t This labor mav be abridged by the use of Dr. CbelIiE^s Bechemtafdn^ Berlin, 

m/»n 
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Form the sums of the coefficients of the unknown quantities 
in the several equations, namely, 

a' + 6' + o' + . . . = s' \ 

fl" 6" + c" + . . . = s" ( 

cl'< + h'" + c"' + . . = s'" ( 

&o. ) 

If we multiply each of these by its «, and add the products, we 
have 

[an] + [in] + [cn] -|- . . = [sn] (47) 

Also, multiplying each of (46) by its a, and adding, then each 
by its 6, and adding, and so on, we have 

[aa] + [ai] 4- [ac] + . . . = [as] 

[ai] + [W] + [ic] + = [is] 

[ac] + [ie] + [cc] + = [cs] 

&o 



The equations (47) must be satisfied when the absolute terms of 
the normal equations are correct, and (48) when the coefficients 
of the unknown quantities are correct. 


31. The normal equations will ^ve determinate values of 
X, y, z . . . ., provided they are really independent. If, however, 
any two of them become identical by the multiplication of either 
of them by a constant, the number of independent equations is, 
in fact, one less than that of the unknown quantities, and the 
problem becomes indeterminate. This difficulty does not arise 
from the method by which the normal equations are formed, but 
from the nature of the given equations of condition. In any 
such case, additional observations are necessaiy, for which the 
coefficients have such varied values as to lead to independent 
equations. Even when two equations cannot be reduced pre- 
cisely to a single one by the introduction of a constant factor, if 
they can be made very nearly identical, the problem is still prac- 
tically indeterminate. The indetermination will become evident 
in the actual elimination in practice when any one of the un- 
known quantities comes out with so small a coefficient that small 
errors in the observations would greatly change this coefficient 
(See Art. 52.) 

Vos. n.-4-33 
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82. By whatever method the elimination is performed, we 
sha^l necessarily arrive at the same final values of the unknown 
quantities ; but, when the number of equations is considerable, 
Ihe method of substitution, with Gauss’s convenient notation, is 
universally followed ; but, for the present, leaving the reader to 
choose his method, I proceed to explain the principles by which 
the mean errors of the values of a;, 3 /, 2 ... . are determined. 

MEAN ERRORS AND WEIGHTS OR THE UNKNO^^N QUANTITIES. 

33. Since we have put n' = V — Jf n" = Z" — If", &c (Art. 28), 

the mean error of — is also that of J!f', Jlf", ilf"', . . ; 

that is, the mean error of n', n", n"' — is to be regarded as the 
mean error of an observation. If the elimination of the normal 
equations were fully carried out, each unknown quantity would 

be finally expressed as a linear function of ?z', n", w'", , and the 

mean errors of the latter being given, those of the unknown 
quantities would follow by the principle of Art. 20. It results, 
however, from the symmetry of the normal equations that several 
forms may be obtained for computing directly the weights of the 
unknown quantities, and from these weights the mean errors 
can afterwards be found. 

34. First method of computing the weights of the unknown quantities. 
^For simphcity, let us first suppose all the observations to be 
of equal weight, or the mean errors of n', ?i", w"' to be equal. 
Let 

£ =zz the mean error of an observation, 

£^= the mean error of the value of x found from the normal 
equations, 

the weight of the value of x, the weight of an observa- 
tion being unity; 

then (Art 24) 





Now, let us suppose the elimination to be performed by the 
method of indeterminate coefficients. Let the first equation of 
(45) be multiplied by Q, the second by §', the third by &c., 

and the products added. Then let the factors Q, Q\ Q" 

(whose number is the same as that of the unknown quantities) 
be supposed to be determined so that in this final equation the 
coefficients of all the unknown quantities shall be zero, except 
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that of X, which shall be unity. The conditions for determining 
these factors are, therefore, 

[aa1Q + iab-]qJr\ac-\q'+ .. =1 
[a 6 ]« + [ 66 ]( 3 '+[ 6 c]Q"+ . =0 

[flc] q + [ 6 c] q + [cc] Q" + . . = 0 
ka &c. 

and the final equation in x is 

® + [««] e + [Jn] q+lcn-]q’ + .... = 0 (60) 

Comparing (45) and (49), we see that the coefficients of 

Q) Q'i Q" same as those of x,y,z..,., but that the 

absolute terms are — 1 in (49) instead of [ari] in (45), and aero 
instead of [ 6 n], [cn], &c. Hence, if the elimination of (45) were 

carried out, and the values of x,y,z determined in terms of 

n', n", n'" . . the values of Q, Q" would be found from 

these by merely putting [o?)] = — 1 , and [ 6 n] = [cji], &c. = 0 . 
This is also evident from (50). I shall now show that $ is the 
reciprocal of the required weight of x 

The final value of x being a linear function of n', n", n'" , 

the equation (50) may be supposed to be developed in the foim 

a; 4 . aV + a"n" + + .... = 0 (61) 

in which a', a", a'", are functions of a', V, — , a", h", — , &c. ; 

and these functions are immediately found by developing [an], 
\bn\, &c., in (50); for we then have, by comparing the coefficients 
of (50) and (51), 

a! =a' (2 + 6 ' o' §" + ,... 
a" = a "<2 + 6 "«'+c"e" + .... 

a"'=a'"e + 6 "'Q' + c'"e"+ .. 

&0 &0 

Multiplying each of these equations by its a, and addmg all the 
products, we obtain, by (49), 

a'a' + a"a" + a'V" + . . = 1 

Multiplying each of (52) by its h, and adding, we obtain, by (49), 
Va! + 6 "d." + V"a!" + . . . = 0 

and so on for as many equations as there are unknown quantities. 
These relations are briefly expressed thus: 

[ca] = 1 [ 60 ] = 0 [co] = 0 , & 0 . ( 68 ) 
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If, then, each of (62) is multiplied by its a, and the results are 
added, we find, by (63), 

[aa] = a'* + a"» + a'"’ +--•-=« (54) 

But, by Art. 20, when e is the mean error of each of the quam 
titles n', n", n '", . . . ., the mean error of x found by (51) is 

e,= e i/[oo] 

Hence 



as was to be proved. 

Hence we have a first method of finding the weights. In the 
first normal equation write — 1 for the absolute term and in the 
other equations zero for each of the absolute terms [ftn], \cn\, &c. ; the 
value of X then found from these equations will be the reciprocal of the 
weight of the value of x found by the general elimination. 

This rule is to be applied to each of the unknown quantities 
in succession, so that the reciprocal of the weight of y is that 
value of y which will be found by putting [6n] = — 1, and 
[an] = \cn\ = &c. = 0; the reciprocal of the weight of z is that 
value of z which will be found by putting [cn] = — 1, and 
[an] = [6n], &c. = 0; &c. 

It is evident, moreover, that although, we have deduced the 
rule by the use of indeterminate multipliers, it must hold good 
whatever method of elimmation is adopted. 

35. Second method of computing the weights of the unknown quan- 
titles. — ^If we write the normal equations thus, 

[aa] X + [ah'] y -f [ac] = d 

[oh] X + [bb] y + [be] - -h \]>n] = B 

[ac] X + [be] y -|- [cc] 2 + • - - + [on] = 0 

&G &o 

tod perform the elimination, we shall obtain x,yyZ....m terms 
of [aa], [a6], &c., and of A, jB, C, &c. , and if in the general values 
thus found we make ^ ^ = C, &c. = 0, these values will be 

reduced to those which would be found by carrying out the 
elimination with zero in the second members of the normal 
equations. If we suppose the elimination performed by means 
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of the indeterminate factors . . . already employed, the 

final equation for deteraiining x will be 

x + lanlQ+lbn]Q^+lc7qg'+ . =QA +Q!'G+ . .. . 

where the coefficient of A is the reciprocal of the required weight 
of X. But, whatever method of elimination is employed, the 
coefficient of A in this general value of z will necessarily be the 
same; and hence we derive the second method of determining 
tlie weights : Write A, B, C' &c., instead of 0, m the second members 
of the normal equations^ and camnj out the chnmaiion (by any metliod 
at pleasure) ; then the final values of z, y, z — are those terms in the 
general lalues lohich arc independent of A^ B^ (7 . . . ; the loeight of z 
IS the reciprocal of the coefficient of A in the general value of z; the 
weight of y is the reciprocal of the coefficient of B in the general value 
ofy; &c. 

86. Third method of computing the weights of the unknovm quantities. 
—Let us suppose the elimination to be performed by the method 

of substitution, still retaining A,B^C in the second members, 

as in the preceding article. The final equation in a:, according 
to this method, is found by substituting in the fLi'st normal equa- 
tion the values ofy, 2 ?. . . . given by the other equations. These 
substitutions do not affect the coefficient of -4, which remains 
unity, so long as no reduction is made after the substitutions. 
Thus, the final equation in z is of the form 

Jtx == T + + terms in 0, 

in which T is the sum of all the absolute quantities resulting 
from the substitution, and is a function of [aa], [^], .... [an]. 
Hence the value of x is 


T A 

= ■= + “o + terms in (7, . . . 

T 

in which ^ ia the final value of x which results when A = B 

jtC 

= C7. . . . = 0, and ^ is necesaarily the quantity denoted by Q in 

the preceding articles. Therefore R is the weight of x, and 
hence we have a third me^od of finding the weights : Let Jbrst 
rurmal equation (the equation in x, Art. 29) be taken as the final 
equation for determining x, dnd substituie m it the values of y, z.... in 
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terms of x as found fi'om the remaining equations; ihen^ before freeing 
the equation of fractions or introducing any reduction factor, the coeffi- 
deni of X in this equation is the weight of the value of x In the same 
manner, substitute m the second normal equation (the equation in y) 
the values of in terms of y as found from the other equa- 

tions; the coefficient of y is then the weight of the value of y; and so 
proceed for each unknown quantity. 

According to this method we determine each unknown quan- 
tity, together with its weight, by a separate elimination carried 
through all the equations, in each case changing the order of 
elimination, until every unknown quantity has been made to 
come out the last. The algorithm of this process, with Gauss’s 
convenient system of notation, will be given hereafter (Art. 45). 


37. To find the mean error of observation. — The weight of x being 
found, we have the ratio of to e, but we have yet to determine 
e, which, in general, cannot be assigned a prion, but must be 
deduced a posteriori, that is, from the observations, and conse- 
quently from the equations of condition The residuals ., 

in (43), are those which result when the most probable values of 
x,y,z.... (namely, those resulting from the normal equations) 
are substituted in the first members. The actual or true errors 
(Art 17) of observation are, however, those values of the first 

members of (43) which result when the true values oix,y,z, 

are substituted. 

Let X £^x,y ^y, z + lz, — be the true values which, sub- 

stituted in the equations of condition, give the true residuals 
ti', w", m"'. . . . ; so that we have 

a! (x + A3;) + ^' Cy + Ay) -|- o' (2 + az) . n' = -w' \ 

a** lx -|- A3;) + 6" (y + Ay) + c" (-? -j- lz) . n" = u" I 

a"’(x + Aar) + b'"(j/ + Ay) + + a^) -f- ... n"’= «"'( 

&o &c. J 

If these equations be multiplied by a', a", a'" , respectively, 

the sum of the products is 


[aa] X -f [a6] y + [ac] g + 1- [an] 

+ [aa] Aa: + [a6] Ay + [ac] az + 



which by the iSrst of (46) is reduced to 


[aa] Aa: + [®6] ^y + [®c] Ae + ... — [a«] = 0 
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In th.e same mannei*, multiplying each of the equations (56) by 
its b, c, &c , successively, we form the other equations of the 
following group : 

[rta] LX + [a6] Ly -f- \ac\ A^ + . — \au] = 0 
[ah'] LX + [hb ] Ay + [he] Air + . — [bu] = 0 

[flc] LX + [he] Ly -f [ce] lz . — [eu] = 0 

&G &c. 

These being of the same fonn as the normal equations (45), we 
see that the value of lx resulting from them will be of the same 
form as that of x resulting from (45), with only the substitution 
of — u for n: hence, by (51), 

AX — oV — a"M" — a'V" — . . = 0 (68) 

Again, multiplying (56) by v', v", v'" . . ., respectively, the sum 
of the products is, by (44*), reduced to 

[vn] = [vu] 

and in the same manner, from (43), 

[m] = [vv] 

whence 

[m] = [vv] = [vn] (59) 

The sum of the products obtained by multiplying the equations 
(43) respectively by u', is 

[au] X -(- [6u] y -1- [c«] «-!-••• + == [to] 

and from (56), in the same manner, 

[au]x +[hu]y -\-[m]z + .•••+ Ml _ 

+ [aw] lx + [bu] Ly -|- [cm] a« . J ^ ^ 

which two equations give 

[ttti] = [to] -|- [au] LX + [&m] Ly -|- [cm] lz + (60) 

Now, [ww] being the sum of the squares of the true errors of the 
observations, its value is, as in Art. 17, = mee, if we put 

m = the number of observations, 

s= the number of equations of condition. 
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Consequentlj, if we could aasuml^ ^x, a!/ .... to vanish, we should 
have 

m 

and this will usually give a close approximation to the value of 
£, but it will give the true value only in the exceedingly impro- 
bable case in which the values of z..,, are absolutely true, 
whereas they are to be regarded only as the most probable ones 
furnished by the observations. This formula, then, must always 
give too small a value of e, since it ascribes too high a degree of 
precision to the observations. We must, therefore, add to [ct] 
the quantities [au] ao;, \hu\ Ay, &c., as in (60) ; but, as we cannot 
assign any other than approximate values of these quantities, let 
us assume for them their mean values as found by the theory of 
mean errors. The mean value of [aw] £^x wiU be found by mul- 
tiplying together 

[au\ = a'w' + + a'"w"' + . . 

and Arc = oIu‘ + + 

observing that the errors w', w", w''' — , when we consider only 
their mean values, are to be regarded as having the double sign 
±; BO that the mean value of the product will contain only the 
terms a'a'w'w', &c. Hence we take 

[au] AX = a'tt'u'u' + a"a'V'u" -|- a'"a"'u"'u"' -f . . 

and substituting in this the mean value of w'u', 4;c., which 

in each case is es, we have 

[au] AX = (a! a! + a"a" + a'"®"' + — ) 

or, finally, by (53), 

[au] AX = ee 

In the same manner, it must follow that ee is the mean value of 
each of the terms [bu] Ay, [eii] A^, &c. If then we put 

fi = the number of unknown quantities, 

the equation (60) becomes 


mee = [uu] -|- fJS€ 
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whence 

ee = -M_ . = (61) 

It is to be observed that wben there is but one unknown 
quantity, ot fi = l, this general form is reduced to tlie simple 
one (25), already given for direct observations. 

Finally, p^, p^, p,, denoting the weights of x,y,z... found 

by any of ^e preceding methods, we have 


VP. 



(62) 


38. Example. — Let us suppose the following very simple equa- 
tions of condition to be given :* 

X — y 2z — 3 = 0 
3a: -f- 2y — — 5 = 0 

4a:-f y iz — 21 = 0 
— X -\-Zy iz — 14 = 0 

If but the first three of these equations had been given, the 
problem would have been determinate. We should find from 
^ 18 23 13 

them x = —^y=--;j,z = —, and we should have to accept these 

values as final ones, with no means of judging of their accuracy, 

' or of that of the observations upon which the equations are sup- 
posed to depend. A fourth observation having given us our 
fourth equation, we find that the values of x,y, z derived from 
the first '^ee will not satisfy it, for when they are substituted in 

it the first member becomes — =, instead of zero. If we deter- 

7 

mine the values of a:, y, and z from any three of the equations, 
and substitute these values in the fourth, we shall find a residual. 
Bach one of the four systems of values of the unknown quantities 
thus found satisfies three equations exactly, and the fourth 
approximately; but, all the observations being subject to error, 
the most probable system of values can seldom satisfy any one 
of the equations exactly. Hence the necessity of a principle of 
computation which shall lead as directly as possible to such a 
probable system of values; and this principle is fiirnished by the 
method of least squares. 


* Gauss, Theoria Moiut^ ArL 184v ' 



622 


APPENDIX. 


We are, then, "by Art. 29, to deduce from these four equations 
three normal equations, and the values of x, y, z which exactly 
satisfy these are to be regarded as the most probable values. 

To form the first normal equation, we multiply the first of the 
above equations of condition by 1 (= a.% the second by 3 (= a"), 
the third by 4 (= a'"'), and the fourth by — 1 (=a‘’)> the 

products. We thus find [ad\ = 27, [afi] = 6, [ac] = 0, and 
£an] = — 88. 

To form the second normal equation, we multiply the first 
equation of condition by — 1 (= b'), the second by 2 (= b"), the 
third by 1 (= b'"), and the fourth by 3 (= 6*^), and add the pro- 
ducts W e thus find [«6] = 6, [66] = 15, [6e] = 1, [6?i] = — 70. 

The third normal equation is formed by multiplying the first 
equation of condition by 2 (= c'), the second by — 5 (= c"), the 
third by 4 (= c'"), and the fourth by 8 (= c'’), and adding the 
products. We find [ac] = 0, [6c] = 1, [cc] = 54, [en] = — 107. 

Eenee our normal equations are 

27x — 88 = 0 

Car -t- 15y -|- z — 70 = 0 
y -h 64z — 107 = 0 

the solution of which gives, as the most probable values, 


X = 


y = 


z = 


49154 

19899 

2617 

737 

12707 

6683 


2.470 


= 3.651 
= 1916 


In order to determine the mean, and hence also the probable, 
errors of these values, let us first determine their weights accord- 
ing to the preceding methods. 

Ftrai. By the method of Art. 34, we first write — 1, 0, 0 , for 
the absolute terms of the three normal equations, and we have 
the three equations for determining the weight of x, 

27a:' -f 6y'— 1 = 0 

Car'-f ISy-l- e' = 0 
y'-|-64«' = 0 

in which., accents are employed to distinguish the particular 
values from the above general ones. These give 
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809 

19899 


which ia the reciprocal of the required weight. Hence, 


_ 19899 
809 


= 24 597 


In a similar manner, to find the weight of y, we take the 


equations 

27a/' + 6y" 

= 0 


6a/'+15i/"+ /' — 

1 = 0 


f + 64/' 

= 0 

and find 

737 


whence 




'64 = ' 


And to find the weight of z, the equations 


which give 


and 


27a/" + 6y"' =0 

6a/"+15y'"+ =0 

64/" — 1 = 0 


/" = 


41 

2211 


p = = 63 927 

41 


Secondly. By the method of Art. 36, we write our normal 
equations thus : 

27a; +6;/ — 88 = A 

6a; + 16y + ■* — 70 = .B 

y + 64a. _ 107 = O' 

and, carrying out the elimination as if A, B, and C were known 
quantities, we find 

19899 a; = 49164 + (809) A —324 JB + 8 0 

737y= 2617— 12A + (64)B— 0 

6633«r = 12707 + 2 A — 9 5 + (128) 0 
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and, therefore. 


49154 . 19899 

X = with the weight v = - - ^ 

19899 809 


y = 


z = 


2617 

737 

12707 


<1 ct 


6633 


P.= 


P.= 


7 ^ 

54 

6633 

123 


the same as by the first method. 

Thirdly. By the method of Art. 36, to find x and its weight 
we eliminate y and z from the equation in x (the first normal 
equation) by means of the other equations, employing successive 
substitutions. The last noimal equation gives 


1 , 107 

‘=-5''+'6r 


which being substituted in the second gives 
- * , 809 3673 . 

The value of y from this, namely, 

809 ^'^ 809 


being substituted in the first normal equation, and no reduction 
being made, gives 

19899 49154 „ 


where the coefficient of a: is the weight, and the value of x is the 
same as before found. 

To find y and its weight, we make the second the final equa' 
Don. JTrom the first and third we find 


X = 

z = 


1 ,88 
27 ^ + 27 
1 , 107 

“ 54 ^ + ^ 


which substituted in the second give 


787 2617 


where the coefficient of y is its weight. 
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Finally, to find z with its weight, we make the third normal 
equation the final one. From the first two we find 

9 454 

^ ~ 123 * 123 

which substituted in the third gives 

6683 ^ 12707 __ ^ 

128 ^ 123 

where the coefficient of z is its weight, and its value is the same 
as was before found. 

By a little attention, it will be perceived that the three methods 
involve essentially the same numerical operations. 

We are next to find the mean errors of rr, ?/, and z\ for which 
purpose we must first find the mean error of an observation, 
assuming here, for the sake of illustration, that the absolute terms 
of the given equations of condition are the observed quantities, 
and that they are subject to the same mean error. Substituting 
in these equations the above found values of x, y, and 2, we 
obtain the residuals as follows ; 


No 

V 

W3 

1 

— 0.249 

0 0620 

2 

- 0 068 

0046 

3 

-1- 0 095 

.0090 

4 

— 0 069 

.0048 


m 4, /I = 3, \vxi\ = 0 0804 
= 0.0804 

m — n 


Hence, by (61), 

e = i/o 0804 = 0.284 

which is the mean error of an observation, so far as this error 
can be inferred from so small a number of observations. (^See 
the next article.) Consequently, the mean eiiors of x, y, and z 
are as follows: 


., = -^ = 0.057 

■ Vp. 



» =-^ = 0.089 

' Vp. 


I 


I 
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Multiplying these errors by the constant 0.6745, we shall have 
(Art. 15) the probable errors as follows : 

Probable en*or of an observation = 0 192 

« « X = 0 038 

« “ y = 0 052 

“ ^ = 0 026 

39. It has already been remarked in the foregoing pages, and 
the remark is especially important in the present connection, 
that the method of least squares supposes in general a great 
number of observations to have been taken, or a number suffi- 
ciently great to determine approximately the errors to which the 
observations are liable. Theoretically, the greater the number 
of observations ihe more nearly will the series of residuals ex- 
press the series of actual errors, and, consequently, the more 
correct will be the value of e inferred from these residuals. In 
practice, therefore, no dependence should be placed upon the 
mean or probable errors deduced from so small a number of 
observations as we have employed, for the sake of brevity and 
clearness, in the preceding example. Nevertheless, tlie method 
is, even in this case, the best adapted for determining the most 
probable values of the unknown quantities deducible from the 
given observations, and also their relative degree of precision. 
Thus, in this example, the degrees of precision (denoted by A, 
Art. 10) of rr, z/, and being inversely proportional to the mean 
errors, or directly proportional to the square roots of the weights, 
are nearly as the numbers 5, 3.7, and 7.3, so that from the four 
given observations z is about twice as accurately found as 
while the precision of x falls between that of y and z. But we 
can place but little dependence upon the result which assigns 
0.284 as the mean error of observation, and 0.057, 0.077, 0.039 
as the mean errors of a:, z/, and because this result is derived 
from too small a number of observations. 

EQUATIONS OP CONDITION PROM NON-LINEAR FUNCTIONS. 

40. Let the relation between the observed quantities T', 

F"'. . . . and the unknown quantities JT, F, ^. . . . be, for the ob- 
servations severally, 

/' (F, Z, ) = 0 

/"(F', .) = 0 

...) = 0 
&c 


(63) 
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Let the values of V', V", V " . . found by observation, be 
M', M", M"' .... These values being substituted, we shall 
have the equations 

f (M', X,Y,Z, .) = 0 \ 

r iM", A'Y,Z, .) = Q 
f"'{_M"',JC,Y,Z,. .) = 0 ( 

&o. I 

from which the values of JT, Y, Z — are to be found. But, as 
we cannot eftect tlie direct solution of these equations according 
to the method of least squares so long as they are not linear, we 
resort to the following indirect process, by which linear equations 
of condition are formed. Let ap}rroxmate values of JT, F, Z ... be 
found, either by some independent method or from a sufficient 
number of the equations (64) treated b}' any suitable process, and 

denote these approximate values by JTo) Y), ■^o Let the most 

probable values be 

Y = Yu -j- y, Z= Z,, -j- s, . 

then z, y, z are the corrections required to reduce our ap- 

proximate values to the most probable values ; in other words, 

z,y,z are the most probable corrections of the approximate 

values, and the method of least squares is now to be applied m 
finding these corrections. 

Substitute the approximate values .Fq, Yq, .^ ... in (63), and 
find, by resolving the equations, the corresponding values of 
V', V" . . . . which denote bj’’ Vq', Vq" .... Those will be func- 
tions which may be thus generally expressed : 

F,'=27''(X.,y;,.2- ... ) 
r:=F"(jr„Y„z,...) 

&0 

Now, the values of V', Y " .... which result when the most pro- 
bable values .Zi -h jc, Ti + ^/) + 2 aro substituted, and which 

are yet unknown, being denoted by N', JY" .... we have 

N' = F' (Zi X, F + 3/) ■^o + 2 ... 

iV"= ^"(Zo + x,Y,^y,Z,^z,,. ) 

&0. 

and by Taylor’s Theorem, when we neglect the higher powers 
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of X, y,z . . . . wHcli are supposed to "be very small quantities, we 
have 


dV' 


dY' 


dV' 


-nr' =Fo' + ^ ^ y + 


dY, 


dZ, 


dX, 


dX, 


dY, 


dZ, 


&o. 


&c. 


where 


dF" 




dY" 

— &c. are simply the values of the 

Ot -J^n 


dZo dX, ’ dYo 
derivatives of F', F" . . . found by differentiating (68) with 
reference to each of the variables, and afterwards substituting 
-Zo, Fqj for JT, F, &c. 

If now we denote the derivatives of F', F" .... with reference 
to JTby a', a" ; their derivatives with reference to Fby 6', 
&c. : so that 


i\7’' =Fo' 4* a'a' + 6'y + + . . . 

JV'" = Fo" + a"a; + Wy + (/'z + .... 
&c &c 

and then also put 

u' = 1^'— M', v" =JSr"— ilf", kQ. 
n' = F; — Jf n" = Fo" — JJf ", &o. 

our equations become 

a'x + ft'y + + • • • + ^^ = 

+ i>"y 4 c"z 4- . 4 

a"'a: + 4 4- ■ + w'" = 

&c &c. 


in which a', 6' . . . a", 6" . . . n', w" , . . are all known quantities ; 

and i;', i;" are the residual errors of observation. These 

equations of condition are precisely like those already treated, 
and, being solved by the same method, give the most probable 

values of x,y^z , and hence, also, the most probable values 

of JT, F, 

This process rests upon the assumption that the approximate 
Talues X^y .. are already so nearly correct that the squares 

of x, y, ^ . may be neglected. But should the values found 

for x^y^z ... show that this assumption was not admissible, the 
H 3 omputation is to be repeated, starting with the last found values 
Jfo + 4* ^ + - 2 : . . - as the approximate values ; and tneu 
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the corrections which these last require will generally be so small 
that their higher powei’s may be neglected without sensible error. 
However, should tliis still not be the case, successive approximar 
tions, comnieiicing alv^ays with the last found values, will at 
length lead to values which require only corrections suitably 
small. 

Even when the given function is already linear, it is mostly 
expedient to follow the general method just given : namely, to 
substitute approximate values and form equations of condition 
to determine their corrections. This reduces a:, y, 2 : ... to small 
quantities, greatly simplifies the computations, and diminishes 
the chance of error. 

TREATMENT OP EQUATIONS OP CONDITION WHEN THE OBSERVATIONS 
HAVE DIPPERBNT WEIGHTS. 

41. The process above explained assumes that all the observa 
tions are subject to the same mean error, and hence are all of 
the same weight The more general case, in which the obser- 
vations are of different weights, is easily reduced to this simple 
case. Eor, let 


a!x ’{‘Vy + <fz + + n' == i/ 


be an equation of condition of the weighty' ; that is, one formed 
for an observation of the weight jp'. The mean error of au ob- 
servation of the weight unity being the mean error of the 


actual observation, and, therefore, also of w', is e' = Henoe 

the mean error of is, by Art. 20, equal to sVjPS 
equal to K, therefore, we multiply the equation by yp'y so 
that we have 


a'\/p' cc + + • • • + w'l/y = vV/ 

it becomes an equation in which the mean error of the absolute 
term is the mean error of an observation of the weight unity. 
Hence we have only to multiply each equation of condition by 
the square root of its weight in order to reduce them all to the 
same unit of weight ; after which the normal equations wdll be 
found as in other cases. 

The mean error of observation, found by (61) from the equa- 
tions of condition thus transformed, will be that of au observa- 

VoL. n.--84 
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tion of the weight unity, and the weights of the unknown qaan> 
tities win come out with reference to the same unit. 

ELIMINATION OP THE UNKNOWN QUANTITIES PROM THE NORMAL 
EQUATIONS BY THE METHOD OP SUBSTITUTION, ACCORDINO TO 
GAUSS. 

42. By means of a peculiar notation proposed by Q-auss, the 
elimination by substitution is earned on so as to preserve 
throughout the symmetry which exists in the normal equations. 
In order to explain this method, it will be expedient to suppose 
a limited number of unknown quantities. I shall take but /our, 
but shall give the process in so general a form that it may readily 
be extended to any number. 

The unknown quantities will be denoted by 


X, y, z, w, 

and their coefficients in the equations of condition by 

Of, &, Oj df 

respectively, with sub-numerals denoting the number of the 
equation or observation upon which it depends, and by 

JI„ &o 

the absolute terms of the let, 2d, 3d, &c. equations respectively : 
BO that the m equations of condition (here supposed to be 
reduced to the same weight by Art. 41) will be 


+ Ky + V + -f- M, = 0 \ 

+ d^w =0 j 

+ + d^w + n, =0 ( (65) 

ajz -f- i H- cj! “h djD -4- = 0 / 


and the four normal equations formed from these are 

[аа] X -|- [a5] y -f- [oc] z -{- {a£] w -j- [an] = 0 

[аб] X -f- [66] y -(- [6c] « + [6(i] w -f- [6n] = 0 

[oc] a: + [6c] y + [cc ] « -f- [ci] w -j- [w] = 0 

[od] X [6cf] y -j- [c<f] z -f- [d^ a? -j- [i2n] Q 


(66) 


; 
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The value of x from the equation is 


" [aa] 


[am] 


[aa] [aa] [aa] [aa] 

If this is substituted in the other three equations, we shall pre- 
serve the symmeti-y of the result by the following notation : 




[cc] 



[dd]- 



[6n] - 



[cn] - 


Ww=[».i] 

[da]- 



= 1] 

[aa] 

The three equations thus become 


.1] y + -1] + [W .1] to 4- [6« 1] = 0 "j 

\hc.V\y -{-[cc .\'\z -\-\od.V\w -\-[m 1] = 0 V C67) 
[id l]y4-[c<i l]3 + [rfcf.l]ia + [dw.l] = 0 j 


The presence of the numeral 1 is all that distinguishes these 
from original normal equations in y, z, and to. The elimination 
of y will, therefore, be effected in the same manner as that of x. 
Thus, from the first, we have 


y = 


[Jc.l] ._CW.l] ^_[&n.l] 

[ 66 . 1 ] [66 1 ] [66 1 ] 


the substitution of which in the other two equations leads to the 
following notation : 

[w-1] - Pc.l] = [ac.2] [cn.l] - [6a l] = [«i.2] 

Icd.ll J] U>d 1] = [cd 2] [dn.l] - l] = [dn.2] 

^^"[w ’ l] 2] j 
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and the resulting equations are 

[cc 2] 2 + {cd 2] 1Z7 + 2] = 0 

\cd 2] 2 ? + [dd . 2] w? + [dn 2] = 0 

From the first of these we have 


} 


(68) 


z 


[cd2] ^ [cn.2] 
[cc 2] [ec 2] 


which, Buhstitated in the second, leads to the following notation : 


\dd 2] - led 2-]=.{dd 3] 


[dn 2]-^^^ ^^[cn.2] = [flt».3] 


and the resulting equation is 


whence 


[(id!.3]w + [dn.3] = 0 


ifl = — 


[^».3] 

[ddTS] 


(69) 


Having thus found lo, we substitute its value in the first of (68), 
and deduce Then the values of z and uo being substituted in 
the first of (67), we deduce y ; and finally, substituting the values 
y, Zy and w in the first of (66), we deduce x. These latter substi- 
tutions are made in the numerical computation, but it is not 
necessary to write out here the formulse which result from the 
literal substitutions, as it would not facilitate the computation. 

It may be observed that all the auxiliaries [6i> . 1], [be . 1], [ec . 2], 
&c., may be expressed by the general formula 


[fr = C/9r.O + 1)] 

Laa fij 

a, j9, Y denoting any three letters, and /i any numeral. 

For the convenience of reference, the final equations employed 
in the actual computation are brought together as follows, the 
coefficient of that unknown quantity which is found from each 
after the substitution of the values of the others being reduced 
to uniiy : 
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+ 


[««]■ 


y + 


\aa\ 
Ibc 1] 
[ 66 . 1 ] 


^ + 


[a<2] 


W7 + 


[a«] _ 0 
[««]” 


«+ 


Ibd. 

[66 

[cd 

[cc 


, [*« 1] ft 

'‘’+[66 1] = ° 
[cn 2] _ 
2] + [cc.2] 

, [<i» 8] 

"’+ [dd.8] ' 


= 0 


m 


As the number of unknown quantities increases, the number ot 
auxiliaries to be found increases very rapidly. If we include the 
coefficients and absolute teims of the normal equations, the 
whole number of auxihanes is shown m the following scheme :* 


No. of unknown quantitioe . .. 

1 

2 

8 

4 

5 

6 

7 

No of auxiliaries 

2 

7 

16 

30 

50 

77 

112 


48. For the purpose of verification, it is expedient to repeat 
the elimination in inverse order, commencing with the last 
normal equation and ending with the first, which will bring out x. 
It will not be necessary to write out the formulae for this inverse 
elimination, since when the form for computation has been once 
prepared, it suffices to place in it the coefficients of the normal 
equations in inverse order, and then to proceed with the numeri- 
cal operations precisely as in the first elimination. The unknown 
quantities coming out in the first elimination in the order w, z, 
y, X, they will in the second come out in the order x, y, z, w. 

This inversion has also the advantage of giving the weights of 
all the unknown quantities with the greatest facility, as will 
hereafter be shown. 


44. A very complete final verification, or “ control,” is obtained 
as follows. Substitute the values of z, y, 'z, w in the equations of 
condition, and thus find the residuals v^, Uj, Ug . . . . v^, or the 
values which the first members assume. Form the sum 

[wr] = -1- «,v, -f- . • + 

^ a. 

* The number of auxillariea will he, in general, ^ ^ 

+ 1} 6) 

2,8 , . , 

where 1 4e&QtAB the nrthey ef 4 (juantitipe. ^ ^ n 



m 


APPENDIX. 


which, is also req[uired iu finding the mean error of observatior 
by (61). Also form the following new auxiliaries : 


[iMl] — 

[nn . 1] — 


[nn] 
[any 
[aa] 
[bn 1]* 
[ 6 & 1 ] 


»i«i + + Va + 

= [«» 1] [nn . 2] — 

= [nn 2] [nn 3] — 


n n 
[cn 2]“ 

[dd 3] 


= [nn 3] 
= [nn 4] 


then, if titie whole computation, both of the normal equations 
themselves and of the subsequent elimination, is correct, we 
must have 


[uu] = [nn 4] 


(71) 


To demonstrate this, we observe first that we have already, by (69), 

[w] = [vn] 

If now we go back to the equations of condition, and multiply 
each by its n, the sum of the products is 

[an] X + [6n] y + [cn] z + [dw] ^ = C^^^] = [^^] 

If this equation be annexed as a fifth normal equation to the 
group (66), and the successive substitutions are made in it as in 
the others, beginning with x, it evidently becomes, successively, 


[6n a 1] y + [cn 1] ^ + [dn. 1] w + [nn 1] = [vu] 
“ [cn.2] z + [dn 2] ic -f 2] = [uu] 

[dn.S] w + [nn 3] = [uu] 
[nn 4] = [ 2 ;u] 

which last is the same as (Tl). 


DBTBEMINATION OP THE WBIOHTS OP THE UNKNOWN QUANTITIES 
WHEN THE ELIMINATION HAS BEEN EPPECTBU BY THB METHOD OP 
SUBSTITUTION. 

46. By the general method explained in Art. 86, the elimina- 
tion would have to be performed as many times as there are 
unknown quantities It is desirable to have more direct methods. 
When there are but four unknown quantities, we can find their 
weights from the auxiliaries occurring in two successive elimina- 
tions in inverse order. In the first elimination, according to the 
order a, 6, c, d, we find w by substitution in the last normal 
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equation, and, the coefficient of to being then \M. 3], it follows, 
by Art. 36, that the weight of the value of to is 

P„ = [dt? 8] 

In the inverse elimination, in the order c?, c, b, a, the coefficient 
of X in the final equation, which would he denoted by [aa . 3], 
■wUl be die weight of x, or 

P, = laa 3] 

^ow, if a third elimination were earned out in the order a;, y, to, 2 , 
or a, b, d, c (the third normal equation now taking the last place), 
•we should have the same auxiliaries as in the first elimination, 
so far as those denoted by the numerals 1 and 2 ; and the equa- 
tions (68) would still be the same, but in the following order : 

Idd 2] 10 -f- [cd 2] 2 -f" [dw . 2] =s 0 
[cd 2] to -|- [cc 2] 2 -f [cji . 2] =r 0 

The value of m given by the first of these is 


_[cd 2] [dn.2] 

[dd.2] [dd.2] 

which, substituted in the second, gives for the coefficient of 2 , 


[co 8] = [cc.2] — 


led . 2 ] 
2 ] 




Therefore we have 


P, = [cc 2] 


[dd.^ 
Idd 2] 


In the fourth supposed elimination, in the order d, c, b, tht 
auxiliaries denoted by 1 and 2 would be the same as in our 
actually performed second elimination ; but in the final equation 
in y we should have for the coefficient of y the quantity 


[».83 = [» 2] - = [«« 8] X 

and, therefore, ' 




[aa . 3] 
[aa . 2] 


Thus, when the elimination has been once inverted, we have 
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found the weights of two of the unknown quantities directly, 
and the weights of the other two in terms of the auxiliaries pre- 
viously; used, and in a form adapted for logarithmic computation. 

46. In order to give the above method greater generality, so 
that the reader may be enabled to extend it to a greater number 
of unknown quantities, we remark that the product of the form 

P= [aa] Ibb 1] [cc 2] [dd 8] . .. 

has the same value whatever order may be followed in the elimi- 
nation This is the same as saying that it is a symmetrical func- 
tion of a, b, c, d. . which is, consequently, not affected in value 
by the permutation of these letters.* Suppose, then, four orders 
of elimination, in which each unknown quantity in turn becomes 
the last, while the order of the remaining three quantities 
remains the same ; and, to distinguish the auxiliaries which occur 
in each elimination, let the letter which occurs in the last auxiliary 
be annexed to each of the other's ; the above constant product 
may thus be expressed in the following four forms : 

P = \aa\ Ibb . 1]^ [cc 2] . [dd . 3] 

= [««], [W l]o 2]„ [cc 3] 

= [aa], [cc . 1], [dd . 2], [bb 3] 

= [66]. 2L[«« 3] 

f^ow, it is evident that each time a new unknown quantity is 
made the last, we do not change all the auxiliaries, but only 
those which involve the letter which has become the last in the 
new order. It is readily seen, therefore, that if we annex a letter 
to those auxiliaries only which have a different value from that 
which IS denoted by the same symbol in the first elimination, we 
shall have, simply, 

P = [aa] [bb 1] [cc 2] [dd 3] 

= [aa] [bb.l] [dd 2] [cc 3] 

= [aa] [cc 1] [dd 2]^ [66 3] 

= [66] [cc 11 [dd 21 [aa 3] 

* The quantity P is, m fact, nothing more than the common denominator of the 
yaluee of z, 7, w, when these Talues are reduced to functions of the known quan- 
tities and m the form of simple fraotions ; and this common denominator must 
dently hare the same yalue whatever order of elimination is followed 
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from which we deduce 

P^ = lcc 8] 

p, = [66.83 

= laa . 8] 

If this method is applied in the case of six unknown quantities, 
we shall in each of two elimmations have tlie weights of tliree 
of the unknown quantities by computing each time but one new 
auxiliary, and, therefore, the weights of all six when the second 
elimination is the inverse of the first. In the case of but four 
unknown quantities, by inverting the elimination we can find 
the weights of z and ?/ twice, and thus verify our work. 


'■ [dd.2.1 

tW.l] 

■* [cc 1] [cM 2], 

. r..-, V>i> 1] Lee 2] Idd 8] 

■' m iccr]Jidd.2\ 


(72i 


47. If we have but three unknown quantities, the weights are 
determined at the same time with x, y, and z themselves, by a 
single elimination in the order a, b, c, in which z comes out first 
with the weight 

Lcc.2] 

and then y and z, with the weights 


p=lbb 2] = [6J.l] 


[eo 2] 


in which 


J>, = [aa- 2] =[««]. 


[cc ll = [cc] 


[cc 1] 

[W.l] \cc 2] 
C6&] '[cc.l]. 


M 

m 


m 


INDEPENDENT DETERMINATION OF EACH UNKNOWN QUANTITY AND 
ITS WEIOHT, AOOOEDINQ TO OAUSS., 

48. Let the four equations (70) be multiplied respectively 
by 1, A', A", A'", and let these factors be determined by the 
condition that in the sum of the products the coefldcients of y, 
z, and w shall be zero. Also, let the last three equations of (70) 
be multiplied- respeotivefy hj? jS'", aijid let these factors 
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be determined by the condition that in the sum of the products 
the coefficients of z and w shall he zero. Finally, let the last 
two equations of (70) be multiplied respectively by 1, O'", and 
let O'" be determined by the condition that in the sum of the 
products the coefficient of w shall be zero. The conditions 
which determine these factors are then 


0 = W 

[aa] 

0 = £^£] A" 

laa] ^ [66 1] ^ 

,Lbd 1] [cd.2] 

[aa] ^[66 1] ^[cc.2] 

0 = 1^ + 

[66 1 ] ^ 

[66 1] [cc 2] ^ 

0 == E£1l?3 ^ QUI 

[cc 2] ^ 


m 


\ 


(73) 


and the final values of x, y, z, w, in terms of these factors, are 
given as follows : 


ID 


11 

1 — 1 ll — 1 

+ 

[*«•!] A> 

[66 1] ^ + 

6 8 

1 — 1 1 1 

|1 + 
2] 

[66 1] ^ 

[cc 2] ^ 

[dn 

[dd 

.3] 

_[c«.2] 

[<7n.3] 



[cc 2] 

[dd.S] 



{dn . 3] 




~ [dd . 3] 





\dd.2,'\ 


(74) 


49. As the equations (78) are above arranged, all the factors 
A are determined from the first system of three equations ; the 
factors B from the second system of two equations, &;c. ; in each 
case, hy successive substitution. This method then enables us 
to find each unknown quantiiy independently of the others. 

Another form may he given to the computation of the auxiliary 
factors. Since in the formation of the equations (74) we have 
regarded [an], [6n], [cn], &c. as independent, we must still so 
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regard them wheu wo invert the process and recompose the 
equations (70) from (74). If, then, we multiply the equations (74) 

respectively by 1, and add the products m order 

to recompose the first of (70), the coefficient of [ari] will be 

but the coefficients of [bn . 1], [cn . 2], &c. must severally be equal 
to zero. The same principle will apply when we recompose the 
second equation of (70) from the last three of (74), &c. Hence 
we have 


0 = ^' + 


[aa] 


0 = 

[«a] ' {aa\ 

0 Aiit I p/'/ ^ nm 4. 


\bc 1] 
ihb 1] 
1 ] 

[id 1] 
[c<i 2] 
\cc 2] 


0 = + 


0 = B'" 4 - C" A- 

^ [ii 1] ^ [ii 1] 


0 = O'" + 


\ 


f 

I 


(76^ 


According to this scheme, we first find A', B", C" from the 
equations in which they occur singly ; then, with these factors, 
we find the values of A", J5'", from the equations involving two 
factors, &c. 


60. Again, let us write the 8d, 5th, and 6th equations of (76) 
in the following order : 


jjn _|_ jgm _|_ 


[aa] 


[aa] 

^ [ii.l] 


O'" 4 
O'" A 


[ad] 


[aa] 

[id.l] 


[ii.l] 


= 0 
= 0 


O'" 4- — 0 

^[cc.2] 


Comparing these with the first three of (70), we at once infer 
that A'", B'", O'" are those values of x, y, z, respectively, which 
we should obtain from our first three normal equations by putting 
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w = 1 and omitting the terms in n ; or, going back to (06), that 
A'", B'", C" may be determined by the following conditions : 

[aa] A’" + [at] B'" + [ac] C" + [ad] = 0 
[at] A"' + [tt] B'" + [ic] C" + [tcJ] = 0 
[ac] A'" + [tc] B'" + [cc] C" + [cd] = 0 

If now we multiply the normal equations (66) by A'", B'", C’", 
and 1, respectively, and add the products, the conditions just 
given will cause x, y, and z to disappear, and the resulting equa- 
tion in w must be identical* with (69) : so that A'", B'", G"' 
must also satisfy the following condition : 

[an] AI" -f [tn] B"' + [cn] C"" -i- [dn] = [dn 3] (76) 


The second and fourth equations of (75) being written as follows, 


I ^ _ 

[aa] [aa] 

,, I 1 ] _ 

[tt 1] 


and compared with the first two of (70), we infer that A", B" 
are those values of x and y which we obtain from the first two 
normal equations by puttmg z = 1, la = 0, and omitting the 
terms in n; that is. A" and j 5" must satisfy the conditions 

[аа] A" 4- [a6] B" [ac] = 0 

[аб] A" + [i6] B" + \bc\ = 0 

Therefore, if we multiply the first three normal equations (66) by 
A", B", 1, respectively, and add the products, x and y will dis- 
appear, and, the resulting equation being identical with the first 
of (68), we must also have 

[an] A" + [6n] B" + [cn] = [cn . 2] (77) 

Lastly, it is evident that A' must also satisfy the condition 

[an] A' -I- [in] = [6n . 1] (78) 

From these relatione we readily infer general formulae for the 
weights of the unknown quantities. 


* Tho equation (69) is the last normal equation, unchanged except hy the substitn- 
tion of equwalenU for z, y, and z , and in the present article fre eliminate z, and z 
hj the use of factors, hut do not change the last normal equation, since we multiply 
it by unity. 
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According to Art. 84, the reciprocal of the weight of a is that 
value which we obtain for x if we put \an\ = — 1 and [5n] = [ere] 
= [dw] = 0. But, under these conditions, the equations (76), 
(77), (78) give 


\dn.Z-\ = —A"\ [cn.2] = — [i>n.l]= — A 

In order, therefore, that the value of x given by the firat equa- 
tion of (74) may become — , we have only to substitute — A'", 

— A", — A', — 1, respectively, for [dn . 8], [ere . 2], [ire . 1], [are]. 

In the same manner, the weight of y being found by putting 
[ire] = — 1 and [are] = [ere] = [dre] = 0, we have to put 


[dn 3] = — B"', [ere . 2] = — B", [in 1] = — 1 

in the second equation of (74), in order that we may put — fory 

. 

TTor the weight of z we have to put 


[dn.8] = — C"", [cn. 2] = --l 
in the third equation of (74), and for z. 

■Pm 

For the weight of w, we have to put 
[dn . 8] = — 1 

in the last equation of (74), and change w to 
The final forinulse for the weights are, therefore, 


11 A'A' A"A'' A"'A"' 

p, ~ [aa] [ii. 1] [cc 2] [dd. 8] 

1 1 B"B" B"'ff" 

P, ~ [ii .1] [cc. 2] [dd 8] 

1 1 C"'0"' 

p, [cc.2]'’' [dd.8] 

1 __ 1 
J>,“'[dd.8] 


(79) 


MEAN ERROR OE A LINEAR FUNOTION OF THE QUANTITIES a, y, «?. 

60. Tojmd the mean error of thefuneikn 

X =fx gy -{■ hs iw 1 

when X, y, z, w are dependent upon the same observations. 


(80) 
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The quantities a:, y, w not being directly observed, their 
mean errors cannot be treated as independent, as was done in 
the case of directly observed quantities in Art. 22. We might 
proceed by the method of Art. 23; but, as we here suppose 
X, z^w to have been determined from the normal equations 
(66), we can obtain a more convenient method by the aid of the 
auxiliaries which have been introduced in the general elimina- 
tion. The quantities x, y, z, w being functions of the directly 
observed quantities n', n'", . . . the mean error of JT can be 

readily obtained by the principles of Art. 22, if we first reduce 
X to a function of these observed quantities. For this pui’pose, 
if the values of x, y, z, w deduced from (70) be substituted in X, 
we shall have an expression of the form 

X= Ian] + [bn,l] + k^ {cn 2] + k^ Idn, 3] + I (81) 

in which the coefficients k^ are functions of [iza], [a6], 

&c. In order to determine these coefficients, let us substitute in 
this expression the values of [an], [bn . 1], &c. given by (70). We 
find 

X = — [aa] kfpc — [ah] k^ — [ac] k^ — [ad] k^w + 1 

— • 1] • 1] V ~ 1] 

— [cc 2] k^ — [cd . 2] k^w 
— [dd.Z] k^v) 

which becomes identical with (80) by assuming 

[aa] k^ = — / 

[ah]k,+ [hh.l]k, = -g 

[ac] k^ + [hc.l]k^ + [cc 2 ]k^ = — h 

[ad] k^ + [bdA] k^ [cd 2] k^ + [dd.Z] k^ = 

These equations fully determine the coefficients- We find 
directly from the first, and then A^, A3, by successive substitu- 
tions in the others. 

ISTow, to find the mean error of X under the form (81), let the 
mean error of each of the observed quantities n', n", n'" .... be 
denoted by e (these observed quantities being supposed of equal 
weight, or, rather, the equations of condition being supposed to 
have been reduced to the same weight), and let the correspond- 
ing mean errors of 

[an], [bn.T], [cn.2], [dn.3], X, 
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be denoted by 




E„ 


E„ 


E., 


(cX). 


Since we have 

[an] = flV + a"n" + a"V" -\ 

we have, by Art. 22, 

■Sb* = C«a] e’ 

A-gain, we have 
and hence 

= [M l]e» 

In a similar manner, we have, also. 


[aj] _|. 

[aa] '■ ■' ^ laaj 




J?,»=[CC 2]e’, i?.* = [£id.3]e» 

The quantities x, y, z, w, being determined from the equations 
(70), their mean errors involve Aose of the quantities [an], [fin. 1], 
[cn.2], [dn.3], precisely as if the latter had been independently 
observed quantities affected by the mean eiTors just deteiTnined. 
Hence also in (81) we regard [an], [fin.l], &c. as independent; 
and it then follows directly from the principles of Art. 22 that 

(eJT)’ = V-®,* + KA" + + V-Ea’ 

or 

= (V [aa] + V [fifi 1] + V [cc . 2] + ft,* [dd 3]) (83) 

61. iFrom the preceding article we may easily find the for- 
mulae (74) and (79). The function ^ becomes x when we assume 
f=l, g = h = i=l = 0; and then (81) gives x while (83) gives 

ef, and hence the weight = — j. This hypothesis gives in (82) 

[aa] k^ = — 1 ; and the remaining equations of (82) are identical 
with the first three of (73) if we put [fifi .1] = —A', [cc.2] 

= — A", [dd . 8] Aj = — A'"; and then (81)beoomes identical with 
the first of (74), and (88) with the first of (79). In a similar 
manner we may deduce the remaining equations of (74) and (79) 
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Example. — ^In order to exhibit the numerical operations which 
the preceding method requires, in their proper order and within 
the limits of the page, I select an example involving but three 
unknown quantities. The following equations of condition were 
proposed by Gauss ( Theona Moius Corp. Cod,, Art. 184) to illus- 
trate his method: 

( 1 ) X— y + Z 

(2) 8a5 -f- 2y — 5z = 5 

(3) 4a; -f- jr -J- 4z = 21 

(4) — 2 a; + 6 y + 62 = 28 

of which the first three are supposed to have the weight unity, 
while the last has the weight J. Multiplying the last by ]/ i 
(Art. 41), the equations of condition, reduced to the same weight, 
are — 

( 1 ^ X — y -\-2z — 3 = 0 
(2) Zx-\-2y — 52 — 5 = 0 

(8) 4a; -f- y -(- 42 — 21 = 0 

(4) — a; -f- 8y 4- — 14 = 0 

The next step is to form the coeflicients [aa], [u5]], &c., of the 
normal equations. In the present example this can be done very 
easily without the aid of logarithms; but, in order to exhibit the 
work usually required in practice, I shall give the forms for 
logarithmic computation. The sums of the coeflicients of the 
unknown quantities vrill he employed as checks, according to 
Art. 30. Their logarithms, together with those of a, b, c, n, are 
given in the following table : 



log a 

log i 

logo 

log* 

logn 

(1) 

0.00000 

TiO 00000 

0 30103 

0 30103 

710.47712 

(2) 

0.47712 

0.30103 

nO 69897 

— 00 

nO 69897 

(8) 

0.60206 

0 00000 

, 0.60206 

0 96424 

Til 32222 

(4) 

nO.OOOOO 

0 47712 

1 0 47712 

0 69897 

Til 14618 


It is important, where many operations are to be performed, to 
write down no more figures than are necessary for the clear prose- 
cution of the work Hence, in combining the preceding 
logarithms it will he found expedient to proceed as follows. 
Write each log a upon the lower edge of a slip of paper; then, 
placing this slip so that log a shall stand over log a, log b, log c, 
&c., of th6 same horizontal line, in succession, add together the 
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two logarithinB mmtally^ and, with the sum in the head^ take from 
the logarithmic table the corresponding natural number (aa, ab, 
ac^ as^ or aw), which place in a column appropriated for the pur- 
pose. Then write log b in the same manner, and form 66, 6c, 65, 
6w, and so proceed to form all the coefficients of the nomial 
equations, as in the following table : 


( 1 ) 

(2 

il! 


( 1 ) 

( 2 ) 

( 8 ) 

(4) 


£aa] 

[ah] 

[aoj 


[ai] 

[an] 

[bb] 


+ 

+ - 

+ 

— 


+ - 

+ 

+ - 

1 0 

1 0 

20 


2 0 

80 

1 0 

20 

90 

6 0 


16 0 

00 

16.0 

40 

10 0 

16.0 

40 

16 0 


86 0 

84.0 

1 0 

4.0 

1 0 

3 0 


SO 

0.0 

14 0 

9.0 

00 


10.0 4 0 

■1Fu“ 

18.0 

38 0 6 0 

14 uIuSTo 


18 0 ll!.0 

+ 27.0 

+ 0.0 

00 


-1- 83.0 

— 88 0 

-^-16 0 

4-1.0 


M ' 


[00] 

[«] 


few] 

[tnj 

[nnj 

+ - 

+ - 

+ 

+ 

— 

+ 1 “ 

+ - 

+ 

20 

80 

40 

4.0 


! 0 c 

60 

90 

00 

10 0 

26 0 


00 

26 0 

00 

26.0 

00 

21.0 

16 0 

86 0 


84 0 

189.0 

4410 

16 0 

42.0 

90 

16 0 


42 ( 

70 0 

196 0 

24 0 2.0 

8 0 78.0 


66 0 

00 

26 0 182 0 “ 

0.0 266 0 


-f 22 0 

— VOO 

+ 64.0 

+ 66 0 

- 107 0 

— 266 0 

+ 671.0 


Having ascertained that the results satisty the test equations 
(48), we can write out the normal equations as follows; 


27«+ 6y — 88 = 0 

6^; “h 15 y “1“ z 70 0 

y -j- 64a — 107 = 0 

We proceed to determine the values of z, y, z, according to 
our general formulse, still carrying out the woi’kwith logai’illimB 
for the sake of illustration. Here, again, system and concise- 
ness are indispensable. The whole computation is given below 
nearly in the form proposed by Enoke. This form corresponds 
to the group of equations (70). It is divided into three principal 
compartments, corresponding, respectively, to the first three equa- 
tions of (70), each beginning one column farther to the right. In 
the first compartment the first line of numbers contains the values 
of [aaj, [fl6], &c., the secoqd line their logarithms, and the third 
line the logarithms ofithe coefficients of the first equation. The 
logarithms in this third line are formed by subtracting the first 
log. in the second Jinfe Yfom each of the subsequent ones, for this 

Tot. n.— 36 . j 
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purpose writiug tte first logarithm upon the lower edge of a slip 
of paper. 

In the second compartment, the first line contains the values 
of [66], [6c], &c. ; the second line, the quantities subtractive from 
these, according to the formulse in Art. 42 To form these sub- 
tractive quantities, write the logarithm of (which is here 

9 . 34679 ) upon the lower edge of a slip of paper, and hold it suc- 
cessively over log [a6] and each of the subsequent logarithms in 
the same lino ; add the two logarithms mentally lu each case, take 
the corresponding natural number from the logarithmic table, 
and write it in its place below. Subtracting these numbers, we 
have the values of [ 66 . 1 ], [6c 1 ], &c. The fourth line contains 
the logarithms of these quantities; the fifth, the logarithms of the 
coefiicients of our second equation, formed by subtracting the 
first logarithm of the preceding Ime from each of the subsequent 
ones in that line. 


In the third compartment we have — first, the values of [ec], &c. ; 
secondly, the values of the subtractive quantities formed from 
the last line of the first compartment as before; thirdly, the 
remainders which are the values of [cc.l], &c. The fourth line 
contains the values of the quantities which are subtractive from 
the preceding and are formed from the last line of the second 
compartment by adding the first logarithm of that line to the 
logarithm immediately above it and to each of the subsequent 
logarithms in the same line ; the fifth hue contains the remain- 
ders which are the values of [cc. 2], &;c. , the sixth line, the loga- 
rithms of these ; and the last line, the logarithms of the coefll- 
cients of our third equation. 

For control, we carry through the operations upon [as], [65], 
&c , precisely as upon the other quantities, and then, according 
to the arrangement of the scheme, we should have, if we have 
computed correctly, each sum containing s equal to the sum of 
the quantities on its left in the same line, together with those of 
the same order m a vertical column over the first number in this 
line. Thus, we must have, m the present case, ' 


[6s. 1] = [66 1] + [6e 1] [sn . 1] = [6» . 1] + [cn. 1] 

[cs 1] = [cc . 1] + [6c .1] [sn . 2} = [cn . 2] 

[ c 5.2] = [cc.2] 


relations easily proved by means of the foniquil 
bined with ( 48 ). ^ ^ I 
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The columns [^] and [?m] are added to the third compart- 
ment in order to form the quantity [ 7 m. 3], from which the mean 
error of observation is to be deduced, as will he shown hereafter* 


[oaj I [db] I 

+ 27 000 + 6 000 
1 48136 0.77816, 

9 34079 


[acj t«J [an] 

0 000 + 88 000 — 88 000 

— oc 1 61861 nl 94448 

— 00 008716 51312 


-88 000 

0 000 + 16 000 + 1 000 + 22 000 — 70.000 

+ 21.806 + 1388 0 000 + 7 888 — 19 660 

— 60 096 + 18 607 + 1 000 + 14 007 — 60 4ii~ 

nl 82400 1 1860C 0 00000 1 10088 nl 70281 

iog® = 0 89278 8 804341 0 08007, nO 60716 


[re] [re] [cn] [mi] [«nj 

— 60.444 + 64 000 + 66 000 — 107 OOO — 206 000 + 671.000 

+ 1 916 0 000 0 000 0 000 — 107 666 + 280 813 

— 48 628 + 64 000 + 66 000 — 107 000 — 167 446 +l84l87 

nl 68099 + 0.073 + 1 078 — 3 691 - 64 1 36 + 186 191 

logy = 0 66088 + 63 927 + 63 02T — 108 809 — 108.810 + 107 990 

1 78181 n2 01414 + 197 909 

lop (— z) = nO 28288 [nn 8] = + 0 087 ' 


After z has been found, its value is substituted in the seconot 
equation of (70), and ^ is deduced. Then, the values of y and z 
being substituted in the first equation, we find x. The numerical 
computations are given above in the margin. 

Then, for the weights, by Art. 47, we have first to find the 
additional auxiliaay 

[cu.l]„=[cc]-^J[6c] 


and by the formules of that article we have — 


[66] 

[6c] 

log [66 1] 

1.18666 

log [cc 2] 

1.78181 1 

+ 16 000 

+ 1.000 

log [66] 

1.17609 

log [cc . 1] 

1.73289 ! 

1.17609 

0 00000 



log [cc . 1] a 

1.78186 


8.82891 






[cc] 


1.48186 

1.18666 I 

1.78181 


-1- 64.000 


9.96957 

9.99942 

logP, 


-f- 0 067 


9 99996 

1.18608 


[cc la] = 

+ 63.938 


1,89089 




logP, 
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X = -j- 2 4702 with the weight 24 597 
y = + S 5508 “ 13 648 

z=z + l 9157 “ “ 53 927 

It only remains to substitute the values of x, y, and z in the 
original equations of condition, to form the residuals v, and from 
these to determine the mean error of observation. Since here 
there are but three unknown quantities, we have, by (71), 

[vv'] — [nn 3] 

and hence the mean error of an observation of the weight unity 
is, by (61), m being the number of equations of condition, 



The direct computation of the residuals is, therefore, not necessarj 
for determinmg e. nevertheless, it is desirable in most cases to 
resort to the direct substitution also, not only for a final verifica- 
tion, but in order to examine the several observations, and to 
obtain the data for rejecting any doubtful one by the use of 
Peib.ob*s Criterion, to be given hereafter. This direct substitu- 
tion has already been carried out for this example on p. 626, 
where we have found [wu] =0.0804, which agrees with the above 
value of \nn, 3] as nearly as can be expected with the use of five- 
decimal logarithms. 

52 It not unfrequently happens that one of the unknown 
quantities is such that the given observations cannot determine 
it with accuracy. Por example, in the reduction of a number 
of observations of an eclipse, one of the unknown quantities is a 
correction of the moon’s parallax ; hut, unless the places of ob- 
servation be remote from each other, the correction will b® v^ty 
uncertain, and this uncertainty will affect all the other quabt^tdes 
which enter into the equations of condition. In such a easfejtii^ 
unknown quantity will come out with a small coefficient, 
of itself will reveal the existence of the uncertainty when it is 
not otherwise anticipated. In order that this uncertainty may 
not affect those quantities which are well defined by the obser- 
vations, it is expedient to determine all the latter as fruictions of 
the uncertain quantity, which for that purpose must be made the 
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last in the elimination. Thus, with four unknown quantities 
X, y, z, to, we proceed only as far as the auxiliaries denoted by 
the numeral 2 ; then, having found the factors A\ A", A'”, B", 
B'", O'", by (73) or (75), if we put 


y _ W 


4- A' A" 

"t" r/j. n "r r~ 


[ 5 &. 1 ] 


— y 


[c» 2] 


[cc 2] 


[cc . 2] 


^ _ [iLl] + ££?L1] Rn 

~ [bb 1] [cc 2] 


( 84 ) 


these will give tlie values of the unknown quantities which we 
should obtain from the first three normal equations if the last 
unknown quantity were disregarded or put = 0. Then, by (74), 
the final values of x, y, z, as functions of the uncertain quantity 
w, will be 

a: = af + A"'w ■) 

y = y' -f £"'w y (86) 

s = s' + G"’w ) 


The values of x', y', z', will thus be well determined, and a sub- 
sequent independent determination of w will enable us to find 
the final values of x, y, z.* 

Having found the weights of x', y', z' (which is done as if tliey 
were the onlj^ quantities under consideration), and their mean 
errors sj, ej, sj, then, when the quantity w is aftenvards found, 
the mean errors of the final values will bo 


y (86) 

^.= <’+(C""0’ i 

as we find from the equations (79), or by Art. 20. 


OONDITIONED OBSERVATIONS. 

58. In all that precedes, we have supposed that the severat 
quantities to be found by observation, either directly or indirectly, 
were independent of each other. Although they were required 
to satisfy certain equations of condition as nearly as possible, yet 
they were so far independent that no contradiction was involved 
in supposing the values of one or more of them to be varied without 


* For an example in whioh three unknown quantities are thus determined as 
fhnotions of two uncertain quantities, see VoL I p. d40. 
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varying the others. By such variations we should obtain sys- 
tems of values ynore or less jprohahle^ hut all possible. 

There is a second class of problems, iii which, besides the 
equations of condition which the iinknomi quantities are to 
satisfy approximately, there are also equations of condition which 
they must satisfy exactly: so that of all the systems of values 
which may be selected as approximately satisfying the first kind 
of equations, only those can be admitted as possible which satisfy 
exactly the equations of the second kind. The number of these 
rigorous equations of condition must be less than the number of 
unknown quantities; otherwise they w^ould detennine these 
quantities independently of all observations These rigorous 
equations, then, may be satisfied by various possible systems of 
values, and we can therefore express the problem here to be con- 
sidered as follows: Of all the possible sysiernis of values which exactly 
satisfy the rigorous equations of condition^ to find the most probable^ or 
that system which best satisfies the approximate equations of condition. 

The following are simple examples of conditioned observations. 
The sum of the three angles of a plane tinangle must be 180°. so 
that if we observe each angle directly, and the sum of the observed 
values differs from 180°, these values must be corrected so as to 
satisfy this condition. The sum of the angles of a spherical 
triangle must be 180° + spherical excess The sum of all the 
angles around a point, or the sum of all the differences of azimuth 
observed at a station upon a round of objects in tlie horizon, must 
be 360°. 

The approximate conditions m these cases are expressed by 
the observations themselves; for the final values adopted must 
correspond as nearly as possible to the observed values. The 
corrections to be applied to the observed values are to be re- 
garded as residual errors with their signs changed ; and the solu- 
tion of our problem is involved in the following statement: . Of 
all the systems of corrections which satisfy the rigorous equations^ that 
system is to be received as the most probable in which the sum of the 
squares of the residuals in the approximate equations is a minimum^ 

54. The general problem as above stated may be reduced to 
that of unconditioned observations, already considered. For let 
us suppose there are m' rigorous equations of condition, and m 
unknown quantities. From these m' equations let the values of 
w' unknown quantities, be obtained in terms of the reinaiTiiiig 
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m — m' quantities, and let these values he substituted in all the 
approximate equations of condition; then there will be left in the 
latter only m — quantities, which may be treated as independ- 
ent, so that, the approximate equations being now solved by the 
method of least squares, we have the values of the m — m' quan- 
tities, with which we then find the values of the first m' quan- 
tities. This is a general solution of the problem; but it is not 
always the simplest in practice. I shall illustrate it by a simple 
example, before giving a method applicable to more complicated 
cases. 

Example. — ^At Pine Mount, a station of the IT. S. Coast Smwey, 
the angles between the sun’ounding stations 1, 2, 3, 4 were 
observed as follows: 

weight 


1 2 

Josoelyne — Deepwater .... 

... 65“ 11' 62" 600 

3 

2.8 

Deej)watGr — Deakyne 

.... 66 24 15 553 

3 

3 4 

Deakyne— Burden 

.... 87 2 24 .703 

3 

4 1 

Burden — Joscelyno 

.... 141 21 21 .757 

1 


There are here four imlaiown quantities subjected to the single 
rigorous condition that their sum must be 360°. But, instead of 
talang the angles themselves as the unknown quantities, we shall 
assume approximate values of them, and regard the corrections 
wliich they require as tlie unknown quantities. 

We assume 

1 2 Joscelyiro — Deepwater, 65° 11' 62" 6 -}- w? 

2 . 3 Deepwater — Deakyne, 66 24 16 .6 + x 

8 4 Deakyne — Burden, 87 2 24 .7 + y 

4 . 1 Burden — Josoelyne, 141 21 21 .8 + 2 

the sum of which must satisfy the condition 

359° 69' 64".5 + «; + a; + y + 2f = 860° 
or 

w + ar + y + £f — 6".6 = 0 

The difference between the assumed value and the obseryed 
value in each case gives us a residual; and the approximate 
equations of condition are, therefore, 

w — 0 =0 

X — 0.063 = 0 
y — 0 003 = 0 
r + 0 043 = 0 
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We have here but one rigorous condition [^c = and to 

eliminate this we have only to find from it the value of one un- 
known quantily in terms of the others, and substitute it in the 
approximate equations of condition: thus, substituting the value 

w = — X — y — z + 6".5 

our equations of condition, containing now three independent 
unknown quantities, are 

weight 

— X — y — z 6".5 =0 8 

X — 0 .053 = 0 3 

y —0 003 = 0 3 

z — Q .043 = 0 1 

The normal equations, applying, the weights, are then 

6® -f 3y -)- 32 — 16 659 = 0 
3a: -f 6y -f- 32 — 16 509 = 0 
3a; -f- 3y + 42 — 16 457 = 0 

tvhich, being solved, give 

x = + 0".9676 
y = -l-0 9175 
2 = -f 2 .7005 

whence also 

to = + 0 9145 

and the corrected values of the angles are 


1.2 Josoelyne — ^Deepwater 65° 11' 53".4146 

2.3 Deepwater — Deakyne 66 24 16 .4675 

3.4 Deakyne — ^Burden 87 2 25 .6175 

4 1 Burden— Josoelyne 141 21 24 6005 


860 0 0 .0000 

55. When the number of unknown quantities is great, or when 
there are several rigorous conditions to be satisfied, the preceding 
method would lead to very tedious computations, since we are 
required to perform two eliminations, the first from our m' 
rigorous equations to find the first m/ quantities in terms of the 
others, and the second Jfrom our normal equations involving all 
the remaining quantities. In order to obtain the general form 
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for a more condensed process, let the most probable values of a 
number (m) of directly observed quantities be 

V', F", r"\ &c. ... 

Let the observed values be 

Let these observations have the weights 

P', P"> f'> ••i’'"” 

Let the equations which the most probable values are required 
to satisfy rigorously be expressed by 


y' =/ (r',F",F'",...) = 0 \ 

5»"=/"C7',F",F'" .) = 0 

y"'=/"'(F',F",F"', ..) = 0 { 

&0. j 

and let 

ml = the number of these conditions. 


Let the most probable corrections of the observed values be 
t?', a", &o. ... «<"*' 

so that 

F'=ilf'+t/, F" = Jlf"+v"» F"' = ilf'"+u"',&o. 

Let the values of <p"i (p '" . . . when the observed values are 
actually substituted be n', n", vl" ... or 


f (^M', M", M '", . . .) = n' 
f" (M', = 

M", Jf '"...) = n"' 
&c. 



„ dql dv' ^ da" da>" , - 

Let the differential coefucients &c-, &c. be 

formed ; substitute in them the values M', M", M'" ... for V\ 
V", V'"i and denote the resulting values by a', a", &c., 6', 6", 
&c. ; that is, put 




d/ 

— j &o. 

dT ’ 

dF" ’ 

dF'" 


- y, 


d9j" 

= b'", &o. 

dF' 

dF" ’ 

dF'" 




d/" 

= c'",&o 

dF' 

dF" ’ 

dF'"' 
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These values of the differential coefficients will generally be suf- 
ficiently exact ; but if iff", iff'" ... are found very greatly in 
error, a repetition of the computation might be necessary, in 
which the more exact values found by the first computation 
would be used. 

The values of Jf', iff", Jf'" . . . being assumed to be so nearly 
correct that the second and higher powers of the corrections u', 
i;", . . . may be neglected, we have at once, by Taylor’s 

Theorem, as in the similar case of Art. 40, 

<p^ z=n* -f a'u' + _ q 

= n" + + 6"?;" + + . . + = 0 

w'" “I- diy (f^v" -|- = 0 

&C &0 

which m' equations must be rigorously satisfied by the values of 
v\ u", v"' .... 

The equations 

V' — M'= 0, F" — if" = 0, F'" — if'" = 0, &c. 

are the approximate equations of condition ; or, more strictly, 

F' — if ' = v'f F" — if" = v", F'" — if'" = i;"', &c 

are the equations of condition which are to be satisfied by the 
most probable system of residuals v\ u"' .... These, reduced 
to the unit of weight by Ait. 41, become 

( F' — if') i/p' = vyf, ( F" — if") t/p" = 7;"v<p", &c (90) 

and the most probable residuals v'l/p', are those the sum 

of whose squares is a minimum, or we must have 

p'u'* _|_ ^ mmimum 

Putting, then, the differential of this quantity equal to zero, we 
have 

pVdT/ + + &c. = 0 (91) 

If v', 1?", v'" . . . were independent of each other, each coeffi- 
cient of this equation would necessarily be zero (as in Art 28), 
and then the most probable values of F', F", F"' . . . would be 
the directly observed values Jf Jf ", Jf "' . . . But this minimum 
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IS here conditioned by the equations (89) If, then, we differon 
tiate (89), the equations 


a'dv' + a"c!v" + a"'di^" + = 0 

l/dvf + b"dv" + V'dvf" + . . = 0 

ddv' + d'd'd' + d"dv''' + . = 0 

&c. 


(92) 


must coexist with (91). 

The number of the equations (92) is m', while the number of 
differentials is m, and since, by the nature of the case, we must 
have m > m', we can, by eliniiiiatioii, find from (92) the values 
of m' diflEerentials in terms of the remaining m — m' differentials. 
Let us suppose this elimination to be performed, and that the 
values of the first m' diflerentials, found in terms of tlie others, 
are then substituted in (91) , we shall thus have an equation in 
which the remaining m — m' unknown quantities can be regarded 
as independent, and the eooflicients of these ni — m' quantities 
in this final equation will then severally be equal to zero. We 
can arrive directly at the result of such an elimination and sub- 
stitution as follows. Multiply the first equation of (92) by A, the 
second by B, the third by C, &c., and also the equation (91) by 
— 1, and form the sum of all these products. Then, if A, B, 
C ... are determined so that m' differentials shall disappear 
from the sum (and they can be so determined, since it only 
requires m' conditions to determine m' quantities), the final 
equation obtained will contain only the m — m' remaining differ- 
entials. But, the latter being independent, their coefficients must 
also be severally equal to zero : and hence we have, in all, the 
following m conditional equations : 


a'A +b'l} + dO + ... —j/iy =0 \ 

a" A l"B -f c"a -f . . — yv' = 0 / 

a"'A.^U"B + d"a-\- . ..—f'd" = 

&c. &o. ) 


a a" 

If we multiply the first of these by —> the second by -y^ &o., and 

add the products, we have, by comparison with the fibrst equation 
of (89), 





556 


iPPSNDIX. 


in which the usual notation for sums is followed. In this way 
we can form m' normal equations containing m' quantities, 
namely, 

[f]^ + [yj^ + [f]<^+ ■■ +”" = » 

[ T ]-‘ + [ f ]^ + [ f -]<^+ +”"'=0 

& 0 . 

If the ohservations are of equal weight, we have only to put 
p = 1, or, in other words, omit p. 

The factors B, C . . . are called by Gauss the correlatives of 
the equations of condition. 

The equations (94) being resolved by the usual method of 
elimination (Art. 42), the values of the correlatives found are 
then to he substituted in (93), whence we obtain directly the 
required corrections. 



i/ — (ji'A G \ 

w'"=^(a'"^ + y"A + c"'C7+ ...) \ 

&c &c / 

and hence, finally, the most probable values of the observed 
quantities, V = M' + v', V" = M" + r", &c. 

The comparative simplicily of this process will best be shown 
by applying it to the example of the preceding article. "We 
there have given, by observation, 

JIf' = 65® 11' 52" 500, p' = 3 

JIf" = 66 24 15 553, p" = 3 

M"'= 87 2 24 703, p'"=3 

= 141 21 21 757, p*’^ = 1 

with the condition 


V' + F" -f- F'" + F' — 360“ = 0 
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W6 have, first, 

a' ■= a" = a'" = a*’' = 1 

and when M’\ &o. are put for V, V", &c., we have (88) 

n' = — 6".487 

As we have hut one condition, we have also hut one correlative 
A; the equation of condition is, by (89), 

— 5".487 + v' + v" H- v"' -h u'’' = 0 


and the single normal equation may he constructed according to 
the following form : 


8 11 
S 1 i 
3 1 * 

1 1 

[fh^ 

2ul — 6"487 = 0 
A = + 2".7486 

Corrected ynlues. 

r — 65° ir 5S".4146 
F' = 66 24 16 .4676 
V'"= 87 2 25 .6175 

F'"=141 21 24 6006 
360 0 0 

agreeing with the result found by the much longer process of 
the preceding article. 

66 The further prosecution of this branch of the subject 
belongs more especially to works on Q-eodesy. For more ex- 
tended examples, see the special report of Mr. 0. A. Sohott in 
the Report of the Superintendent of the TJ. S. Coast Survey for 
1864, from which the above example has been drawn. Consult 
also Bessel’s Gradmessimg in Ostpreuasen in 1888 ; Rosenbhrger, 
in the Astronomiache Nachrichim, 121 and 122 ; Bessel, ibid 
Ho. 438; T. Q-alloway, .Application of the Method to a Portion 


and hence, by (96), 

1/ = + 0 9146 
i/'= 4- 0.9145 
v"'= + 0 9146 
t>'^= 4- 2.7435 
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of the Survey of England, in the Memoirs of the Royal Astronomi- 
cal Society J. J Kusienvermessung ; Fischer’s 

Qeodcesie, Gerlino’s AnsfAchungs Eechnungen; Dienger’s 
glexchung der Beobachiungsf elder , Liagre, Calcid des Probahilitis ; 
and Gauss, Supplemenium theorice coynbinationis^ &c. 

CRITERION EOR THE REJECTION OF DOUBTFUL OBSERVATIONS. 

57. It has been already remarked (p. 490) that the number of 
large errors occurring in practice usually exceeds that given by 
theory, and that this discrepancy, instead of invalidating the 
theory of purely “ accidental” errors, rather indicates a source 
or sources of error of an abnormal character, and calls for a 
criterion by which such abnormal observations may be excluded. 
The criterion proposed by Prof. Peirce* vnW be given here with 
the investigation nearly m the words of its author, and with only 
some alight changes of notation. 

58. “In almost every true series of observations, some are 
found which differ so much from the othera as to indicate some 
abnormal source of error not contemplated in the theoretical 
discussions, and the introduction of which into the investigations 
can only serve, in the present state of science, to pei^plex and 
mislead the inquirer. Geometers have, therefore, been in the 
habit of rejecting those observations which appeared to tliem 
liable to unusual defects, although no exact criterion has been 
proposed to test and authorize such a procedure, and tins delicate 
subject has been left to the arbitrary discretion of individual 
computers. The object of the present investigation is to produce 
an exact rule for ^e rejection of observations, which shall be 
legitimately derived from the principles of the Calculus of Pro- 
babilities. 

“ It is ^proposed to determine in a series ofm observations the limit of 
error^ beyond which all observations involving so great an error may be 
rejected^ provided there are as many as n such observations. 

“ The principle upon which it is proposed to solve this problem 
is, thut the proposed observations should he rejected when the probability 
of the system of errors obtained by retaining them is less than that of 
the system of errors obtained by their rejection multiplied by the proba-^ 
bility of making so many^ and no more^ abnormal observations. 

* AitronomicaZ Journal (Cambridge/ Mass ), Vol II p 161 
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In. determining the probability of these two systems of errors, 
it must be carefully observed that, because observations are 
rejected in the second system, the corresponding observations of 
tlie first system must he regarded, not as being limited to their 
actual values, hut only as surpassing the limit of rejection.” 

Let 

/i = the number of unknown quantities, 

771 = the whole numbei of observations, 
n = the number of observations proposed 
to bo rejected, 

n' = m — the number to be retained, 

A'j zl", .. = the system of errors when no observa- 

tion 18 rejected, 

J/, J/', . . . “ the system of errors when n observa- 

tions are rejected, 

e, = the mean errors of the first and second 
tystem, respectively, 

y = the probability, supposed unknown, 
of such an abnormal observation that 
it 18 rejected on account of its magni- 
tude, 

y' = 1 — y = the probability that an ob- 
servation is not of the abnormal cha- 
racter which involves its rejection, 
x = the ratio of the required limit of error 
for the rejection of n observations to 
the mean error e, so that xe is the 
limiting error 


TJie probability of an error A in the first system wiU be, by (14) 
oud (21), 

. 1 ^ 

ipa = = 6 2c* 


and the same form will be used for the second system. 

The probability of an error which exceeds die limit xe will be 
expressed by the integral (Arts. 3 and 12) 

2 

«/ A-« 


or, denoting this by 

2 — 00 A* 

= =. I € 2«s dJ 

e|/2w'A-« 
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which., by putting t = becomes 


4x 


n 

= '7~ ) 

l/w./ 


dt 




and this may be found directly from Table IX. by Bubtractmg 
the tabular number corresponding to i = from unily. 

The probability of the first system of errors, embodying the 
condition that n observations exceed the limit xe, is 


JP = (pd! yJ" . . 
1 




(+«)* 


in which . , , , and by (61) we have 

.TJ* = (m — fi) e®, whence 


J> = 


The probability of the second system of errors is 


Pi = y^”' 9^1 9K 9K' ■ ■ 

ei»'(2jr)i"' 




c/(27r)i"' 


2«i* 


To authorize the proposed rejection of n observations, we 
must have 

p<Pi 

which gives at once 

The value of y must be determined by the condition that Pj 
is a maximum, and therefore ?/"y'*'= y" (1 — yY is a TTm-giTimm 
Taking the logarithm of this quantiiy, and put^g its differential 
equal to zero, we obtain for the maximnin 
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whence 


Puttiug then 


the limiting value of x, according to the above inequality, must 
be that whioh satisfies the equation 

(i)'5- = r. 

which gives the required criterion. 

The relation of e, to e must depend on the nature of the equa- 
tions which correspond to the rejected observations, but it will 
give a sufficient approximation to assume that the excess of IJ* 
over is only equal to the suip. of the squares of the errors of 
the rejected observations, which gives the equation 

(m — — nxV = (m — fi — n) «,* 

whence 

( Sj \* m — /i — nx* 

e / m — IX — n 

which combined with the above equation gives 

m — n — m’ IT \_22_ 

= 1 •;r )»— *» 
m — fx — n \£ I 

Putting, for brevity, 

( ys a» 

TO 

vre find 

x*-l = '”~^~"(l — 1*) (98) 

Table X.A gives the logarithms of Tand i2, computed by (96) 
with the aid of Table IX. We can, therefore, by successive 
approximations, find the value of x which satisfies the equations 
(97) and (98). Since B involves x, we must first assume an ap- 
proximate value of X (whioh the observed residuals will suggest), 
with which 1* -^l be compute^ V (97), and hence x by (98). 
voi. n 


n 

^ m 


\f = - 

m 


/T7. - J.J 




nr 


B giC'c* 1) 


} 


(96) 


' ' « ' , ! ' * t ; u 
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With this first approximate value of x, a new value of log R will 
be taken from the table, with which a second approximation to 
X will be found. Two or three approximations will usually be 
found sufficient. 

In the application of this criterion, it is to be remembered 
that it must not be used to reject n observations unless it has 
previously rejected n — 1 observations. Hence we must first de- 
termine tiie limiting value of x for the hypothesis of one doubtful 
observation, or n = 1, and if this rejects one or more observa- 
tions, we can pass to the next hypothesis, w = 2, or ?2 = 3, &c. ; 
and so on until we arrive at the limit which excludes no more 
observations. 

The above arrangemeiit of the tables is nearly the same as 
that given by Dr. B. A. Q-ould,* who was the fi.rst to prepare 
such tables and thus render the criterion available to practical 
computers. The only difference is m my table of Log. 2] which 
I have found in practice to be more convenient than the corre- 
sponding one of Dr. Gould. 

Example. — “To determine the limit of rejection of one or 
two observations in the case of fifteen observations of the vertical 
semidiameters of Venus^ made by Lieut. Herndon, with the 
meridian circle at Washington, in the year 1846 ” In the reduc- 
tion of these observations, Prof Peirce assumed two unknown 
quantities, and found the following residuals {v ) . 

— 0"30 — 0"24 — T'40 + 0" 18 

— 0 44 + 0 06 — 0 .22 + 0 39 

+ 1 01 + 0 63 — 0 .06 + 0 10 

+ 0 48 — 0 13 + 0 20 

We have here m = 15, = 2, [?;u] = 4.2546, whence 

4 2645 

e" = ^ ^ ^ 5 ^ 0// 672 

Xu 

"We first try tie hypothesis of one doubtful observation, or 
n = 1. Assuming x = 2, the successive approximations may 
be made as follows : 

Report of the Superintendent of the U. S Coast Survey for 1864, Appendix, p 
181*; also Aitron Joumalj VoL IV p. 81. 
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Isfc Approx 

2d Approx. 


Table X.A log T 8 404 

8 4044 


“ “ log E 9 309 

9 3062 


log 4' 9.096 

M 

9 0982 

2« 1 

m—n 7 

log P 9 871 

9 8712 


log (1 — 9 410 

9 4093 

m — n 

n 

= 12 log 12 1079 

10792 


log(x* — 1) 0 489 

0 4885 


log X* 0.610 

0 6106 


X 2 02 

2.020 


Hence xs = 1".16, which excludes the residual 1".40. 

We may now tiy the hypothesis n = 2. Commencing again 
with the assumption Jt = 2, we have — 





lot 

2d 

8d 

4th 




Approx 

Approx 

Approx 

Approx 



log T 

8 7210 

8 7210 

8 7210 

8 7210 



log E 

9 309 

9 3622 

9 3644 

9 8653 




9 412 

9.8688 

9 8666 

9 3657 

2n 4 

m — n 13 


logl" 

9 819 

9.8027 

9 8051 

9.8048 



log (1 - 

9 681 

9 6624 

9 5582 

9.5887 

II 

1 

L 

11 

2 

, 11 
log-^ 

0 740 

0.7404 

0.7404 

0.7404 



log(x«-l) 

0 271 

03028 

0 2986 

0 2991 



log X* 

0 467 

04788 

0.4765 

0 4758 



X 

169 

1734 

1729 

1 7295 


Hence xe = 0".989, which excludes the residuals 1".40 and 1".01. 

If we now try the hypothesis n = 8, we shall find, in the same 
manner, xe = 0".887, which does not exclude the residual 0".68 : 
so that the residuals 1",40 and 1".01 are in this ease the only 
abnormal ones. Eejecting these residuals, we shall now find 
ei=0".3S9.* 

69. In order to facilitate the application of Pbikob’s Criterion 

* For another example, in which there were four unknown (][uantltieB, and in 
which the oriterion w 's rery useful, see p 207 of this volume. 
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in the cases most commonly occurring in practice, Table X. (first 
given by Dr. Gould) has been computed by the aid of the log T 
and log jR, according to the preceding method. 

The first page of this table is to be used when there is but 
one unknown quantity {ji = 1), or for direct observations. It 
gives, by simple inspection, the value of y? for any number of 
observations from 3 to 60, and for any number of doubtful obser^ 
vations from 1 to 9. 

The second page is used in the same manner when there are 
two unknown quantities (ji = 2). 

Example — Same as in the preceding article. — Having found, 
as above, = 0.3273, we first take from Table X. for // = 2 the 
value of corresponding to ??i = 15 and tz = 1, and find 

jc* = 4.080, whence xV = 1 3354, xe == 1" 16 

which rejects the residual 1''.40. 

Then, with m = 15, n = 2, we find, from the same page, 

X* == 2 991, xV = 0.9790, xe = 0".989 

which rejects the two residuals 1".40 and l'\01. 

Passing, then, to the hypothesis w = 8, we find 

X* = 2 403, xV = 0 7865, xe = 0".887 

which does not exclude any more residuals. 

60. The above investigation of the criterion involves some 
principles, derived from the theory of probabilities, which may 
seem obscure to those not familiar with that branch of science. 
Indeed, the possibility of establishing any criterion whatever for 
the rejection of doubtful observations, by the aid of the calculus 
of probabilities, has been questioned even by so distinguished an 
astronomer as Airy.* It is easy, however, to derive an approxi- 
mate criterion for the rejection of one doubtful observation, directly 
from the fundamental formula upon which the whole theory of 
the method of least squares is based. 

We have seen that the function 

* Remarka upon FeirgIi’s Cntenon, Astronomieal Journal (Cambridge), Vol. IV 
p, 187 ProfesBor Wirlock’s reply to the objections of the Astronomer Hoyal wll! 
be found in the aame journal, Vol. IV p 146 
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2 rp«' 

(the value of which is given in Table IX. A) represents, in general, 
the number of errors less than a = rV which may be expected to 
occur in any extended series of observations when the whole 
number of observations is taken as unity, r being the probable 
error of an observation. If this be multiplied by the number of 
observations = ni, we shall have the actual number of en-ors less 
than rt'\ and hence tlie quautity 

m — m = m [1 — ©Gof ')] 

expresses the number of eiTors to be expected greater than the 
limit ri'. But if this quantity is less than J, it will follow that 
an error of the magnitude ri' will have a greater probability 
against it than for it, and may therefore be rejected The limit 
of rejection of a single doubtful observation, according to this simple 
rule, is, therefore, obtained from the equation 


or 


i = m[l 


Qo>n = 


2m — 1 
2m 


(99) 


If we express the limiting error under the form xe, e being the 
mean error of an observation, we shall have 


X = — == 0.6746«' 

e 


( 100 ) 


With the value of given by (99), we can find i' from Table 
IX. A, and hence x by (100). 


Example. — To find the limit of rejection of one of the obser- 
vations given on p..662. We there have m = 16, e = 0".572; 
and hence, by (99), Q(pi') = 0.96667, which in Table IX. A cor- 
responds to t' = 8.166, whence, by (100), x = 2.128, xs = 1''.22, 
which agrees very nearly with the limit found by Peibob's 
Criterion. 

By the successive application of this rule (with the necessary 
modifications), it may be used for the rejection of two or more 
doubtful observations, and I have, by means of it, prepared a 
table which agrees so nearly with Table X. that, for practical 
purposes, it may be regarded as identical with that table. For 
the general case, however, when there are several unknown 
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quantities and several doubtful observations, the modifications 
which the rule requires render it more troublesome than Pbirob’s 
formula, and I shall, therefore, not develop it further in this 
place. What I have given may serve the purpose of giving the 
reader greater confidence in the correctness and value of Pbieoh’s 
Oiiteriou. 



TABLES 




[Note — The very complete collection of tables and formulte prepared 
by Dr. Albrecht, of the Prussian Geodetic Institute, may be consulted 
\vith advantage. The title of the woik is Formeln und Hiljstafeln jur 
Oeographisehe Ortabestnnimmgent nebst ICurzer Anledung mr Avsjuhrung 
deraelben. (Leipzig, 1879, 8vo, pp 240 )] 

For the explanation of the construction and use of these tables^ con- 
salt the articles referred to below 


Table I Mean Refraction. (Explanation, Yol I Art 107.) 

“ II A, B, C, D, E, and F, Bessel*s Refraction Table (Vol I. 
Arts 107, 117, 119; and Vol. II Arts 294, 295 ) 

“ III. Reduction of Latitude and Loganthm of the Earth’s 
Radius (Vol I Arts 81,82) 

« IV. Log A and '.og ]i, for computing the Equation of Equal 
Altitudes (Vol. I Arts 140, 141 ) 

V. Reduction to the Meridian. Values of 


m = 


2 Bin** \ t 
Bin 1" 


and 


2 \ t 

sml" 


(Vol I Arts 170, 171 ) 

'' VI Logarithms of 7W and w (Vol I Arts. 170, 171.) 

VII A and VII. B Limits of Ciroummeridian Altitudes. (VoL 
I. Art. 176.) 

“ VIII and VIII A, For reducing transits over several threads 
to a common instant. (Vol. 11. Arts. 173, 187.) 

“ IX and IX A. Probability of Errors. (Appendix, Arts. 12, 14 ) 

X. and X. A Peirce’s Criterion for the Rejection of doubtftd 
Observations (Appendix, Arts. 58, 69.) 


TABLES rOR OORREOTING LUNAR DISTANCES. 

« XI. Dip of the Sea Horizon. (Vol. I Art 124.) 

XIL Augmentation of the Moon’s Seraidiameter. (Vol. 1. Art 
130.) 

XIII. Correction of the Moon’s Equatorial Parallax. (Vol L 
Art, 97 ) 
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570 TABLES FOR CORRECTING LUNAR DISTANCES. 

Table XIV Mean Eeduced Eefraction for Lunars (Vol I Art 249) 

“ XIV, A. Correction of the Mean Eefraction for the Height of 
the Barometer (Vol I Art 249 ) 

« XrV. B Correction of the Mean Eefraction for the Height of 
the Thermometer. (Vol I Art 249) 

XV. Logarithms of A, B, 0, D, for correcting Lunar Dis- 
tances, (Vol I. Art. 249 ) 

“ XVI Second Correction of the Lunar Distance (Vol I. Art. 
249) 

<< XVn A and B For finding the Correction of the Lunar Dis- 
tance for the Contraction of the Moon's Semidiameter 
(Vol I. Art 249 ) 

XVili. A and B For finding the Correction of the Lunar Dis- 
tance for the Contraction of the Sun's Semidiameter 
(Vol. I Art. 249 ) 

« XIX. For finding the value of N' for correcting Lunar Dis- 
tances for the Compression of the Earth. (Vol I 
Art. 249 ) 

** XX. Correction required on account of Second Differences of 
the Moon's Motion, in finding the Greenwich Time 
corresponding to a Corrected Lunar Distance. (Vol 
LArt 66,3 



TABLE I. Mean Be&action. 

Barometer, 30 inches. Fahrenheit’s Thermometer, 60® 


Appiiront 

Menn 

Appnront 

Moan 

Apnarnnt 

Zon. DIst 

RefinctloD Zen Dint 

Rofhictlon Ziiii Diut 

a / 

/ // 

0 / 

/ // 

a / 

0 0 

o o o 

48 0 

I 47 

65 0 

1 0 

0 I o 

20 

I 54 

10 

2 0 

O 2 0 

40 

1 02 

20 

3 0 

o 31 

49 0 

I 70 

30 

4 0 

0 41 

20 

I 7.8 

40 

5 0 

0 51 

40 

X 86 

50 

C 0 

0 6.1 

50 0 

I 94 

66 0 

7 0 

0 7 2 

20 

I 102 

10 

8 0 

0 82 

40 

z II.O 

20 

9 0 

0 92 

51 0 

I II 9 

30 

10 0 

0 10 3 

20 

I 127 

40 

11 0 

0113 

40 

1136 

60 

12 0 

0 12 4 

62 0 

1 145 

67 0 

13 0 

0 13 5 

20 

I IS 4 

10 

14 0 

15 0 

0 14 J 

0 15 6 

40 
53 0 

I 10 3 

I 17 2 

20 

30 

16 0 

0 16 7 

20 

X 182 

40 

17 0 

0 17 8 

40 

X 19.X 

60 

18 0 

0189 

64 0 

I 20 X 

68 0 

19 0 

0 20 I 

20 

X 21 0 

10 

20 0 

0 21 2 

40 

I 22 0 

20 

21 0 

0 22 A 

55 0 

I 23 I 

80 

22 0 

0 23 0 

20 

1 24.1 

40 

23 0 

0 247 

40 

X 25 I 

60 

24 0 

0 25 9 

66 0 

X 26 2 

69 0 

25 0 

0 27 2 

20 

X 273 

1 284 

10 

26 0 

0 29 4 

40 

20 

27 0 

0 29 7 

57 0 

X 29 s 

X 307 

80 

28 0 

0310 

20 

40 

29 0 

0 32.3 

40 

I 31.8 

60 

30 0 

0 33.6 

58 0 

X 330 

70 0 

31 0 

0 35 0 

20 

1 34,2 
* 35 S 

10 

32 0 

0 36.4 

40 

20 

33 0 

0 37 8 

59 0 

I 367 

80 

34 0 

0 39 3 

20 

I 38.0 

40 

35 0 

0 40.8 

40 

I 393 

50 

36 0 

0 42 3 

60 0 

1 406 

71 0 

37 0 

0 43.9 

20 

I 420 

10 

38 0 

39 0 

0 4 S'S 

0 47,2 

40 

61 0 

^ 43 4 

X 4L8 

1 462 

20 

80 

40 0 

0 48.9 

20 

40 

41 0 

0 50 0 

40 

1 47 7 

60 

42 0 

0 52.5 

63 0 

1 49,2 

72 0 

20 

0 53.1 

10 

1 500 

10 

40 

0 53 7 

20 

I 50.7 

20 

43 0 

0 54.3 

80 

1 51 5 

80 

20 

0 550 

40 

X 523 

40 

40 

0 556 

60 

1 S 3 I 

60 

44 0 

0 56.2 

63 0 

* 53-9 

73 0 

20 

40 

0 56.0 

0 57.6 

10 

20 

* 547 

* 55 5 

10 

20 

45 0 

0 58.2 

80 

I 564 

80 

20 

0 58.0 

40 

1 57.2 

40 

40 

0 59.6 

60 

I sS.x 

60 

46 0 

20 

1 0.3 

I I.O 

64 0 
10 

I si -9 

j S9» 

74 0 
10 

40 

I 1.7 

20 

2 0,7 

20 

47 0 

1 2.4 

80 

2 X 0 

80 

20 

1 3.2 

40 

1 » 5 

40 

40 

* 39 

60 

34 , 

50 

48 0 

1 4.7 

65 0 

* 44 

76 0 


Moan 

Appurcnt 1 

Munn 

Apparent 

Mean 

Refract lou 

Zon Dlrtt : 

Refraction 

Zen Diet 

Refraction 

/ 

n 

0 

/ 

/ 

ft 

0 

/ 

/ 


2 

44 

75 

0 

3 

34 J 

80 

30 

5 

35 I 

2 



10 

3 

30 5 


36 

5 

37 9 

2 

0 2 


20 

3 

390 


40 

5 

407 

2 



30 

3 

41 6 


45 

5 

43 6 

2 

8 2 


40 

3 

442 


50 

5 

466 

2 

92 


50 

3 

46 8 


55 

5 

496 

2 

xo z 

76 

0 

3 

49 5 

81 

0 

5 

52 6 

2 

2 

11 2 

12 2 


6 

10 

3 

3 

509 
52 3 


5 

10 

5 

5 

III 

2 

13 3 


16 

3 

S 3 7 


15 

6 

2 0 

2 

14-3 


20 

3 

55 2 


20 

6 

5 * 

2 

154 


26 

3 

566 


25 

6 

85 

2 

x6 4 

76 

30 

3 

S8i 

81 

30 

6 

XX 9 

2 

2 



36 

40 

3 

4 

596 

1 0 


35 

40 

6 

6 

\ll 

2 

19 8 


46 

4 

2 6 


45 

6 

22 3 

2 

2 

20 9 

22 I 


60 

66 

4 

4 

5.6 


50 

55 

6 

6 

25 9 
29 0 

2 

23 3 

77 

0 

4 

ll 

82 

0 

6 

33 3 

2 

24 s 


6 

4 

8 8 


5 

6 

37 I 

2 

257 


10 

4 

xo 4 


10 

6 

41 0 

2 

2 

26 9 
28 1 


16 

20 

4 

4 

12 0 
13.6 


16 

20 

6 

6 

449 

489 

2 

294 


26 

4 

*53 


25 

6 

530 

2 

307 

77 

30 

4 

17 0 

82 

80 

6 

S 7 -I 

2 

32 0 


35 

4 

18 7 


36 

7 

1.4 

2 

33-3 


40 

4 204 


40 

7 

57 

2 

34 ® 


46 

4 

22 2 


45 

7 

10 I 

2 

36 0 


50 

4 

23 9 


60 

7 

Z4.6 

2 

37 4 


55 

4 

257 


66 

7 

19 2 

2 

388 

78 

0 

4 175 

83 

0 

7 

'll 

2 

40 2 


6 

4 

294 


6 

7 

25 6 

2 

2 

41 6 
43 \ 


10 

15 

4 

4 

31 2 

33 I 


10 

16 

7 

7 

33 5 

384 

2 

2 

446 

46 1 


20 

26 

4 

4 

35-0 

369 


20 

26 

7 

7 

tVr 

2 

477 

78 

80 

4 

38 9 

83 

80 

7 

53 9 

2 

2 

49.2 
50 8 


85 

40 

4 

4 

409 

429 


86 

40 

Vll 

2 

5*4 


45 

4 

44-9 


46 

8 

104 

2 

54 * 


50 

4 47 0 


60 

8 

x6,2 

2 

55-8 


66 

4 

49 i 


65 

8 

22.1 

2 

57-5 

79 

0 

4 

5* 2 

84 

0 

8 

z8.x 

2 

3 

3 

592 

X q 

2 8 


5 

10 

15 

4 

4 

4 

57 8 


6 

10 

16 

8 

8 

8 

342 

St 

3 

a.6 


20 

5 

0 0 


20 

8 

53 4 

3 

64 


25 

S 

2.3 


26 

9 

0 I 

3 

8.3 

70 

80 

5 

46 

CD 

80 

9 

7.0 

3 

10 3 


35 

5 

6.9 


86 

9 

X4.0 

3 

12 2 


40 

5 

9-3 


40 

9 

21 2 

3 

1^2 


45 

5 

XX.7 


46 

9 

286 

3 

1Q.3 


60 

5 

X4.2 


60 

9 

36.2 

3 

x8 4 


55 

5 

xo 7 


66 

9 

44.0 

3 

20 5 

80 

0 

5 

X9.2 

85 

0 

9 

52 

3 

22 6 


6 

5 

11.7 

86 

0 

IX 

44 

3 

24.8 


10 

5 

24.3 

87 

0 


*5 

3 

27.1 


15 

5 

27 0 

88 

0 

15 

20 

3 

294 


20 

5 

29.6 

89 

0 

24 

54 

3 

31 7 


25 

5 

324 

90 

0 

36 

29 

3 

34 * * 

80 

80 

S 

35 * 







TABLE n. BeBsel’B Eefractiou Table, 


Zen 

Diet 


A. 

i.rg i-pp Z D 


0 ° 0 ' 
10 0 
20 0 
30 0 
36 0 
40 0 

45 0 
40 0 

47 0 

48 0 
40 0 


50 

51 

52 

53 

54 


55 0 

56 0 

57 0 

58 0 
50 0 

00 0 

61 U 

62 0 

63 0 

64 0 


65 

66 

67 

68 
69 


70 0 

71 0 

72 0 

73 0 

74 0 

75 0 
I 10 

20 

I 30 
40 
50 

76 0 
10 
20 
80 
40 
60 


Log a 

76156 

76154 

76149 

76139 

76130 

76119 


76104 

76100 

76096 

76092 

76087 

.76082 

76077 

76071 

76065 

76058 


si 

10 

9 

11 

15 

4 
4 

4 

5 
5 

5 

6 
6 

7 

8 

.76050 j 
76042 
76033 JO 
76023 
76012 

76001 

75988 
75973 ,1 
75957 ,g 
75939 

10 

759*9 
75897 ,6 
^ 5 * 7 * »9 
75841 

75809 ^3 
7 S 77 I ^3 

75716 „ 
75675 fo 

75615 71 
86 

75457 j6 
7544 * 16 
754^5 
75408 ^ 

7539 * ,8 
75373 ^ 

18 

75355 ,5 

75336 

75316 

75^95 „ 

75*74 

75 * 5 * 

*3 

I 75229 


B. 

Arg True Z D 


I 0018 
1 0019 


Log a' 

I 76143 

I 76141 
I 7613 s 
I 76122 
I 76112 
I 76099 

I 76080 
I 76075 


I 0019 I 76070 
I 0020 I 76065 
1,0021 I 76059 


I 0023 
I 0025 
I 0026 
1 OQ27 
1 0029 


I 76053 

I 76047 
I 76040 
I 76032 
I 76024 


I 0031 


76014 

I 0034 I 76004 
I 0037 I 75993 
I 0040 I 75981 
1.0043 I 75967 


I 0046 
I 0049 
I 0054 
I 0058 


1-75953 
I 75937 
I 75919 
1 73899 


1 0063 1 75877 


I 0068 
I 0075 
I 0083 
I 0092 
1 0101 


I 7585 * 

I 75824 

* 75793 

* 75757 
I 757*7 


I 01 II I 75670 
I 0124 I 75615 
I 0139 I 75552 
I 0156 1,75478 
I 0175 I 75390 


I 0197 

I . 0200 
I 0204 
I 0208 
1 0212 


I 75284 
I 75265 

* 75*45 
I 75225 
I 75204 


1 0216 I 75182 

I 0220 I 75159 
I 0225 I 75*36 
I 0230 I 75112 

I 0^35 * 75087 

I 0241 I 75060 
I 0246 I 75033 

I 0026 i 0252 I 75005 




2 

6 

*3 

10 

*3 

*9 

5 

5 

5 

6 

6 

6 

7 


10 

11 

12 
*4 
*4 
16 
18 
20 
22 

*5 

28 

3 * 

36 

40 

47 

55 

63 

74 

88 

106 

*9 

20 

20 

21 

22 

*3 

*3 

24 

*5 

27 

*7 

28 


C. 

Arg True Z D 


Log a" 

64458 
64458 
64456 
64451 
64449 
6 4446 


A" 


X" 


1 0013 

64441 a 

1 005 

1 0013 

64439 a 

X 005 

1 0014 

64437 j 

I 005 

I 0015 

64436 a 

1 006 

I 0015 

64434 ^ 

I 006 

I 0016 

64433 a 

X 006 

I 0017 

6443* a 

X 007 

z 0018 

64419 , 

1 007 

I 0019 

64418 

I 008 

I 0021 

64415 * 

X 008 

I 0024 

3 

64411 , 

1.009 

I 0026 

64419 * 

X 010 

I 0028 

64416 ^ 

X oil 

X 0030 

64411 2 

I 0 X 2 

I 0032 

6 4408 ^ 

4 

1 013 

1 0035 

64404 

1 014 

1 0038 

6 4400 ^ 

I 015 

I 0041 

64395 \ 

1 016 

I 0044 

64390 1 

1 017 

I 0048 

64384 ^ 

1.019 

I 0052 

64378 - 

1 020 

1 0058 

64370 0 

I 022 

1.0064 

6 4361 ' 

1 024 

I 0071 

6 435 * ,a 

X 026 

I 0079 

64339 

*3 

X 028 

1.0088 

64316,, 

643** 

6 4191 

1 031 

I 0099 

1 034 

I 0110 

1.037 

1 OZ23 

6 417* a. 

1.040 

I 0x40 

6 4246 

■ 9 fi 

1.043 

I 0155 

64118 

I 047 

1 0158 

6.41*4 T 

1.048 

I 0161 

6 42x0 ^ 

1 049 

I 0164 

6 4105 5 

1.050 

I 0167 

6 4200 i 

1*052 

I 0170 

64*94 ” 

1 053 

I 0173 

S 4188 

X.OS 4 

I 0177 

64x81 7 

1 055 

I 0180 

64x74 7 

1,057 

I 0184 

64167 1 

1 058 

I 0188 

6.4160 ' 

I 059 

1.0x92 

6 4*53 ; 

1 o6z 

0 9975 I 0197 

64*45 

0.997 1.062 


TT 



TABLE II. Bessel’s Eefraotion Table 


Zon 

DIrit 


A. 

Arff Apn Z D 


n. 

Arg Tnio Z T) 


c. 

Arg Tine Z D 




Lor a 

A 

A 

IjrtR a' 

A * 


77 ° 0' 

I 75119 
' 75105 ,? 

I 75180 s 

' 7 i’SS J 

i.ooaS 

I 025a 

> 75005 _ 

0 9975 

I 0197 


10 

1 0026 

I 0258 

1 74-976 J 

0 9974 

1.0202 


20 

I 0027 

I 0264 

I - 7 + 9+5 

1 7 + 9 *+ i . 

0 9973 

1 0208 


30 

1 0027 

I 027a 

0 9972 

I 0213 


40 

« 75*19 Jl 

I 0028 

I 0281 

I 7+881 \l 

0 9971 

1 0219 

78 

CO 

I 75J01 “1 

19 

1.0029 

1 0290 

17+8+8 3 + 
0 35 

0 9970 

1 0226 

0 

^ 7 S“ 7 * a9 
» 75043 
* 75013 i . 

1.0030 

I 0299 

' 7 + 8*3 6 

1 7+777 i . 

0 9970 

X 0234 


10 

1 0030 

I 0308 

0 9969 

I 0241 


20 

I 0031 

I 0318 

' 7+7+0 37 

o 9968 

I 0249 


30 

174981 1 

I 0032 

I 0328 

1 7+701 39 

0 9967 

I 0257 


40 

1 74947 

I 0033 

I 0338 

1 7+660 +* 

0 9967 

I 0265 

1 

60 

I 7491a ■’J 

361 

1.74876 

I 0034 

1 0347 

1 7 + 6*7 ^"3 

0 9966 

X 0273 

,70 

0 

1 003s 

1 0357 

4 + 

17+573 .fi 
17+517 T- 

09965 

I oz8x 


10 

*7483* ll 

1 7479 ! 

* 74757 1 . 

I 0036 

I 0367 

0 9964 

1 0289 


20 

I 0037 

X 0377 

17++7S 

I 744 zS 5 

0 9963 

1 0296 


80 

I 0038 

I 0387 

0 .^962 

I 0304 


40 

1 74714 zi 

1.74670 ^ 

I 0039 

I 0393 

1 7+376 5- 

0 9961 

1 0312 


60 

I 0040 

I 0409 

1 74321 55 
58 

17+163 gj 

0 9960 

I 0320 

80 

0 

'74613 5’ 

* 74573 

I 74521 ' 

im68 S 3 
*74411 I3 

1 0041 

1 0420 

09958 

I 0329 


10 

1 0042 

1 0431 

17+103 g. 

0 9957 

* 0337 


20 

I 0043 

1 0442 

17+1+1 ll 

0 9955 

1 0346 


80 

1 0045 

1.0454 

17+075 

0.9954 

* 0354 


40 

I 0046 

1 0466 

174005 / 

09952 

1 0363 


60 

* 74351 

64 

I 74188 , 

I 74113 fil 

1 0047 

I 0479 

173933 7 

0 7 ^ 

'73837 go 

09951 

1 0371 

81 

0 

I 0049 

1 0493 

09949 

1 0382 


10 

1 0050 

I 0508 

1 73777 1 , 

1-73691 A 
s 73605 

0.9948 

x 0393 


20 

I 74083 7 

I 74007 7 

1 005 a 

1 0523 

0. 9946 

I 0404 


80 

1 . 00 S 4 

1 0540 

0 9944 

1 0416 


40 

1.0056 

1.0559 

' 735 '+ 1 . 

0 9941 

1 0429 


60 

I 739 a 8 

*3 

>73845 88 

X 0058 

1 0579 

I 734,7 97 

0 9940 

1 0444 

83 

0 

1 0060 

I 0600 

XO3 

' 733 >+,o_ 

0.9938 

X.0459 


10 

1 73757 ll 

1 006a 

X.0622 

1 73107 \^. 

0 9936 

I 0476 


20 

,73663 94 

I 0065 

X 0646 

» PV <4 ^ 111 

1-73095 

0.9934 

X 0493 


80 

'•73564 

' 73459 ,',S 

I 0067 

1 0671 

0 9931 

1 0^ J 2 


40 

I 0070 

1 0697 

0 9929 

1 0531 


60 

1 73347 „ 

I 0073 

1 0725 

I 727x1 ^35 

0,9926 

1 0552 

83 

0 

II8 

173119, 

1 73105 , ^ 

I 71974 , 1 , 

I 0075 

1.0754 

I 7*569 

0.9924 

X 0573 


10 

I 0078 

X 0784 

I 724x8 ^ 5 ^ 

1 71136 

0 9920 

I 0594 


20 

I 0081 

X 0815 

0 9917 

I 0617 


80 

1 72832 4 

1,0084 

1 0846 

1 71083 '73 

X. 71902 

I 71708 *94 

0.9913 

X.0640 


40 

^ ei 

1 00S8 

1.0879 

0 9909 

2 0664 


60 

I 72519 

1 0092 

X 0914 

09905 

X 0688 

84 

0 

.173 

' 7 » 3 f 6 jgg 

1.0096 

1 0951 

209 

* 71499--, 

0 9901 

X 07x5 


10 

1.72x60 ° 

> 71961 

1.0100 

I 099a 

'.71276* 3 

0.9897 

X 0742 


20 

1 0105 

I 1036 

1-71037 

09893 

X.Q77I 


80 

I 71749 

1 715*1 a*' 

I 71279 

259 

l.OIIO 

1.108a 

1 7078a S5 

0 9888 

1.0872 


40 

1 0115 

1 11 30 

1 70509 ll 

0 9882 

1.0834 

85 

60 

1 . 0 I 2 I 

1.1178 

I 70216 ^93 

, 314 

0.9876 

X 0868 

0 

1 7 1020 

1,0x27 ' 

I 12^91 

X 69902 

0 9870 

I 0903 


Lor a" 

6 4"45 , 

64138 Z 
64*30 8 

6412a g 

64114 O 
64JO6 * 

. 9 

64097 

64088 9 
6 4078 
6 4067 " 
64056;^ 
6 4044 

la 

6 403a 
6 4019 ^ 
6 4005 
6 399 « 

6 3976 , 
6 396a 

. ^5 

6 3947 
6 393 * 

6 3914 

6389^9 

6 i 87^9 

63856“ 

ao 

6 3836 
6 3816 “ 
63795” 

6 3774 
® 37 S»* 
6 3728 

a6 

6.3702 

63674“, 
6 3643 3 ' 

6.361! 3 » 
6 3578 33 
6 yU 34 

6.3508 
6.3469 39 
6 3 i* 7 +“ 
« 338 » + 

6 33347 

6.3284 i ° 

H S 3 
6 3 » 3 > „ 

6*3052 

‘di‘^ 

7a 

6 2847 


A" 


1 0997 

I 062 

0 997 1 

I 064 

0997 

1 066 

0 996 

1.067 

0 996 

1 069 

1 0 996 

1 071 

0996 

I 073 

0996 

I 075 

0 996 

1 076 

0 996 

X 078 

0 996 

1 080 

0995 

1 082 

0995 

1 085 

099s 

X 087 

0995 

I 089 

099s 

1 091 

0995 

I 094 

0994 

1 096 

0 994 

X 099 

0 994 

X 102 

0 994 

X 105 

0 993 

I X08 

0993 

X 112 

0993 

1 II5 

0 993. 

I II9 

0 992 

I 123 

0 992 

x 127 

0 992 

X 132 

0991 

X 136 

0991 

X 141 

0991 

1.146 

0 99c 

X 151 

0 990 

X 156 

0 989 

X 161 

0 989 

X 167 

0 988 

1.17a 

0.987 

1 17? 

0.986 

I 183 

0-9*5 

X x88 

0 984 

X X93 

0983 

X.199 

Q.982 

1.204 

0.981 , 

X 209 

0.980 

1 2x4 

0979 

X 2x9 

0977 

X 224 

0.976 

X 228 

0.974 

X 232 


0973 *-^137 



TABLE n. Bessel’s Befraction Table> 

D. Factor depending 'upon the Barometer 


Parin 

1 inert 

Log B 

English 

liicbcrt 

Log B 

315 

— o 01445 

27.5 

— 0 03191 

316 

— o 01307 

27.6 

— 0 03033 

317 

— 0 01170 

27.7 

— 0 02876 

318 

— 0 01033 

27.8 

— 0 01720 

310 

— 0 01897 

27.9 

— 0 01564 

320 

— 0 01761 

28.0 

— 0 01409 

321 

— 0 01615 

28.1 

— 0 02154 

322 

— 0 01490 

28.2 

0 01099 

323 

— 0 01356 

28.3 

— 0 01946 

3^4 

— 0 OIllI 

28.4 

— 0 01793 

325 

— 0 01088 

28.5 

— 0 01640 

326 

— 0 00954 

28.6 

— 0 01488 

3 ^r 

— 0 00811 

28.7 

— 0 01336 

328 

— 0 00689 

28.8 

— 0 01185 

320 

— 0 00556 

28.0 

— 0 01035 

330 

— 0 00415 

29.0 

— 0 0088 5 

331 

— 0 00193 

29.1 

— 0 00735 

332 

— 0 00161 

29.2 

— 0 00586 

333 

— 0 00031 

29.3 

— 0 00438 

334 

+ 0 00099 

29.4 

— 0 00190 

335 

-j- 0 00118 

29.5 

— 0 00142 

336 

-j- 0 00358 

20.6 

4- 0 00005 

337 

-j- 0 00487 

29.7 

-f- 0 001 5 1 

338 

-j- 0 00616 

29.8 

4- 0 00197 

339 

+ 0 00744 

29.9 

-1- 0 00443 

340 

4- 0 00871 

30.0 

4- 0 00588 

341 

-j- 0 00999 

30.1 

4, 0 00732 

342 

-j- 0 0H17 

30.2 

-j- 0 00876 

343 

-j- 0 01153 

30.3 

-j- 0 01020 

344 

-f- 0 01380 

30.4 

-j- 0 01 163 

345 

-j- 0 01506 

30.5 

-j- 0 01306 

340 

-f- 0 01631 

30.6 

4- 0 01448 

347 

4- 0 01757 

30.7 

-j- 0 01589 

348 

4- 0 01881 

30.8 

-j- 0 01731 

340 

4- 0 01007 

30.9 

4“ 0 01871 

350 

-j- 0 01131 

31.0 

4“ 0 02012 


French 
me tres 


Log B 

French 

metres 

Log 5 

0.725 

_ 

~ 0 01560 

0.760 

-f- 0 00488 

0.726 


“ 0 01500 

0.761 

+ 0 00545 

0.727 

-< 

- 0 01440 

0.762 

-j- 0 00602 

0.728 

- 

- 0 01380 

0.763 

4- 0 00659 

0.729 


“ 0 01311 

0.764 

4- 0 007 1 6 

0.730 

- 

- 0 01161 

0.765 

4- 0 00773 

0.731 

- 

- 0 01201 

0.766 

4- 0 00830 

0.732 

- 

- 0 01 141 

0.767 

4“ 0 00886 

0.733 

^ 0 01083 

0.768 

4- 0 00943 

0.734 

- 

- 0 01014 

0.769 

4“ 0 00999 

0.735 

- 

— 0 00965 

0.770 

-j- 0 01056 

0.736 

- 

— 0 00906 

0.771 

4 " 0 OII12 

0.737 

- 

- 0 00847 

0.772 

-f- 0 OII68 

0.738 

- 

“ 0 00788 

0.773 

-j- 0 01125 

0.739 

- 

- 0 00719 

0.774 

4- 0 01281 

0.740 

- 

- 0 00670 

0.775 

4 - 001337 

0.741 

- 

- 0 00612 

0,770 

4- 001393 

0.742 

- 

“ 0 00553 

0.777 

4- 0 01449 

0.743 

- 

- 0 00494 

0.778 

4- 0 01505 

0.744 

- 

- 0 00436 

0.779 

-j- 0 01560 

0.745 

- 

- 0 00378 

0,780 

4- 0 01616 

0.746 

- 

- 0 00319 

0.781 

4- 0 01671 

0.747 

- 

- 0 00261 

0.782 

4- 0 01717 

0.748 

- 

- 0 00203 

0.783 

4- 0 01783 

0.749 

- 

- 0 00145 

0.784 

4- 0 01838 

0.760 

- 

- 0 00087 

0.786 

4“ 0 01894 

0.751 

- 

- 0 00019 

0.786 

-I- 0 01949 

0.752 

- 

- 0 00018 

0.787 

4- 0 02004 

0.753 

- 

- 0 00086 

0.788 

4“ 0 01059 

0.754 

- 

- 0 00x44 

0.789 

4- 0.01114 

0.765 

- 

- 0 00201 

0.790 

4- 0 01169 

0.756 

- 

- 0 00259 

0.791 

4- 0 02214 

0.767 

- 

- 0 00 3 1 6 

0.792 

4“ 0 02279 

0.758 

- 

- 0 00374 

0.793 

+ 0 02334 

0.759 

- 

- 0 0043 I 

0.794 

4" 0 02389 

0.760 

- 

- 0 00488 

0.795 

+ 0 02443 


£• Factor d^ending upon the Attached Thermometer 

(F) Fahrenheit (R.) Rfianmur (C) Centigrade 


F Log T 


— 30 ° 

4“ 0 00241 

— 20 

4- 0 00103 

— 10 

4- 0.00164 

0 

4“ 0 00115 

4-10 

4- 0 00086 

20 

4- 0 00047 

30 

4- 0 00008 

40 

— 0 00031 

60 

— 0 00070 

60 

— 0,00109 

70 

— 0.00148 

80 

— 0.00186 

90 

— 0 00225 

100 

— 0 00264 


R 

Log T 

— 35 ° 

4_ 0 00308 

— 30 

4- 0 00164 

— 25 

4“ 0 00220 

— 20 

4“ 0 00176 

— J6 

4“ 0 00131 

— 10 

4- 0 00088 

— 5 

4- 0 00044 

0 

0 OOQOO 

4 - 5 

— 0 00044 

10 

0 00088 

15 

0 00131 

20 

0.00175 

25 

— 0 001x8 

30 

0 00161 

35 

— 0 00305 


0 

Log T 

— 36 ° 

4“ 0 00246 

— 30 

4- 0 00211 

— 25 

4* 0,00176 

— 20 

4- 0.00140 

— 15 

4- 0 00105 

— 10 

4“ 0 00070 

— 5 

4“ 0 00035 

0 

0 00000 

+ 5 

— 0 00035 

10 

— 0 00070 

15 

— 0 00105 

20 

— 0 00140 

26 

— -o 00175 

30 

— 0 00210 

35 

— 0 00144 



F 


— 20 ° 

— 19 

— 18 

— 17 
— IG 

— 15 

— 14 

— 13 

— 12 
— 11 
— 10 

— 9 

— 8 

— 7 

— 6 
— 6 

— 4 

— 3 

— 2 
- 1 I 

0 

+ 1 
2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

22 

23 

24 

25 
20 

27 

28 

29 

30 

31 

32 

33 

34 

35 


TABLE n. Bessel's Eefiraotion Table • 


F. Factor depending vpon the Eatcmal Thermometer. 


(F) Falirenlielt (R ) KfMiumur (a) Cent I guide 



Log y 

F 


-{- 0 06279 

35^ 


•j- 0 o6i8i 

30 


4- 0 06083 

37 


4 0.05985 

38 


-f- 0 05887 

30 


4 0 05790 

40 


-- 0 05693 

41 


-- 0 05596 

42 


-- 0 05500 

43 


0 05403 

44 


•f- 0 05307 

45 


■j- 0 05211 

4G 


- 0 051 15 

47 


- 0 05020 

48 

- 

- 0 04924 

40 

- 

l- 0 0^29 

50 


- 0 04734 

51 

“ 

- 0 04640 

52 

- 

- 0 0+545 

53 

H 

- 0 0445 ^ 

54 

H 

- 0 04357 

55 

H 

“ 0 04263 

50 

H 

- 0 04169 

57 

- 

- 0.04076 

58 

- 

“ 0 03982 

50 

- 

- 0 03889 

00 

“ 

- 0 03796 

01 

- 

- 0 03704 

02 

- 

- 0 03611 

03 

- 

- 0 03519 

04 

- 

- 0 03417 

05 

“ 

-003335 

00 

- 

- 0,03243 

07 

“ 

- 0 03152 

08 

- 

- 0 03060 

00 

- 

- 0 02969 

70 

- 

- 0 02878 

71 

- 

' 0.02787 

72 

4 

- 0 02697 

73 

4 

- 0 02606 

74 

4 

- 0,02516 

75 

4 

- 0 02426 

70 

4 

- 0 0233fa 

77 

- 

- 0.02247 

78 

- 

- 0 02157 

70 

4 

- 0 02068 

80 

-■ 

- 0 01979 

81 

-■ 

“ 0 01890 

82 

-■ 

* 0 01801 

83 

-■ 

' 0.01713 

84 

-■ 

■ 0.01624 

85 

4 

■ 0 01536 

80 


* 0 01448 

87 

-- 

‘ 0 01360 

88 

-- 

■ 0,01173 

80 

4 - 

• 0 01185 

90 


1 Logy 

R. 

-f- 0 01185 

— 35 ° 

-j- 0 01098 

— 30 

-j- 0 01011 

— 26 

-j- 0 00924 

— 24 

-f 0 00837 

— 23 

+ 0 00750 

— 22 

-j- 0 00664 

— 21 

-j- 0 00578 

— 20 

-f- 0 00492 

— 10 

-j- 0 00406 

— 18 

-f- 0 00320 

— 17 

-f- 0 00234 

— 10 

“1“ 0 00149 

— 16 

-j- 000064 

— 14 

0 00021 

— 13 

— 0 00106 

— 12 

— 0 OO19I 

— 11 

— 0 00275 

— 10 

— 0 00360 

— 0 

— 0 00444 

— 8 

— 0 00528 

— 7 

— 0 00611 

— 0 

— 0 00696 

— 5 

— 0 00780 

— 4 

— 0 00863 

— 3 

— 0 00946 

— 2 

— 0 01029 

— 1 

— 0 OIII 2 

0 

— 0 01195 

+ 1 

— 0 01278 

2 

— 0 01360 

3 

— 0.01443 

4 

— 0.01525 

6 

— 0 01607 

0 

— 0.01689 

7 

— 0,01770 

8 

— 0.01852 

0 

— 0.01933 

10 

— 0,02015 

11 

— 0.01096 

12 

— 0 02177 

13 

— 0.02257 

14 

0 02338 

15 

— 0 02419 

10 

— 0 02499 

17 

— 0 02579 

18 

— 0.02659 

10 

— 0.02738 

20 

— 0,02819 

21 

— 0.02898 

22 

— 0 02978 

23 

— 0.03057 

24 

— 0.03136 

25 

— 0.03216 

30 

— 0 03294 

— 0.03373 

35 



Logy 

0 

-j- 0 08990 

— 35° 


-|- 0 07829 

— 30 

0 06698 

— 25 

-j- 0 06476 

— 24 

-|“ 0 06254 

— 23 


-j- 0 06034 

— 22 

+ 0.05815 

— 21 


4- 0 05596 

— 20 

+ 0-05379 

— 10 


-j- 0 05163 

— 18 

+ 0 04948 

— 17 

+ 0 04734 

— 10 

-+* 0 04522 

— 15 

-|- 0 04310 

— 14 

-|- 0 04099 

— 13 

-j- 0 03889 

— 12 

-f- 0 03681 

— 11 

4- 0 03473 

— 10 

0.03266 

— 0 

-j- 0 03060 

— 8 

-j- 0 02855 

— 7 

-f- 0 02652 

— 0 


f- 0 02449 

— 5 


|- 0 02247 

— 4 

H 

l- 0.02046 

— 3 

- 

h 0 01846 

2 

- 

f- 0 01646 

— 1 

- 

- 0.01448 

0 


- 0,01251 

4- 1 

- 

- 0 01054 

2 

~|- 0 00859 

3 

-{- 0 00664 

4 

4- 0 00470 

5 

-j- 0 00277 

0 

4* 0 00085 

7 

— 

- 0 00106 

8 

— 

- 0 00297 

0 

— 

- 0 00486 

10 

— 

- 0 00675 

11 

— 

* 0 00863 

12 

— 

■ 0 01050 

13 


■ 0 01236 

14 

— 

■* 0 01422 

15 

— 

■ 0 01607 

10 

— 

- 0 01791 

17 

— 

■ 0.01974 

18 

— 

■ 0 02156 

19 

— 

- 0.02338 

20 

— 0 02519 

21 

— 

• 0.02699 

22 

— 

■ 0 02879 

23 

— 

■ 0 ° 30 S 7 

24 

— 

' 0 03*35 

25 

— 

0 04114 

30 

— 

■ 0 04976 

35 


Logy 


+ o 07373 

“|- o 06476 

H 005596 

H- o 05413 
4 0.05149 
“j- 0.05077 
-j- o 04905 
4 o 04734 
+ o 04564 
-- o 04394 
+ O 04215 
-j“ o 04057 
-j- o 03889 
+ O 03722 

+ o 03556 

-|- o 03390 
4 o 03225 
4- o 03060 
+ o 02896 
4 0,02733 
+ 0.02570 
-- o 02408 
-- o 02247 
-|- o 02086 
+ o 01926 
+ o 01766 
+ 0.01607 
4- o 01448 
+ o 01290 
+ o 01 133 
+ o 00976 
-(- o 00820 
4- 0.00664 

— 0.00509 
4" o 00354 
+ 0.00200 
+ o 00047 

— o 00106 

— o 00259 

— o 00410 

— o 00561 

— o 00713 

— o 00863 

— o 01013 

— 0 01 i6x 

— O.OJ 31 1 

— 0,01459 
0.03 607 

— 0.01754 

— 0,01901 

— 0,02047 

— 0.02194 

— 0.02338 

— 0,03057 

— 0.03765 j 



Table IIIi Eeduotion of Latitude and Logaritlua oi the Earth^s Eadiusi 


Argument p = Gcographionl Latitude 


Compression = 


i >99 lo 




Difr 


logp 


Dlff 


if) — Ip' 


D!ff 


logp 


Dlff 


0 

1 

2 

3 

4 

5 

6 
T 
8 
9 


10 0 
11 0 

12 0 

13 0 


14 

15 

16 

17 

18 
10 
20 
21 
22 

23 

24 

25 
20 
2T 
28 0 
20 0 

30 


o oo 
2^02 
48 02 

II 05 

3 S 80 
59 54 


2 23 12 

2 46 Sj . 

3 976 
3 3^74 

3 55 47 

4 17 92 

4 40 06 

5 I 85 
5 23 28 

5 44 33 

6 495 
6 25 14 

6 44.86 

7 409 
7 22 80 
7 4099 

7 58 61 

8 1566 


8 32 10 

8 47 93 

9 3 

9 17-65 
9 31 so 
9 44.66 


0 
10 
20 
.30 
40 
60 

31 0 
10 
20 
.30 
40 
60 

32 0 
10 
20 
so 

40 

60 

33 0 
30 
20 
so 

40 

50 

34 0 
10 
20 
30 
40 
50 

35 0 


9 57 12 
9 59 

10 I II 
307 
502 
694 

10 8 85 

1073 
1259 

itn 

18 06 

10 19 84 
21 60 

^3 34 
2505 
iS 75 
a8 43 

10 3008 
31 71 
33 3a 

38 03 

10 39 55 
41 06 
41 54 

44 00 

tin 

10 48 25 


24.02 

24.00 

»3 93 
23 85 
23 7A 
23 5^ 
2342 
23 22 
22 98 
22 73 
22 45 
22 14 

21 79 
21 43 
21 05 
20 62 
20 19 
19 72 

1923 
18 71 
18 19 
17 62 
17 05 
16.44 

15 83 
IS 19 

1453 

13 8s 
13 16 
12 46 

2 00 
1 99 
I 96 
I 95 

I 92 
I 91 

I 88 

I 96 

1 82 
I 80 
I 78 

I 76 
I 74 
1 71 
I 70 
I 68 

165 

1 63 
I 61 

I 59 
* 57 
I 55 
I 52 

I 48 
I 46 
1 44 
I 42 
1 39 


o 000 0000 

9 999 9996 * 

998a *4 
9961 ” 

9930 3 ‘ 

9891 II 

57 

9721 ”5 

1% II 

9476 90 

99 

9 999 9377 

9=^71 

9 *S 7 

I9II >30 

8768 >37 

144 

99998614 

8314 'I** 

7799 

9 999 7614 

’'^'^'^742! > 9 ° 

7128 >96 

7027 

682b »“7 
6608 

216 

9 999 f 39 » „ 

^55 \l 

6319 3 ® 

6i8i 37 
6245 37 

6228 37 

i: 37 

9 999 6171 

1:31 ’i 

Is? si 

59*4 3 ^ 

99995946 

ir- 

IS 

5755 p 

39 

5640 3 ^ 

5601 39 

5562 39 

5523 39 

\ 39 

9 999 5484 

IISI 39 

5367 39 

ill? ^9 

40 

9 999 5248 


35 0 
10 
20 
30 
40 
60 

36 0 
10 
20 
30 
40 
60 

37 0 
10 
20 
30 
40 
60 

38 0 
10 
20 
SO 
40 
50 

39 0 
10 
20 
30 
40 
60 

40 0 
10 
20 
30 
40 
50 

41 0 
10 
20 
30 
40 
50 

42 0 
10 
20 
.30 
40 
50 

43 0 
10 
20 
80 
40 
50 

44 0 
10 
20 
30 
40 
50 

45 0 


10 48 25 


5098 
5251 
53 61 
5490 

10 56 16 

II fi 

59 

11 1 00 

a 15 

II 3 28 
4 39 

It 

»S 9 

II 9 59 

10 56 

11 sx 
1244 

13 34 

14 22 

II 15 08 

15 92 

16 73 

17 S2 

18 29 
1904 

II 19 76 

20 46 

21 13 

21 79 

22 42 

23 02 

11 23 61 
2417 
24.70 

25 22 

26 18 

II 26 62 

27 04 

^744 

27 82 

28 17 

28 SO 

II z8 80 

29 08 

»9 34 
29 58 

29 70 
2998 

IX 30 14 

30 29 
3041 
30 50 
30 57 
30 62 

30 65. 


I 38 
^ 35 
1 33 

* 3; 

j 28 
1.26 

1 25 
I 22 

\\l 

I 15 
I 13 

I II 
1 08 
I 07 
I 04 
1 01 
1 00 

o 97 
95 
93 

It 

86 

81 

79 

77 

75 

7 ^ 

r 

67 

66 

60 

•59 

56 

53 

Sa 

49 

•47 

44 

,42 

.40 

38 

35 

33 

30 

.28 

26 

*4 

21 

\t 

IS 

12 

09 

07 

.os 

03 


9 999 5^48 
5208 
5169 
5129 

50*9 

5049 

9 999 5009 

4969 

im 

484^ 

4*07 

9 999 4767 
47^6 
4686 
4645 
4604 

4563 

9 999 45« 

4481 

4440 

4399 

4358 

4317 

9 999 4176 

4^34 

4193 

4152 

41x0 

4069 

9 999 4017 

39*5 

3944 

llTo 

3819 

•9 999 3777 

3735 

3693 

3651 

3609 

3567 

9 999 35;5 

3483 

3441 

3399 

3357 

3315 

9 999 3^73 

Itit 

3146 

3104 

3062 

9 999 3019 
2977 
1935 
2892 
28S0 
2808 

9 999 1766 


40 

39 

40 
40 
40 

40 

40 

40 

41 

40 

41 

40 

41 

40 

41 
41 
41 
41 
41 
41 
41 
41 
41 
41 
4a 
41 

41 

42 

41 

42 
4 » 

41 

42 
4 » 

41 

42 
42 
4 * 
4^1 
4 ^ 
4 » 
4 » 

4 » 

4 » 

42 

4a 

42 
4 » 

43 
4 » 
4 » 
4 * 
4 » 
43 

4 » 

4 » 

43 

42 

42 

4 » 



Table IE. Eeduotioa of Latitude and Logarithm of the Earth’s Eadius, 


Geooeutno Latitude 


= Earth’s Radius 


II 3065 
3065 
30 63 
30 c8 


n 30 31 
30 17 
30 01 
29 82 
29 61 
2938 

II 29 12 
28 85 
28 5+ 
28 22 
27 87 
2750 

II 27 10 

26 69 
26 24 


II 2+24 
23 69 
23 II 
22 50 
21 87 
21 22 


II 1602 

15 19 

1433 

13*45 

1^55 

II 02 

II 10.67 


II 4.51 

3*40 


10 57.52 
56 28 
55 <52 

53 73 
5242 
5109 

10 49.74 


9999*766 

‘ V^W 

\ 2639 

2596 
[ 2554 

99992512 
2470 

2385 
2343 
I 2300 

, 99991*58 

221G 
2174 
2132 
I 2089 

I 2047 

9 999 2005 
1963 
1921 
1879 

1837 

1795 

9 999 1753 
1711 
1669 
1627 
1586 

1544 

9 999 1502 
1460 
1419 

1377 

1335 

1294 

9 999 1252 
1211 
1170 
1128 
1087 
X046 

9.999 1005 
0963 
0922 
0881 
0840 
0800 

9.999 0750 
0718 
0677 
0637 
0596 
0556 

9*999 053:5 

<5475 

0435 

0395 

0355 . 
<5315 

9 999 Pa75 


46 97 

45 55 
44 II 
41 65 

10 41 16 

3965 

h 

3501 

3341 

10 31 80 
30 16 
28 50 
26 83 
25 13 
23 40 

10 21 66 

16 31 
1448 
12 63 


9 59 12 
9 46 74 , 
9 3365! 
9 1985 
9 530 
8 50 21 

8 3440 
8 1797 
fi o 92 
7 4329 
7 ZJ08 

7 6.33 

6 47 06 
6 2728 
6 7 03 

5 4633 
5 315 20 
5 3 67 


4 1953 
3 5690 
3 3410 
3 1098 
2 4763 

2 24.07 
2 033 

I 3644 

I 1243 


9 999 0275 1 


9 999 00371 
9998 99981 

9958 

IVsl 

9S41 

9 998 9802 

9764 ' 


9998 9571 
9533 
94951 
94571 


9 998 9344 
9307 
9269 
9232 
919JI 
Qi'jS 


8688 

8479 

8275 

8077 

9 998 7884I 

7607 

7J17 

7342 

7174 

7013. 

9 998 6859 
6713 

8573 

6441 

6317 

6201 

9.998 60931 

5993 

lU 


9.998 5619 
557 ° 

5530 

5498 

5476 
54031 
9998 5458 


Voi. IL— 37 



T£BliE 17. Log A and Log B. 

For Computing the Equation of Equal A Ititudes 


1 For 
For 

Noo'-, A ■ 
Midnight 

» >1 +} 


ARGUMENT 

= ELAPSED 

TIME 


( hiir Noon or 
t Midnight, B + 

Igl 

0* ' 


‘2* 

* 

t 


i 

h 

5 * 

5s 

Log A 

Logi? 

Log A j 

L{)g B 

Log A 

Log B 

Log A 

Log B 

Log A 1 

Log B 

Log.l 1 

Log B 

m 

0 

94059 

94059 

94072 

94034 

94109 

9 3959 

94172 

9 3828 

9 4260^ 

9 363s 

9 4374 

9 3369 

1 

4059 

4059 

4072 

4034- 

4110 

3957 

4173 

3825 

4261 

3631 

4376 

3364 

2 

4059 

4059 

4°73 

4033 

4111 

3955 

4174 

3822 

4263 

3627 

4378 

3358 

3 

4059 

4059 

4073 

4032 

4112 

3953 

4175 

3820 

4265 

3624 

4380 

3353 

4 

4059 

4059 

4074 

4031 

4113 

3952 

4J77 

3817 

4266 

3620 

4383 

3348 

5 

94059 

94059 

94074 

g 4030 

94113 

9 3950 

94178 

9 3814 

9 4268 

9 '?6i6 

94385 

9 3343 

6 

4060 

4059 

4074 

4029 

4114 

3948 

4179 

3811 

4270 

3612 

4387 

3337 

7 

4060 

4059 

4075 

4028 

4115 

.3946 

4181 

3809 

4272 

3608 

4389 

333 ^ 

8 

4060 

4059 

4075 

4027 

4116 

3944 

4182 

j8o6 

4^73 

3604 

4391 

3327 

0 

4060 

4059 

4076 

4026 

4117 

•3943 

4183 

3803 

4^75 

3600 

4393 

3321 


g 4060 

94059 

44076 

94025 

9 4118 

9 3941 

9 41 8a 

9 3800 

94277 

9 3596 

94396 

9 3316 

11 

4060 

4050 

4077 

4024 

4119 

3939 

418? 

3797 

4279 


4398 

3311 

12 

4060 

4058 

4077 

4023 

4120 

3937 

4187 

3794 

4280 

3588 

4400 

33 °: 

13 

4060 

4058 

4078 

4022 

4121 

3935 

4188 

37 ?a 

4282 

3584 

4402 

3300 

14 

4060 

4058 

4078 

4021 

4121 

•3933 

4190 

37»9 

4284 

3580 

4405 

3294 

15 

9 4060 

9 - 4 °S* 

94079 

9 4020 

9 4122 

93931 

94191 

9 3786 

9 4286 

9 3576 

94407 

9 3^89 

16 

4060 

4058 

4079 

4010 

4123 

.3929 

4193 

3783 

4288 

3572 

4409 

3283 

17 

4060 

4057 

4080 

4018 

4124 

• 39^7 

4194 

• 3780 

4289 

3568 

4411 

3278 

18 

4061 

4057 

4080 

4017 

4125 

• 39*5 

4195 

3777 

4291 

3564 

441A 

3272 

19 

4061 

4057 

4081 

4016 

4126 

.3923 

4197 

3774 

4293 

3559 

4416 

3266 

20 

g 4061 

94057 

9 4081 

94015 

9 4127 

9 39^1 

94198 

9 3771 

9429s 

9 3555 

94418 

9 3261 

21 

4061 

4056 

4082 

4014 

4128 

3919 

4199 

3768 

4^97 

3551 

4420 

• 3^55 

22 

4061 

4056 

4083 

4013 

4129 

•3917 

4201 

3765 

4299 

3547 

4423 

3249 

23 

4061 

4056 

4083 

4012 

4130 

•3915 

4202 

3762 

4300 

354; 

4425 

324A 

24 

4061 

4055 

4084 

4010 

4131 

3913 

4204 

• 3759 

4302 

3538 

4427 

32P 

25 

9 406a 

94055 

94084 

9 4009 

94132 

9 39 ” 

94205 

93756 

94304 

9 3534 

94430 

9 3 ^ 3 ^^ 

26 

4062 

405s 

4085 

4008 

4133 

.3909 

4207 

375 ^ 

4306 

3530 

443 » 

3226 

27 

4062 

4054 

4080 

4007 

4134 

.3907 

4208 

' 3749 

4308 

3515 

4434 

3220 

28 

4062 

4054 

4086 

4006 

4135 

.3905 

4209 

1 3746 

4310 

3521 

4437 

3214 

29 

4062 

4054 

4087 

4004 

4136 

3903 

4211 

3743 

4312 

3516 

4439 

.3208 

30 

9 4062 

94053 


94003 

94137 

9 3900 

9 4212 

9 3740 

94314 

93512 

94441 

9 3*03 

31 

4063 

4053 

4088 

4002 

4138 

.3898 

^.214 

3737 

4315 

3508 


3197 

32 

4063 

4052 

4089 

4001 

4139 

3896 

4215 

3733 

4317 

3503 

4446 

3191 

33 

4063 

4052 

4089 

3999 

4140 

.3894 

4217 

3730 

4319 

3499 

4448 

318c 

34 

4063 

4051 

4090 

3998 

4141 

.3892 

4218 

3727 

4321 

3494 

4451 

3178 

35 

9 4064 

94051 

94091 

9 3997 

94142 

9.3889 

9 4220 

► 9 37^3 

9 43^3 

93490 

9 4453 

9 3172 

36 

.4064 

4050 

4091 

3995 

4144 

3887 

4221 

3720 

43^5 

34 »S 

4456 

3166 

37 

4064 

4050 

4092 

3994 

4145 


4^13 

3717 

4327 

3480 

4458 

3160 

38 

4064 

4049 

4093 

3993 

4146 

388a 

4224 

■ 3713 

4329 

3476 

4460 

3^54 

39 

4065 

.4049 

4093 

3991 

4147 

.3880 

4226 

. 3710 

4331 

3471 

4463 

3148 

40 

94065 

9 4048 

94094 

93990 

94148 

9 3878 

94227 

■ 9 3707 

9 4333 

9 3467 

94465 

9 3141 

41 

4065 

4048 

4095 

3988 

4149 

3875 

4229 

3703 

4335 

3462 

4468 

3^35 

42 

4065 

4047 

409 s 

3987 

4150 

3873 

4231 

3700 

4337 

3457 

4470 

3129 

43 

4066 

4047 

4096 

3985 

4151 

3871 

4232 

3696 

4339 

3453 

4473 

3123 1 

44 

4066 

4046 

4097 

3984 

4152 

3868 

4234 

3693 

4341 

3448 

4475 

3116 ; 

45 

9 406 G 

9404s 

94097 

93982 

94154 

9 3866 

9 4^35 

9 3690 

9 4343 

9 3443 

9 4477 

9 3^^o 

46i 

4067 

.4045 

4098 

3981 

4ISS 

3863 

4237 

36S6 

4345 

3438 

4480 

3103 

47 

4067 

4044 

4099 

3979 

4156 

3861 

4238 

3683 

4347 

3433 

4482 

3097 1 


4067 

.4043 

4100 

3978 

4157 

385? 

4240 

3679 

4349 

34*9 

4485 

.3001 

49 

4066 

4043 

4100 

3976 

4158 

.3856 

4242 

3675 

•4351 

3424 

,4487 

.3084 

50 

9 406S 

9 4042 

9 4101 

9 3975 

94159 

9 3854 

9 4 H 3 


9 4353 

93419 

94490 

9 3078 

51 

4068 

4041 

4Z02 

3973 

4161 

3851 

4^45 

3668 

4355 

3414 

.4492 

3071 


4069 

4041 

4103 

397a 

4162 

3849 

.4246 

3665 

4357 

3409 

4494 

3064 

f 53 

4069 

4040 

4103 

3970 

4163 

3846 

424^ 

3661 

4359 

3404 

4497 

3058 

1 54 

4069 

4039 

^.104 

•3969 

4164 

3843 

4250 

3657 

43S1 

3399 

4500 

3051 

55 

94070 

94038 

94105 

93967 

94165 

9 38+1 

94151 

9 3654 

94363 

9 3394 

94503 

9 3044 

56 

4070 

4038 

4106 

3965 


3838 

4^53 

3650 

4366 

3389 

45°5 

3038 

57 

4071 

4037 

4107 

3964 

4165 

3836 

4^55 

3646 

4368 

3384 

4508 

3031 

58 

4071 

4036 

4107 

3962 

4169 

.3833 

4256 

3643 

4370 

3379 

4510 

3024 

1 

4071 

403s 

410S 

3960 

4170 

3830 

.4258 

3639 

4372 

3374 

4513 

3017 

1 60 

94072 

94034 

94109 

9 3959 

94172 

9 382.8 

9 4260 

9 3635 

9 4374 

93369 

94515 

9 3010 



TABLE IV, Log A and Log B. 

For Computing tho Equation of Equal Altitudes 


For Nonn, ji — ) 

For MItlnlp;lit, A - j - j 


'So. 




AnaUMI’Nl’ = ELAPSED TIME 
7 * 8* 9* 


10 * 


( Kcir Ncmih or 
\ Ji -f 

! 11 * 


Luitjl lAipJi |,I1K^| I 


0 9 4515 

1 4 S»il 

2 4521 

3 .4523 

4 4526 

6 9 4528 

0 4531 

7 4534 

8 4536 

» 4539 


9 3010 
3003 
.2i;y6 
29X9 
.2982 

92975 

2968 

2961 

^954 

^947 


94685 92530 
4688 ,2520 

4691 2511 

4694I 2502 

4697 .2492 

94701 9.2483 
4704 2473 

4707 2463 

4710 2454 

4713 -^444 

94716 92434 
4719 2425 

4723 .24x5 

4726 2405 

4729 2395 

94732 92385 

4735 1375 

473 « **365 
4742 1355 

4745 2^344 

94748 9*334 
475> *3*4 

4755 *313 

475 « *303 

4761 2292 

9 4764 9 2282 
4768 2271 

4771 2261 

4774 **50 

4778 2239 

9 4781 9 2228 
478A 2217 

4788 .2200 

4791 2195 

4794 *1«4 

94798 9 2173 
450X .2162 

480A 2151 

4808 ,2140 

4811 .2128 

94815 92117 
4818 .2105 

4821 *004 

4825 2092 

4828 .2070 

94832 92059 
.4835 .2047 

4839 .2035 

.4042 .2023 
4846 .2011 

50 9465c 92620 9.4S49 9.1909 
fil 4658 .2611 4853 1987 

52 4661 2602 4856 >1974 

53 4664 >2593 ,4860 ,1962 

54 4667 2584 4863 .1950 

55 94670 9*575 94867 9.1937 


10 

94542 

9 *940 

1 11 

4544 

2932 

12 

13 

4547 

4550 

292c 

2918 

14 

455 * 

29 n 

15 

9 4555 

9 2903 

16 

4 S 5 « 

2896 

17 

4561 

2888 

18 

10 

tiJi 

2881 

2873 

20 

94569 

9 2866 

21 

457 * 

2858 


4574 

2850 

1 

4577 

2843 

24 

4580 

2835 

25 

94583 

9 2827 

20 

458s, 

2819 

27 

4588 

2812 

28 

•4591 

280A 

20 

4594 1 

.2796 

30 

9 4597 

9 2788 

31 

.4000 

2780 

32 

4602 

2772 

33 

%i 

2764 

2756 

35 

94611 

92747 

30 

4614 

2739 

37 

4617 

2731 

38 

4020 

* 7*3 

30 

4622 

2714 

40 

9-4625 ! 

^ 2706 

41 

4628 

2698 

42 

4631 

2689 

43 

4634 

2681 

44 

4637 

2672 

46 ' 

0 4640 9 2664 1 

40 

47 


Tell 

48 

4649 

.2638 

40 

.4652 

2629 


56 4673 
5 T .4676 
53 •4679 

50 .4682 

60 94685' 


nm 

7.S51 
.2548 
*539 
9 *530 


.4870 ,1925 

.4874 .1912 
.4877 1600 

4881 ,1887 

94884191874 


Loff A 

Uiff Ji 

A 


L(j(C A 

1 Ii«»K Ji 

) 94884 

) 4^ 

9.1874 

1861 

9 5“5 
5119 

90943 

0925 

9 5379 89509 
5384 9478 

4892 

1848 

5123 

0906 

S3«9 9447 

; 4895 

4899 

.1835 

1822 

51*7 

513* 

.0887 

.0867 

5393 94«6 

5398 .9384 

94902 

4906 

9.1809 

1796 

95136 

5140 

9.0848 

0828 

9 5403 * 935* 

5408 9'320 

49X0 

1782 

5144 

0809 

541a 

9287 

■ 4913 

1769 

5148 

0789 

5417 9*54 

4917 

, *756 

5153 

0769 

.5422 9221 

94921 

9 174* 

95157 

90749 

9 54*7 8 9187 

49*4 

1728 

5161 

0729 

•5432 

-9152 

4928 

1715 

5165 

070S 

.5436 

9118 

493* 

1701 

5169 

0688 

•544^ 

9083 

4935 

1687 

•5174 

0667 

.5446 

9048 

9 4939 

9.1673 

95178 

9 0646 

9 5451 

8 9013 

4943 

4946 

.1659 

1645 

5182 

5186 

0625 

0604 

5456 

5461 

8977 

8940 

4950 

4954 

1630 

1616 

5191 

5195 

0583 

.0561 

5466 

5470 

8^11 

94958 

4961 

9 i6o2 
1587 

9 5199 
520J 

90540 

0518 

9 5475 
5480 

8 8829 
.8791 

4965 

1573 

5*08 

0496 

.5485 

8751 

4969 

.1558 

5212 

0474 

5490 

8713 

4973 

•^543 

5*17 

0452 

5495 

8674 1 

9 4977 

9 15*8 

9.5221 

9 0429 

95500 

8 8634 

4980 

1513 

•5**5 

0400 

5505 

8594 

4984 

.4988 

499* 

1498 

.5230 

5*34 

.5238 

•0383 

0360 

0337 

5510 

5515 

55*0 

•8553 

.8512 

8470 

9 4996, 1 

9'>4S3 

9 5*43 

90314 

9 55*5 

8 8417 

5000 

•1437 

5*47 

0290 

5530 

.8384 

5003 

.1412 

5*5* 

0266 

5535 

8341 

5007 

1406 

5256 

0242 

5540 

.8197 

5011 

1390 

5261 

.0218 

5545 

8*53 

95015 ‘ 

?**37S 

9.5265 . 

90104 

95550 

8 8io8 

.5019 

•1359 

.5269 

.0169 

5555 

8162 

5023 

1343 

.5274 

.0144 

5560 

8i>S 

5027 

.1327 

527} 

0119 

5565 

8068 

5031 

1310 

•S*»3 

.0094 

5570 

.8020 

95035 5 

) 129.1 

95*87 ‘ 

) 0069 

9.5C76 

8 7972 

5038 

1278 

5*9* 

0043 

.5581 

79*3 

5042 

.1201 

5296 

,0017 

5586 

7873 

5046 

I24A 

5301 89991 

•5591 

7823 

.5050 

1228 

5305 

9965 

5596 

•777* 

9.5054 9 

I.I2II ( 

9.5310 8 

19938 ' 

9.5601 

8.7720 

5058 

.1194 

•53^5 


.5606 

.7668 

.5002 

1177 

S3«9 

.9884 

,5612 

.7614 

.5066 

.1159 

.5324 

.9857 

5617 

.7560 

5070 

.1142 

53*8 

9830 

5622 

•7505 

9 5074 9 

.1125 ( 

>•5333 8 

9802 ( 

7.5617 

8.7449 1 

.5073 

1107 

5337 

•9774 

.5631 

739* 

.5082 

,1089 

•534* 

9745 

.5638 

7335 

.5086 

.1072 

•5347 

mi 


.7276 

5091 ^ ' 

.1054 

535* 

9688 

.5648 

7217 

?*S095|9 

1036 g 

1.5356 8 

.9659 5 

> 5654 8 7156 < 

5099 

1017 

.5361 

•9630 

•5?S9 

7094 

.5103 . 

5107 

0999 

0981 

•5365 

•5370 

.9600 

9570 

5669 


Sriil 

0962 

5375 

9540 

•5675 

.6903 

)5M5 9 

0943 9 

•5379 8 

9509 9 

1 5680, 8 6837 g 


0 5680 
5685 

.5696 

5701 

9 5707 
5712 
5718 
• 57*3 
57 *B 


19 5^^9 

Wot 

5806 

5811 

95817 

5822 

.5828 

5*34 

•3839 

,9584s 

SfSJ 

5856 

5802 

5868 

9 5874 I 

•5879 

5885 

589* 

.5897 

9 5902 I 
5908 

5914 

5920 

.5926 

95931 ! 
•5937 
•5943 
5949 
5955 7 
75961 7 
5967 
5973 
•5979 

•5985 

) 599 > 7 
•5997 
.6003 
.6009 
6015 6 



TABLE IVi Log A and Log Be 

For Computing the Equation of Equal Altitudes 


Foi Ntion, A — 

For Midnight, + 


ARGUMENT == ELAPSED TIME. 


Ffir Noon or 
Midnight, J3 — 


III 

12 ^ 

IS* 

14 * 

15 * 

IG* 


Log A 

Log J3 

Log^l 1 

Log U 

LogJ 

Lug S 

Lug A 

Log J3 

Lug A 1 

Lug 1 ) 

m 

0 

9 6021 

fnf 

9 6406] 

87563 


9 0971 

9 7333 

9 3162 

97*95 

g 4S84 

1 

6027 

6 9603 

6412' 

7641 

6848 

1014 

734a 

3194 

7905 

4911 

3 

6033 

72431 


7718 

6*56 

1057 

7351 

3“5 

7915, 

4937 

3 

603Q 

4J98 

6426 

7794 

6804 

1099 

7360 

3256 

79^5 

4963 

4 

604s 

5453 

6433 

7868 

6872 

1141 

7369 

3287 

7935 

4990 

5 

9 60^1 

7 6428 

96440 

8 7942 


9 1183 

97378 

93319 

9 7945 

9 qoi6 

G 

7 


7226 

6447 

6454 

6OI5 

*°*7 

6887 

6*95 

1224 

1265 

73*6 

7395 

3350 

33*0 

7955 

7965 

HU 

8 

6069 

8488 

6461 

8158 

6qo‘? 

1300 

7404 

3411 

7975 

5094 

9 

6075 

9005 

6467 


6911 

1347 

7413 

3441 

79*6 

5120 

10 

11 

9 6082 
6088 

79469 

9889 

96474 

6481 

8 8296 

8364 

9 6919 
6926 

9 1387 
1428 

9 74^2 

7431 

93471 

35°3 

9 7996 
8006 

95146 

5171 

12 

6094 

8 0273 

6488 


6934 

1468 

7440 

3533 

8016 

5197 

13 

6100 

0627 

6495 

849S 

6942 

1507 

7449 

3563 

8027 

5113 

14 

6106 

0955 

6502 

8564 

6950 

1547 

7458 

3593 

8037 

5248 

15 

9 6112 

8 1260 

96509 

8 8628 

96958 

9 1586 

97467 

93623 

9 *0+7 

95174 

16 

6119 

^547 

6516 

8692 

6966 

.1625 

7476 

3653 

8058 

5300 

17 

6125 

1816 

6523 

*756 

6974 

1664 

7485 

36*3 

8068 

5315 

18 

6131 

2071 

6530 

80 1 8 

6982 

1703 

7494 

3713 

8078 

5351 

19 

6137 

2312 

6538 

8880 

6990 

1741 

7503 

3741 

8089 

5376 

30 

9 6144 

8 2541 

96545 

8 8941 

g 6qg8 

9.1779 

9 751a 

93771 

g 8ogg 

95401 

21 

6150 

^759 

6552 

9002 

7006 

1.^17 

7522 

3801 

8110 

5417 

23 

6156 

2967 

655? 

9062 

7014 

1855 

7531 

3831 

8120 

5451 

23 

6103 

3166 

6566 

9121 

7022 

1893 

754 ° 

3 ®^ 

8131 

5477 

24 

6169 

3357 

6573 

9180 

7030 

.1930 

7549 

3**9 

,8141 

5501 

25 

96175 

8 3540 

9 6580 

8 9238 

9 7038 

9 1967 

97558 

9 3918 

9 8152 

9552* 

26 

6182 


6588 

9295 

7047 

2004 

756* 

3947 

8x62 

5553 

37 

28 

6188 

6194 

3887 

4051 

6595 

6602 

935; 

9408 

7055 

706^ 

2041 

2078 

im 

3976 

4005 


5 S 7 » 

5603 

29 

6201 

4210 

6609 

9464 

7071 

2114 

7595 

4033 

*194 

5628 

30 

9 6207 

84363 

9 6616 

89519 

97070 

9 2150 

97605 

9 4062 

9 8205 

9 5653 

31 

6214 

4512 

6624 

9573 

7088 

.2186 

7614 

4090 

8216 

•5677 

3 ^ 

6220 

4657 


9627 

7096 

.2222 

7624 

4119 

S227 

5702 

33 

6226 

.4796 

6638 

9681 

7104 

.2258 

7633 

4147 


5727 

34 

6233 

493 » 

.6645 

9734 

7112 

.2293 

7642 

4^75 

8248 

5751 

35 

9 6139 

8 5064 

96653 

897*7 

97121 

92329 

9 7652 

94204 

9 *»59 

9 5777 

36 

6246 

5192 

6600 

9*39 

7129 

.2364 

7661 

4131 

8270 

5801 

37 

6252 

.5318 

6667 

9891 

7137 

2399 

7671 

4260 

8281 

5826 

38 

6259 

544 ° 

6675 

9942 

7146 

.1434 

7680 

4288 

8292 

5*50 

39 

0265 

5559 

6682 

9993 

7154 

2408 

7690 

4316 

8303 

5*75 

40 

9 6272 

85675 

9,6690 

90043 

9 7162 

9.2503 

9 7699 

94343 

98314 

95900 

41 

42 

till 

5788 

5899 

6697 

6704 

0093 

0142 

7171 

7179 

^537 

2571 

7709 

7718 

4371 

4399 


IHt 

43 

6292 

6008 

6712 

0191 

7187 

2605 

7728 

4420 

«!« 

•5973 

44 

6298 

6114 

6719 

0240 

7196 

1639 

•773* 

4454 

8358 

5997 

45 

96305 

8 6218 

96727 

9 02S8 

97204 

9 2673 

97747 

94481 

9 8369 

9 6022 

46 

53 “ 

6320 

6734 

03j6 

7213 

2700 

7757 

4509 

8380 

.6046 

47 

6318 

6419 

6742 

.0384 

7221 

2740 

7767 

4536 

8391 

6070 

48 

63*5 

6517 

6749 

0431 

7230 

2773 

7776 

4563 

8402 

6094 

49 

6331 

6613 

6757 

.0478 

7238 

2806 

77*6 

4590 

S414 

6119 

60 

51 

96338 

634s 

8 6707 
6799 

96764 

6772 

90524 

0570 

9 7^47 
7256 

9 1839 
2872 


94617 

4644 


’.in 

52 


6890 

6779 

0616 

7264 

,2905 

7815 

4671 

8447 

6191 

53 

6358 

6979 

6787 

.0662 

7273 

2937 

7825 

4698 

8459 

6215 

64 

6365 

7067 

6795 

0707 

7281 

2970 

7835 

4715 

8470 

.6239 

55 

9 6372 

87153 

9 6802 

90752 

97290 

9 3002 

9 7*45 

94751 

9 8481 

9 6263 

56 

57 

■pi! 

7»37 

7321 

6810 

6818 

0796 

0840 

7299 

7307 

lilt 

7*55 

7865 

4778 

4805 

8493 

8504 

.6287 

6311 

58 

6392 

7402 

6S»S 

0884 

.7316 

3098 

7*75 

4831 

85IS 

6335 

59 1 

.6399 

74*3 

6*33 

0928 

73 H 

3130 

78*5 

4858 

8527 

6359 

60 ( 

9 6406 

*■7563 

9 6841 

90971 1 

9 7333 

9 3161 

9 7*95 

9 4884 

98539 

96383 




Log Lngi^ 


98539 

iw, 

’ISi 

86zo 

,8632 

8644 

ig? 

8703 

98715 

8727 

8739 

’i;i? 

8 ' 


9 6383 

6^07 

6431 

§455 

647^1 
9 6502 ' 
6526 
6550 
6573 
.6597 

9 6621 
664 


812 
8824 

9.8836 

8848 

8801 

III] 

9 8898 
8910 
8923 


894! 
9 8961 


898 

8999 

9011 


6691 

6715 

6832 

9 6856 
6S79 I 
6903 
6926 
6949 

9 8973 

6996 

7019 

HU 

9 7089 
7112 
7136 

• 7 »S 9 

7182 

9720c 

7228 

7251 

7^75 

.7298 


9 9024 9 7321 

9037 7344 

9050 7367 

9063 7390 

907s 74*3 

99088 97436 
9101 .7459 

9114 7482 

9127 7505 

9140 .7529 


9 9^54 9 l5S^ 
9167 7575 

9180 .7598 
9193 .7021 

9200 7644 

9 9220 9 7667 
9233 7690 

92^6) 7713 

9260! 7736 


.9273 

99287 


7736 

7759 

9 7782 



TABIiT! lYi Log A and Log £■ 

For Computing the Equation of Equal Altitudes 


For Nonn, A — > 

For Mliliilglit, -ft + ) 


ARGUMENT = ELAPSED TIME 

. 


/For Noon 01 
t Midnight, 3 — 

'S „ 
Ea 

18 * 

19 * 

so* 

21 * 

22 * 

23 * 

ci ^ 

Log A 

Log B 

Log A 

Log B 

Log A 

Log B 

Log A 

IjOgi# 

JiOg A 

Log B 

Log A 

Log B 

j m 

‘ 0 

9 9^87 

9 77 *a 

0 0172 

99167 

0 1249 

0 0625 

0 2623 0 2279 

04323 

04372 

0 7689 

0 7652 

1 

9300 

7804 

0188 

9190 

1269 

0650 

2649 2309 

4362 

4414 

7763 

77*9 

2 

9314 

7827 

0204 

9213 

.1290 

.0676 

2670 2339 

4601 

4455 

7842 

7807 

1 3 

93^7 

7850 0221 

9237 

1310 

0701 

2702 2370 

.4640 

4497 

7920 

7886 

i 4 

9341 

7873 

0237 

9260 

1330 

0727 

2729 2401 

4680 

4540 

.5000 

7967 

5 

9 9355 

97896 

00253 

9 9284 

0 1351 

00753 

0 27^6 0 2431 

0 4720 

0,4582 

0 8081 

0 8049 

G 

9368 

7919 

0270 

.9307 

1371 

0779 

2783 2462 

4761 

4625 

8163 

813^ 

7 

9382 

79 A 2 

0286 

9331 

I39Z 

0805 

2810 2493 

4801 

4668 

8247 

8218 

8 

9396 


0303 

9355 

1412 

0830 

2838 2524 


4711 

8333 

8305 

0 

9410 

7988 

0319 

9378 

1433 

0856 

2805 2556 

4884 

4755 

8420 

8393 

10 

99424 

9 Soil 

0 0336 

99402 

0 1454 

0 0882 

02893 1-2587 

0 4926 

04799 

0 8508 

0 8483 

11 

9437 

8034 

0353 

9426 

1475 

0909 

2921 

2619 

4968 

4844 

8399 

IPA 

12 

9451 

f°S 7 

0370 

9449 

1496 

'0935 

2949 2650 

5010 

4889 

8691 

8667 

13 

9465 

8080 

0386 

•9473 

1517 

0961 

2977 2682 

5053 

4934 

8786 

8763 

14 

9479 

8103 

0403 

9497 

1538 

0987 

3005 2714 

5097 

4980 

8882 

8860 

15 

99493 

9 8126 

0 0420 

9.9520 

0 1559 

0 1013 

0303-1 

0 2746 

0 5140 

0 5026 

0 8980 

08959 

10 

9508 

8149 

.0437 

9544 

1581 

lOAO 

3063 2778 

5*84 

5072 

9080 

9060 

17 

.9522 

8172 

0454 

9568 

1602 

1066 

3001 

2911 

5**9 

.5118 

9183 

9164 

18 

9536 

8*95 

0472 

• 959 ; 

.1623 

.1093 

3120 2843 

5*74 

.3165 

9288 

9270 

19 

9550 

8218 

0489 

.9616 

1645 

III9 

3150 .2876 

53*9 

.3213 

9396 

.9378 

20 

99564 

98241 

0 0506 

99^0 

0 1667 

0 1X46 

0 3179 0 2909 

oS 3 < 5 s 

0 5261 

0 9506 

0 9489 

21 

9579 

8264 

05*3 

9664 

1689 

XI73 

• 3 * 0 * 

2942 

54 ** 

S 3 oq 

96x8 

9003 

22 

9593 

8287 

0541 

9687 

I7II 

1200 

3138 

2975 

5458 

535 ^ 

9734 

9719 

23 

9607 

8310 

055* 

9711 

1733 

.1226 

.326! 

3000 

5505 

5407 

9853 

9839 

24 

9622 

*333 

0576 

•9735 

1755 

• 1253 

3298 

.3041 

5553 

5457 

9975 

,9961 

25 

99636 

98356 

0 0593 

9 9760 

0 1777 

0,1280 

Q 332^ 

0.3075 

0 5601 

05507 

I 0100 

I 0087 

26 

9651 

8379 

.o6x 1 

•97*4 

.1799 

1308 

3359 

3109 

3649 

5}57 

0228 

.0210 

27 

9663 

.8402 

0628 

.9808 

1821 

•* 33 S 

33^9 

• 3*43 

3698 

5008 

0361 

0350 

28 

29 

9680 

9695 

ISI 

0646 

0664 

9*3? 

.9856 


.1362 

.X389 

3420 

• 345 * 

• 3*77 
.321 1 

574* 

579* 

5660 

57 ** 

oti? 


30 

99709 

9*471 

0,0682 

9 9880 

0 1889 

0 1417 

0.3482 

03*45 

03848 

05764 

I 0783 

1.0774 

31 

9724 

*494 

.0700 

.9904 

.1912 

•*444 

• 35*4 

.3280 

3*99 

5817 

0934 

.0925 

32 

9739 

*517 

071 8 

.9929 

*935 

.*472 

3 S 4 S 

33*5 

S 95 I 

587* 

1089 

1081 

33 

9754 

8540 

0736 

9953 

.1958 

•*499 

•3577 

.3350 

6003 

• 59*5 

1250 

.1242 

34 

9769 

*503 

0754 

9977 

1981 

.1527 

,3609 

33 «S 

6056 

•5979 

.1416 

1409 

35 

99784 

98586 

0 0772 

0 0002 

0 200A 

o-* 55 S 

0 3641 

0 3420 

O.6IIO 

0.6034 

1.1590 

i-«S *3 

36 

9798 

8609 

0790 

0026 

2028 

.1582 

3674 

3456 


.6090 

.*770 

1764 

37 

.9813 

.8632 

.0809 

.0051 

2051 

1010 

3706 

3491 

.62x8 

6147 

.*958 

1952 

38 

9829 

*653 

0827 

.0075 

207c 

1638 

3739 

35*7 

6273 

620+ 

•**S 4 

.2149 

39 

9844 

.8678 

0845 

0100 

.2098 

.1607 

• 377 * 

3563 

6329 

6261 

*359 

» 3 S 4 

40 

99859 

9.8701 

0 0864 

0 0124 

0 2 X 22 

0.1695 

0.3805 

0 - 3 S 9 ? 

0 6386 

06319 

*•*573 

I 2569 

41 

•9874 

•* 7 a^ 

0883 

0149 

2X46 

.1723 

.3839 

.3636 

.6443 

6378 

*799 

•*795 

42 

9889 

.8748 

0901 

.0173 

2170 

.X751 

•3873 

•3673 

.6301 

6438 


3033 

43 

9904 

8771 

.0920 

.0198 

.2I9A 

*780 

•3907 

37*0 

6|6o 

6498 

3288 

.3285 

44 

'.9920 

•*794 

0939 

0223 

. 22 X 8 

,1808 

• 394 * 

•3747 

.6619 

6 SS 9 

•3554 

355 * 

46 

9-9935 


0 0958 

0 0248 

0 22A3 


0397s 

0.3784 

0 6679 

0 6621 

*.3837 

X 383c 

46 

47 

48 

lUl 

.9982 

8840 

.8863 

8887 

0976 

.0995 

.1015 

0272 
.0297 
, .0322 

.2267 

.2292 

.2316 

.x8b6 

.1895 

.X924 

4010 

.4045 

4080 

.3822 

• 3*59 

• 3*97 

as 

.6865 

.6684 

‘S! 

.4140 

4465 

,4815 

•4*38 

.4463 

.48*4 

49 

• 999 * 

.8910 

.1034 

.0347 

.2341 

*953 

4**5 

•3936 

6928 

,6876 

5x96 

5*95 

50 

51 

0 0013 
.0029 

’.p|l 

0 1053 
.1072 

0,0372 

0397 

0.2366 

.2391 

0,1982 
.201 X 

04151 

,4*87 

0.3974 

.40*3 

0 6993 
.7058 

0.6942 

7008 

X 5613 

X 56x2 
6073 

52 

.00^ 

8980 

1092 

,0422 

2416 

,2040 

.4223 

.4052 

7**4 

,7076 

.6588 

6587 

53 

.0060 

9003 

.1111 

.0447 

.2442 

.2070 

.4260 

.4091 

• 7 * 9 * 

■ 7*44 

.7171 

. 7 I 7 X 

54 

0076 

907.0 

.1131 

0473 

.2467 

,2099 

• 4*97 

4*30 

7 *S 9 

• 7**4 

.7844 

•7*43 

55 

0 0092 

99050 

0 1150 

0 0498 

02491 

0 2129 

0-4334 

0 4X70 

0.7328 

0.7284 

X 8638 

X 8038 

66 

0108 

.9073 

1170 


2518 

21C9 

- 437 * 

4210 

7398 

•7355 

9610 

961P 

67 

0124 

9090 

.1x90 

0348 

2544 

.2189 

.4408 

4*50 

.7469 

.7428 

2.0863 

2 0863 

68 

0140 

.9120 

IZ09 

.0574 

2570 

.2219 

.4446 

• 4 * 9 * 

7 | 4 * 

•7501 

2627 

.2627 

50 

0156 

9143 

.1229 

0599 

.3596 

2249 

4485 

433 * 

70x5 

7576 

2.5640 

2.5640 

60 

0.0172 

99167 

0 1249 

00623 

0,2623 


0.4523' 

0 - 437 * 

0 7689 

0 7652 

w 




Table V. Eeduction to the Meridian, 


r 

I 


t 

0 "* 


2 ™ 

3 ™ 

4m 

5 ” 

gm 

« 

0 

1 

2 

n 

0 00 

0 00 

0 00 

n 

1 96 

2 03 
2 10 


tr 

17671 

17 87I 

18 07 

Will 

31 94 

ft 

49 09 
49 41 
49 74 

70 68 

71 07 

VAl 

3 

0 00 

2 16 

8 25 

18 27 

32 20' 

50 07 

4 

0 01 

2 23 

8 39 

1847 

3247 

5040 

72 26 

5 

0 01 

2 31 

852 

18 67, 
18 87I 

1 3^74 

5073 

72 66 

6 

0 02 

238 

8 66 

1 33 OT 

51 07 

73 06 

7 

0 02 

245 

880 

1907 

33 ^7 

51 40 

7346 
73 86 

S 

0 03 

2 52 

89A 
9 08 

1928 

33 54 

51 74 

9 

0 04 

2 00 

1948 

33 81 

52 07 

7426 

10 

0 05 

2 67 

922 

19 69 

34091 

, 5241 

7466 

11 

0 06 

275 

936 

1990 

34.36 
34 64 

5^75 

7506 

12 

0 08 

283 

950 

20 II 

5309 

lltl 

13 

0 09 

291 

964 

20 32 

3491 

53 43 

14 

0 II 

299 

9 79 

2053 

35 19 

53 77 

76 29 

15 

0 12 

3 07 

9 94 

20 74 

3546 

54 11 

76 69 

IG 

0 14 

3 15 

10 09 

2095 

35 74 

54 a6 
54 80 

77.10 

17 

0 10 

323 

10 24 

21 16 

36 02 

77 5 * 

18 

0 18 

332 

1039 

21 38 

36 30 

55 15 

77 93 

19 

0 20 

340 

1054 

21 00 

36 58 

5550 

78 34 

20 

21 

0 22 

0 24 

ni 

10 69 
10 84 

21 82 

22 03 

1 3687 

' 37 15 

55 84 

56 19 

787s 

79 16 

22 

0 20 

367 

II 00 

22 25 

37 44 

5655 

7958 

80 00 

23 

0 28 

376 

II 15 

22 47 

3771 

5690 

24 

031 

385 

II 31 

22 70 

38 01 

5725' 

80 42 

25 

034 

394 

II ^7 

22 92 

38 30 

57 60 

80 84 

2 G 

27 

28 

037 

040 

043 

046 

4-03 

4.12 

4.22 

II 63 
11.79 
II 95 

^3 14 
n 37 
23 60 

1 iiii 

I 39 17 

1 5796 

1 llll 

81 26 

81 68 

82 10 

29 

4 * 3 ^ 

12 II 

23 82 

39 46 

59 03 

82 52 

30 

31 

3 Z 

049 

0 52 

0 56 

4.42 

4.52 

4.62 

12 27 
12^3 
12 60 

2405 
24 28 
2451 

3976 

4005 

403s 

4065 
40 95 

59 40 

59 75 

60 II 

li 

33 

34 

059 

0 63 

472 

4.82 

12 76 
1293 

24.74 
24 98 


ft si 

35 

0 67 

4.92 

13 10 

25 21 

41 25 

61 20 

8509 

3 G 

0 71 

503 

1327 

"^5 45 

41 55 

57 

85 52 

37 

38 

075 

079 

5 13 
524 

1344 

13 62 

25 08 
25 92 

41 85 

42 15 

61 94 

62 3: 

lltl 

39 

0 83 

5 34 

13 79 

26 16 

42 45 

62 68 

86 82 

40 

0 87 


1396 

1 26 40 

26 04 
‘ 2688 

4276 

63 05 

8726 

41 

42 

0 91 

0 96 

14-13 

H 3 I 

43 06 

till 

63 42 

63 79 

8770 
88 14 

43 

I 01 

578 

14-49 

27 12 

64 16 

8857 

44 

1.06 

590 

1467 

27 37 

1 43 99 

64 54 

89 01 

45 

1 10 

6 ox 

14.85 

27,61 

1 

4430 

64.91 

■ij. 

4 G 

I 15 

6 13 

1503 

' 4461' 

6529 

47 

48 

I 20 

I 26 

6 24 
6 36 

15 21 

1539 

28 10 

I 

4492 
45 ^4 

Ull 

■ 9033 

9078 

49 

I 31 

648 

i 5 57 | 

1 28 DO 

45-55 

6643 

91 23 

50 

1 36 

6 60 

15 76 

2885 

Sfi 

Hit 

6681 

91 68 

51 

52 

1 48 

6 72 

eL 

im 

29 IO| 
29 361 


92.12 
9 * 57 

53 

153 

6 96 

16311 

290II 

sill 

93 02 

54 

159 

709 

1631 

1986, 

47 14 

93 47 

55 

I 65 

721 


30 12 

47 46 

68 73 

93 9a 

50 

57 

I 71 

1 77 

7 60 
772 

16 89 

17 08 

3018 
30 64 

47 79 

48 II 

69 12 
69 51 

94.38 

94 83 

58 

59 

1.83 

I 89 

17 28 

1747 

30 90 

31 16 


69 90 

70 29 

95 »9 
95 74 ' 




gm 


n n 

96 20 125 65 

96 66 120 17 

97 12 126 70 

97 58 127 22 

98 04 127 75 

98 50 128 28 

98 97 128 81 

99 43 1^9 34 

99 90 129 87 

100 37 130 40 

10084 13094 

101 31 131 47 I 

101 78 132 01 

102 25 132 55 

10272 13309 

103 20 133 63 

103 07 134 17 

104 15 134 71 

10+63 13525 

105 10 135 80 t 



10703 13790 

10751 13853 

107 90 139 08 

10848 13963 

108 97 140 18 

109 40 14074 

109 95 141 29 

110 44 14T 85 

no 93 14240 

111 43 142 96 

111 92 143 52 

112 41 14408 

11290 14464 

11340 14520 

11390 14576 

114 40 140 33 I 

114 90 146 89 

11540 14746 1 

115 90 148 03 I 

116.40 148 60 I 

116 90 149 17 I 

11741 149741 


11792 15031 

11843 ^508 

11894 15145 



12047 15319 

12098 15377 

12149 15435 

122 01 15493 

12253 15551 


123 05 
123,57 

124 09 
124.61 

125 13 


156 09 
15667 

*5755 

157 84 

*58 43 



Table V. Eeduction to the Meridian. 


m 


2 am* J t 
»m 1" 


t 


0 

1 

2 

3 

4 

5 
(S 
7 

6 
9 

10 

11 

12 

13 

14 

15 
10 

17 

18 

19 

20 
21 
22 

23 

24 

25 
20 

27 

28 
20 

30 

31 
3Z 

33 

34 

35 
30 

37 

38 
30 

40 

41 

42 

43 

44 

45 
40 

47 

48 
40 

50 

51 

52 

53 

54 

65 

50 

67 

58 

59 


grn 

10“ 

11“ 

j 12”* 

13 “ 1 

14 “ 1 

1 

15 "^ 

IG"* 

ft 

5902 

59 61 

60 20 
60 80 
61 39 

ft 

196.32 

196 97 

197 63 

198 ZB 
198 94 

lilt 

238 98 

239 70 
240.42 

n 

28268 

28347 

284 20 

285 04 
S85 83 

n 

33 * 74 
33 * 59 

333 44 

334 *9 

335 *5 

ft 

38474 

388 40 

ft 

441 63 

442 62 

443 60 

44458 

445 56 

ft 

502 46 

503 50 
50455 

505 60 

506 65 

61 98 

62 58 
63 17 

63 77 
6437 

199 60 

200 26 

200 92 

201 59 

202 25 

241 14 
241 87 
242,60 

^^43 31 
24406 

286 6z 

28S 20 
289 00 
289 79 

336 00 
336 86 

339 44 

389 32 

390 7 .± 

39 * *0 
39 * 09 
393 01 

446 55 

447 54 
44* 53 

449 5 " 

450 JO 

507 70 

508 76 

509 81 

510 86 
fii 92 

6497 

UVy 

66 77 

67 37 

202 92 

203 58 
20425 

204 92 

205 59 

*44 79 

245 52 
24O 25 

246 98 

247 72 

290 58 

291 38 

292 18 

292 98 

293 78 

340 30 
34* *6 
342 02 

342 88 

343 75 

393 94 

394 86 

395 79 | 

396 72 

397 65' 

451 so 
45 * 4 ? 

45348 
43448 
455 47 

512 98 
514 03 

51509 

516 15 
517 21 

67 97 

68 58 
69 19 

69 80 
7041 

206 26 

206 93 

207 00 

208 27 
2oS 94 

248 45 

249 19 

*49 93 

250 67 

251 41 

29458 

295 38 

296 18 
296 99 
*97 79 

344 6* 

345 49 
34636 

347 *3 

348 10 

398 58 

399 5 * 

400 45 

401 38 

402 32 

43647 

43747 

43847 

459 47 

460 47 

518 37 

519 34 

520 40 
52X 47 
5**53 

71 02 
71 63 
7 ^ 24 

72 85 

73 47 

209 62 

2 JO 30 

210 98 

21 1 66 
21234 

25215 
252.89 
*53 63 
*54 37 
*55 I* 

298 60 

299 40 

300 21 

301 02 
301 83 

348 97 

349 84 

350 71 

35 * 58 
35 * 46 

403 26 

404 20 

405 14 

406 08 

407 02 

461 47 

462 48 

463 48 

464 48 
^65 49 

513 60 
52467 

nut 

527 89 

7408 

7470 

75 3 » 

213 02 

213 70 

214 38 

215 07 
115 7 S 

i\& 

^57 37 
258 12 
25887 

302 64 

303 46 
30427 
305 09 
305 90 

353 34 

354 ** 

355 *0 

imi 

407 96 

408 90 

409 84 

410 79 
4**73 

466 50 

467 51 

468 52 

469 53 

4704'4 

528 96 
53003 
531 II 
532 18 
533**6 

7U3 

216.44 
217 12 

217 8i 

218 50 

219 19 

259 62 
200.37 
261 12 

261 88 

262 64 

306 72 
307 ‘S 4 
308.36 
309.18 
310.00 

357*74 

358 02 

359 5 * 
360.39 
361 28 

412 68 
4*3 63 
4*4 59 
4*5 54 
41649 

471 55 
47a 37 
473.58 

474 60 

475 6i, 

534 33 

535 4 * 

536 50 

ml 

80 30 

irfi 

82 19 
8z»82 

219.88 

220 58 

221 27 

221 07 

222 DO 

*63.39 

364.15 
264 91 
265.68 
260 44 

310 8z 

311 65 

31*47 

3*3 30 
314 12 

36 **I 7 
363 07 
363.96 

36485 

365.75 

4*7 44 
418 40 

4*9 35 

420 31 

421 27 

476 64 

477 65 

478 67 

479 7 ° 

480 72 

53975 

54083 

54* 9* 

5+3 00 
54409 

83 46 

84 09 
8472 

* 5-35 

85.99 

223 36 

224 06 
224 76 
225.46 
226.16 

267 20 
267 96 
268.73 

269 40 

270 26 

3 » 4‘95 
31578 
316 61 

31744 

318 27 

366 64 

3 §Z 53 

368 42 

369 31 
370.21 

422 23 
4*3 *9 
4 * 4*5 
4*5 ** 
426 07 

481.74 
482 77 

484 82 

485 8s 

545 *8 

546 27 

547 36 

548 45 
549*55 

86.63 

8727 

87.91 

»«S 5 

89.19 

226 86 

227 57 

228.27 

228 05 
229.68 

^71 02 

27179 

272 56 

*73 34 
27411 

319 10 

3*9 94 
3*0 78 

321 62 

322 45 

371 11 

372 01 
37 * 9 * 

373 8* 
374 * 7 * 

4*7 04 
428 QI 
4*8 97 
429,93 
430.90 

486.88 

488 94 

489 97 
491.OX 

550 64 
55 * 73 
55 * 83 
553*93 
555 03 

89.83 
9047 
91 12 
91,76 
92.41 

230 39 
231.10 

231 81 

232 52 
^33 H 

274.88 
*75 65 
276,43 
277 20 
*77 98 

3*3 *9 
3*4 *3 
3 * 4-97 
3*5 81 
326 66 

375 62 
376.52 
377*43 
378.34 

379.26 

431.87 
432,84 
433 8* 

434 - 79 

435- 76 

49 * 05 
493.08 
49412 

495 *5 

496 19 

556.13 
557 *4 

558*34 

559 44 
56055 

93 06 
93 7 J 
9436 

95 66 

»33 9 S 
23467 

235 38 

236 10 
236 8zj 

278 76 
* 79 ^ 55 . 

2S033. 

281,12 
28 1 ,991 

3*7 50 
328 35 

3*9 *9 
33004 
330 89 

381 08 

381 99 

382 DO 

383 82 

436.73 

437.7* 

438.69 
439 67 
440,65 

497 

498 28 

499 3 * 
500,37 
50T.41 

Sfj-ij 

SS2l 



Table V. Beductioa to the Meridian. 


2 sin^ i t 


i 

IT”* 

8 


0 

567 2 

1 

5683 


2 

3 

4 

5 
0 

7 

8 
a 

10 

11 

12 

13 

14 

15 
10 

17 

18 
10 

20 

21 

22 

23 

24 

25 
20 

27 

28 

29 

30 

31 

32 

33 

34 

35 
30 

37 

38 

39 

40 

41 

42 

43 

44 

45 
40 

47 

48 

49 

50 

51 

52 

53 

54 

55 
50 

57 

58 

59 


5694 

5705 

571 6 
5728 
573 9 

5750 

576 I 

577 i 

578 + 

pn 

5S1 7 
5819 

5840 


58! 


58 

588 

+ 
5 

5896 
5908 
591 9 
5930 
S9+-a 


5976 

598 7 

599 9 

601 o 

602 2 

603 3 

606 8 

607 9 

609 I 

610 2 

611 4 

612 5 
6137 

61.1 8 
610 o 

617 2 

618 3 


620 ^ 

621 8 
623 o 

624.1 

‘^ii 

627 6 

628 8 

630 o| 

631 2 

^ 3*3 

033 5 

®34 7 




m =r 

sm 1" 





GO 

19" 


21" j 

2*2" 

23" 

24"* 

25"‘ 

n 

6359 
6370 
638 2 

Hit 

n 

7084 
709 7 
7109 

712 I 

7134 

7901 

fsa 

868 0 

/f 

949 6 
951 0 
934 A 
953 » 
955 3 

u 

1037 8 
10393 
1040 8 

1042 3 

1043 8 

1129 9 
1131 4 
1133 0 
113A 6 
1136 2 

1225 9 
1227 5 

1229 2 

1230 8 
12325 

641 7 
6449 
6441 

6453 

6465 

7146 
715 9 
717 I 
718^ 
719 6 

791 4 
7927 
7940 

795 4 
7967 

872 I 
«73 S 

i;t| 

877 0 

9367 
9384 
9596 
961 1 
9645 

1045 3 

1046 8 

1051 3 

11378 
1x39 3 
1140 9 
1142 5 
1144 0 

1234 r 
12357 
X237.3 
X239.0 
X240 6 

650 0 

651 2 
6544 

7209 
722 I 
7234 

7246 
7*5 9 

798 0 

799 3 

800 7 

802 0 

803 3 

is: 

881 ^ 
883 2 
8846 

963 9 

i<l} 

i<i2 

1052 8 
10543 
10559 
10574 
1058 9 

1X45 6 
X1472 
1148 8 
11504 
X152 0 

134^.3 

1243 9 
X245 6 

1247 2 

1248 9 

653 6 

Htl 

657 2 
6584 

727 2 
7284 
7297 
7309 

732^ 

804 6 
806 0 

liu 

809 9 

8860 

llu 

890 2 

891 6 

971 2 
9727 

9741 

975 5 
977 0 

1060 4 

1062 0 

1063 5 

1065 0 

1066 5 

1133.6 

mn 

11583 
1159 9 

1250 5 

1252 2 

1253 8 

1^55 5 
1257 I 


<11 s 

662 o 

663 2 
664.4 

665 6 

666 8 
668 o 
6692 
6704 

671 6 

672 8 

674.1 

tin 

I!? 

681 3 

682 6 

683 8j 
6850 
686 2 

till 

689 9 
691 1 

P. 

694.8 
696 o 

-is 

6997 

701 O 

7022 

703 s 

704.7 
7059 
707 1 1 


733 5 

734 7 

736 o 

737 3 

7385 

7398 
741 I 
7423 
743 0 
744-9 
7462 

747 4 

748 7 

7500 

751 3 

752 6 

753 8 
755 I 

7504 

757 7 
7590 
760 2 

;<;ii 

764 j 

768 o 
7693 
770 6 

7719 

773 I 
774-5 
77571 
777 1 1 
7784 

7797 

781 o 
7823 
7836 


1238 8 




Table T. Beduotion to the Meridian. 


^ 2 sin^ J i 


ft 

0 
1 
2 

3 

4 

5 

6 

7 

8 
1> 

10 

11 
12 

13 

14 

15 
IG 
IT 
18 

19 

20 
21 
22 

23 

24 

25 
2G 
2T 

26 

29 

30 

31 

32 

33 

34 

35 
30 

37 

38 
30 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 I 
60 

51 

52 

53 

54 

55 

56 

57 

58 

50 



sin 1" 


26™ 

‘27™ 

28™ 

I 29™ 

// 

1325 9 
1327 6 
1329 3 
1331 0 
13327 

It 

1429 7 
1431 4 
1433 1 

>434 9 
1436 7 

n 

>537; 
>539 3 
>541 1 

T" " 

f ' 1 649 0 

'.lilt 
!j lim 

13344 

133(3 I 
1337 8 
1339 5 
1341 2 

1438 5 
1440 3 

1442 I 

1443 9 
144s 6 

1546 6 
154S4 
15501 
1531 1 
>553 9 

1 - ^ 

1032 3 

1064 2 
1660.1 

13429 

13440 

1346 3 

1348 0 

1349 7 

14474 

1449 a 

1451 0 

1452 8 

1454 5 

>5558 
>557 
>559 5 
>581 3 
1563 1 

166S 0 , 
1669 9 

>673 7 1 

>3514 

>353 » 

>358 3 

1456 3 

1458 I 

H59? 
1461 6 
>4634 

;isi; 

1568 7 
15705 

157*4 

1677 6 
1679.5 
1681 4 
1683 3 
16852 

1360.1 
1361.8 
1363.5 
1365* 
1367 0 

1465 a 

1466 9 
1468 7 
1470 5 
1472 3 

>5743 

1576 1 
15780 
15798 

1581 7 

1687 2 
1689 I 

1691 0 

1692 9 
1694 8 

136'} 7 

13704 

1372 I 

1373 9 
13756 

1474 I 
H7S 9 
H77 7 
1479 S 
1481 3 

>583 5 
15853 

1587.1 

1589.1 
15909 

1696 7 
1698 6 
17005 
17025 
17044 

1377.3 

13790 
1380 8 
13815 
1384,2 

1483 1 
14849 
1486.7 
1488 5 
1490 3 

15927 

15946 

15965 

15983 
1600 2 

1706 3 
1708 2 
1710 2 
1712 1 

17 14.0 

>3859 

1387 7 
13894 
1391 2 
13929 

1492 I 

1493 9 
I49S-7 

1497.5 

H99 3 

1602.1 

1604.0, 

>605 9 

1607 7 
1609,6 

*715 9 
1717 9 
17198 
1721 7 
1723 0 

13947 

13964 

1398 2 
13999 
1401 7 

1501 I 

1502 9 
1504.7 
15065 
1508.4 

i6ns 
16133 
1615 2 

1617 I 

1619.0 

1725.6 
1727 5 
1729 5 
1731 5 
*7334 

14034 
1405 a 
1406.9 
1408 7 
14x0.4 

1510.2 
1512 0 

1513.8 

15156 
1517 4 

1620 8 
i6aa 7 
1624.6 
162b 5 
1628 3 

*735 3 
*737 » 
17392 

1 741.2 
*743 * 

1412 2 
14x3 9 

14x74 

1419 2 

15192 

1521 0 

1522 9 

15147 

15165 

1630 2 
1632.1 
1634 0 

>6359 

>637.7 

*745 * 

1747.0 

1749.0 

*7509 

1752,8 

1420 9 
1422 7 

14144 

1426 2 
14279 

15283 
1530 2 
1532,0 
>5338 
>53S'6 

1639 6 
1641 5 

>643 3 

1645 2 

16471 

1758.7 

*700.7, 

r702,'6 


2 am* J t 

am 1" 


For rate 


Jtate 


ms ** 
0 0 o oo 
10 o oo 

2 0 o oo 

3 0 o 00 

4 0 o oo 

5 0 0.01 

0 0 o 01 

7 0 o oz 

8 0 o 04 
0 0 o 00 

10 0 o 09 
110 o 14 

12 0 o 19 
10 o ao 
20 o 22 
ail o 23 
10 0.24 
60 0.25 

13 0 o.a6 
10 o 28 
20 o 30 
30 o 31 
40 0,33 
60 o 34 

14 0 0.36 
10 038 
20 0,39 
30 041 
40 o 43 
60 o 45 

16 0 o 47 

ill 

20 o 52 
30 o 54 
40 056 
60 o 59 


I 49 

I 6 s 
I 70 
I 76 

I 82 
I 87 

1 93 
1.99 
2.06 

2 12 


wr s 
20 0 
10 
20 
30 
40 
50 

21 0 
10 
20 
30 
40 
60 

22 0 2 ig 
10 225 
20 2 32 
30 239 
40 246 
60 2 54 

23 0 261 
10 2 69 
20 2 77 
30 2 85 
40 2 93 
60 301 

24 0 3.10 
10 3 18 
20 3.27 
30 336 

12 3 4 S 
60 3.55 

25 0 3 64 

L" 3 Z 4 

20 3 84 
MO 394 
40 4 05 
60 415 


IG 0 

0,61 

26 0 

4 26 

10 

20 

0.64 

0 67 

10 

20 

J|S 

30 

0.69 

30 

4.60 

40 

60 

0 7a 
0-75 

40 

60 

472 

483 

17 0 

0 78 

27 0 

4.96 

10 

0 81 

10 

S.08 

20 

HO 

00 OQ 

0 d 

20 

80 

5.20 
5 33 

40 

0 91 

40 

5.46 

60 

095 

60 

5 00 

18 0 

0 98 

28 0 

S 73 

10 

1.02 

10 

5.57 

20 

1 06 

20 

b.oi 

30 

1.09 

SO 

6 15 

40 

*.13 

40 

630 

60 

I.18 

50 

6.44 


19 0 X 21 
10 I 26 
I 30 
so X 35 

40 

60 t 44 


u 0 59 

12 2^5 
! t 0 6 90 

SO 706 
40 7 22 
60 738 

30 0 755 


— 30 
29 
28 
27 
26 

25 

24 

23 

22 

21 

20 

19 

18 

17 

16 

15 

14 

13 

12 

11 

10 

9 

8 

7 

6 

5 
4 
3 
2 

— 1 
0 

n 

3 

4 

6 
G 

7 

8 
0 

10 

11 

12 

13 

14 

16 

16 

17 

18 

19 

20 
21 
22 

23 

24 

25 

26 

27 

28 
29 

4-30 


Log h 


9 9?9 *985 
708? 
7186 
7286 

7387 


7990 
8090 
8191 
8291 
8391 

8492 

Ull 
lilt 

8995 

9095 

9196 

9296 

9397 

9497 

ui 

9799 
9 999 9899 

O 000 0000 
0101 
0201 
O3OZ 
0402 

0503 

0603 

0704 

0804 

0905 

1005 

Z 10b 
1206 
1307 
1407 

1508 

z6o8 

1709 

1809 

19x0 

20x0 

2 TXZ 
/ 2212 
231a 
24X2 

2C13 

2613 

27X4 

2814 

29x5 

o 000 3015 



Table VI. Logarithms of m and n 


2 mn^ A i 
= “sinT"’’ 

log m 


0 

1 
2 

3 

4 

6 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 
21 
22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 
' 49 

I 50 
I 51 
[ 62 
I 53 
! 54 

55 

56 

I 

58 
i 59 


6 73673 

7 33879 
7 S9007 

7 94085 

8 13467 
8 29303 
8 42692 

I 

8 64521 

! 73673 

8 81951 
8 89509 

8 96461 

9 02898 

9 08891 . 

9 14497 
9 197631 
9 ^4727 
9 ^94*3 
9 33879 
9 38117 

945157 

9 46018 

949715 

9 59945 
9 63104 
9 66152 

9 69097 
9 71945 
9 74703 
9 77376 
9 79968 

9 824 S 6 

9 84933 

9 87313 

9 89629 
9 91880 . 

9 94085 ) 
9 96229 ' 
9 98353 
o 00366 
o 02363 

004315 
o 06224 
o 08092 
o 09921 
o 11712 

o 13467 
o 15187 
o 1087 c 
o 18525 
o 20151 

o 21745 
o 23310 
o 24548 
o 20358 
o 27843 


0 29303 
30739 
32151 

33541 

34909 

36155 

mil 

40174 

41442 

42692 

439^5 

tutt 

47519 

48685 . 

49836 ! 

50971 

52092 I 

53198 

54291 

56436 , 

574891 

58529 ' 

59557 

60573 

61577 

62570 

63551 

64521 

65481 

66431 

67370 

68299 

69218 

70127 

71027 

71 Q 18 

72800 

73673 

74537 

75393 

76240 

77080 

77911 

78734 

29550 

80358 

81158 

iiiii 

85053 

85813 

86564 

87310 

88049 

.88782 






0 89509 
90230 
90945 
91654 
92357 

93055 

•93747 

944341 

95115 

95791 

96462 

97788 

98443 

99094 

99740 

1 00381 
01017 
01649 
02276 

02898 

03517 

04131 

04740 

05345 

05946 

06543 

07136 

07725 

08310 

08891 

09408 

.10042 

.10611 

.11177 

.11739 

.12298 

12853 

13404 

.13952 


15038 

15576 

16110 

16641 

17169 

1769 A 

18210 

1873 s 

19250 

19762 

20271 

.20778 

.21281 

21782 

.22280 

22775 

.23267 

23756 

.24243 


I 24727 
25208 
25687 
26163 
26636 

27107 

^7575 

28041 

28504 

28965 


30332 

30783 

31232 


.32123 

32566 

33006 

33443 I 

33*781 

343”! 

34743 

35171 

3539* 

36022 


3 ®^ 

37185 

37701 

38116 

38519 

38940 

39348 : 

397SS 

40160 

40563 

40964 

41364 

41761 

42157 

42551 

42943 

43333 

.43722 

44109 


.44877 

45159 

.45639 
. 4601 8 

4639 s 

46770 

47143 

•47SIS 

47886 

48255 

.48622 

4 S 988 

49352 


I 

1 497141 

50076 . 

5043 s 

507931 

51150 - 

51505 ' 

518591 

5111 1 1 
515611 
51911, 

53260 

536061 

5395 ^ 

5 + 296 . 

5+639 


31679 5+980 


SSpo 

55 S 5 ?| 

55996 

56332 

56667 

57000 

57993 

58321 

58648 

58974 

59299 

59622 


60586 

60904 

61222 

61538 

61854 

62108 

62481 

6*793 

63103 

63413 

63722 

64029 

6433s 

64641 

6494c 

65248 

66151 

66450 

66748 

6704s 

67341 

67636 
67930 
68223 
6851 
68 


I 69096 
69385 
69673 
69960 
70246 

70531 

70815 

71099 

71382 

71663 

71944 

72223 

72502 

72780 

73057 

73883 

74157 

.74429 

74701 

74972 

75242 

75511 

75780 

76048 

•76314 

.76580 

76846 

.77110 


77373 

77636 

77898 

78160 


III 


00 029303 089509 ! 1.24727 I. 4 Q 714 . I 6QOq6l 


77036 

.78420 

78680 

78938 

79197 

79454 

.79710 

79967 

80221 

80476 

.80729 

.80982 

.l:;s 

.81736 

81986 

.82236 

b 82484 

81731 

•81979 

83225 

•83471 

83716 

.83960 

.84204 

•84447 

.84690 
1 84.011 


1 84931 
85171 

P!" 

85890 

86129 

86366 

86603 

86840 

8707 s 

87310 

87S4S 

87779 

88012 

88244 

88476 

88708 

88938 

89168 

89398 

89627 

89855 

90083 

90310 

90536 

90762 

90987 

.91212 

91436 

91660 

91883 

92105 

92327 

92548 

92769 

92990 

93200 

93428 

93046 

93864 

94081 

94*99 

94S>S 

94731 

94946 

9Si6i 

9S37S 

93589 

95802 

.90014 

.96226 

96438 

9664 Q 


I 98320 

98526 
98732 
98937 I 
99142 I 

99347 ! 
99551 
99755 
99958 
i 00161 

00363 
.00565 
00760 
00967 I 
01167 ’ 

01367 
01566 I 
01765 
01964 ' 
02 x 62 

02360 j 

02557 I 
02753 1 

02954 I 
03148 

03341 

03536 

03730 

03924 

04118 

.04311 

04504 


048 
05080 

05271 
05462 
.05652 
05842 
06031 

06220 
06409 
.06507 
06785 
.06972 

•07159 

07346 
07532 
07718 
07903 

08088 
.08273 
o8a57 
08641 
.08824 

.09007 
09190 
97697 09372 

97905 09SS4 

98112 09735 

I q8‘32oI 2 OOOT7 I 


,96860 

97070 

97279 
. 97^88 



Table VI. Logarithms of m and n. 


i S'" ! 0"* 

a 

0 209917 220146 

1 10098 1 .20307 

2 10278] 20467 

3 1045^1 .20627 

4 10037 1 .20787 

5 10817 .20946 

G 10995 .21106 

7 11174 21264 

8 1 13551 21423 

9 11530 21581 

10 11707 ^*739 

11 11884 Z1897 

12 12061 1 22055 

13 12237 22212 

14 12413 22369 



li)g m 


lO” 

11'" 

12“ 

i 29196 

2?^J 

29730 

29874 

2 37574 
.37705 
37836 
37967 
38098 

243130 

45250 

4537 * 

4549 * 

43611 

30017 

30161 

30304 

30447 

30590 

38229 

38360 

38490 

38619 

38749 

4573* 

45850 

45970 

46089 

46209 

31016 

31158 

.31300 

.38879 

39009 

39138 

39267 

.39396 

46328 

;»sl 

46084 

4680Z 


la™ j 

14'" 1 

15“ 

2 52081 

2 58516 

2 64506 

.52*92 

58619 

64603 

523031 

58722 

64699 

•51+*+ 

•S*5»S 

58825 

58928 

64795 

64891 

5163 s 

59031 

64987 

5174S 

•52856 

59134 

59236 

65083 

65179 

52967 

59339 

65274 

.53077 

5944* 

65370 

53*87 

59543 

65466 

53197 

59645 

65561 1 

53406 

535*6 

59747 

59849 

65656 ' 

6575* 

53625 

5995* 

65846 


16 

16 

12589 

12764 

22525 

22082 

31441 

31582 

39515 

39654 

.46920 

47038 

17 

12939 

22838 

31723 

31864 

.39782 

47156 

18 

.wilti 

22994 

.39910 

47=74 

19 

23150 

.32004 

,4003 8 

4739 = 

20 

21 

.13462 

13635 

23304 

=3459 

23614 

23768 

32*^ 

32284 

.40166 

40294 

.47509 

47626 

22 

23 

13809 

13982 

31424 

31563 

40421 

40548 

40675 

tlltl 

24 

14154 

23922 

31703 

•mn 

25 

14326 

24076 

32842 

.329801 

.40802 

48094 

20 

14498 

14670 

14841 

24230 

24383 

24536 

24689 

1 409=9 

48210 

27 

28 

330101 

33258 

1 4*055 

41181 

.48327 

48443 

29 

15011 

33396 

4*307 

48559 

30 

31 

15182 

‘* 535 = 

24842 

= 4994 ' 

25146 

= 5=97 

33534 
33671 1 

4*434 

41560 

48675 

48790 

32 

33 

.15522 

15691 

338001 

3394S 
34083 1 

41685 

41811 

.48906 

49021 

34 

15800 

.25449 

41936 

49*36 


•53735 60052 65941 

53844 00154 66036 

53953 60255 66131 

54062 60357 66225 

54170 60458 66320 

54279 60559 66414 

54387 60600 66509 

54496 60760 66603 

54004 O0861 66697 

54712 60961 .66791 

.54820 61062 66885 

54928 61162 66979 

.55035 61263 67075 I 

.55143 61363 67166 j 

55250 61463 67260 

.55358 61563 67355 

55465 61662 67446 

•5557^ 61762 67539 

.55679 61861 67633 

•557^5 .61961 67726 


35 16029 25600 34220 ] 42061 49251 * 55^92 62060 67818 

30 .16108 25751 34357 42186 49366 .55999 62159 67911 

37 16366 .25902 344931 42310 .49481 .56105 .62258 .68004 

38 16534 26052 34050 42435 49596 .56211 62357 68007 

30 .16701 ,26202 .34766 42559 .49711 56317 .62456 .68189 

40 .16868 26352 34901 42683 .49825 56423 62555 68281 I 

41 17035 ^^501 35037 . .42807 49939 .56529 62654 6837 A I 

42 17202 .26651 35172 ‘ 42931 ' 50053 56035 62752 68466 I 

43 17368 26800 35307 430 SJ 50107 .56740 62850 .68558 ' 

44 17534 26949 35442 43178 50281 .56846 62949 .68050 

45 17700 27097 

40 27246 

47 .18030 .27394 

48 18194 27542 

40 18359 27689 

I 50 18523 . 27826 ' . 36248 ' .43915 50960 ! .57476 63536 .69201 ' 

51 18087 27984 36381 44037 5'073 575 S 0 .63634 69192 

6 > 18850 28130 .36515 .44159 5 ^ 185 ' 57685 .63731 .69383 

53 1901 T .28277 36648 44281 .51298 .57789 ,63828 .69474 

54 .19176 28423 36781 .44403 .SHio .57893 .63925 ‘69565 I 

65 1933 ** -*8569 369*3 44 S»| SiS»» '57997 • 54 o»» 69656 

I 50 19500 28715 37046 .44646 51634 ,58101 64119 69747 

57 19062 28861 37178 4 +Z °7 . 5*740 .58205 ,64210 .69838 

53 19824 29006 37310 ^888 .51858 .58309 64313 .69929 

59 19985 29151 374421 ,45009 51909 58412 64410 .70019 

00 220146 229296 237574 2.45139 2 53 . 0 ?^ 258516 264506 270109 


35577 43302 .50394 .5695; 63047 68742 
357** •434»S 'SojoK -SVop 63145 .68834 
35846 .43548 .50621 57161 63243 68926 
‘35980; .43670 .50734 .57266 .63341 69017 
36114 43793 .508471 57371 63438 .69109 





Table VI. Logarithms of m and ?/ 

2 8m2 J t 


log m 

t 16"* 17"* 18"* 19"* 20"* 21"* 22"* j 2JJ"* 

0 270109 275373 280336 285029 289481 293717 297755I 301613 

1 70200 75+50 80416 85105 8955+ 93786 97820! 01675 

2 70291 755+3 80496 85181 89620 93855 978861 0173b 

3 70381 75028 80576 85257 89698 93923 97952I 0180T 

4 70471 75713 80656 85333 89770 93992 98017 01864 

5 70561 75798 .80736 85409 89842 94061 98083 01926 

6 70651 75883 80816 85485 8991A .94120 98148 01989 

7 70741 75967 80896] 85561 89986 94198 98214 02052 

S 70830 76052 80976 85636 90058 94266 98279 021 14 

9 70920 76136 81056 85712 90130 94335 9834+1 02177 

10 71010 76220 81135 85787 90202 *94403 98410 02239 

11 7^099 76304 81215 85863 9027A 94471 98475 02302 

12 71188 76388 81295 85938 90346 *945+0, 98540 0236A 

13 1 71278 76472 81375 86014 90417 940081 98605 02426 

14 71367 76556 81454 86089 90489 94676 98670 02+89 

16 71456 76640 81533 86164 90560 94744 98735 02551 

10 71545 7^ZH 81612 86239 90632 94812 98800 02O13 

17 71634 76808 81691 86314 90703 94880 98865 02675 

18 717^3 76892 81770 86389 90774 *9494^ 98930 0^737 

19 71811 76976 81849 86464 90845 95016 98995 02799 

20 71900 77059 81928 *86539 90917 95084 99060 02861 

21 71989 77143 .82007 86614 90988 95152^ 991^5 02923 

22 72077 77220 82086 86689 91058 95119 99189 02985 

23 72165 77309 82165 86763 91129 95^87 99254 03047 

24 71254 77392 82244 86838 91200 95355 99319 03109 1 

25 72342 77+76 82322 86912 91271 95422 99383 03171 

20 72+30 77559 82401 86987 9134^ 95490 99448 03232 

27 72518 77042 *82479 87061 91+13 *95557 9951 ^^ 03294 

28 .72606 77724 82558 87136 91+84 *95625 99576 03356 

29 72694 77807 .82636 87210 91555 .95692 .99041 03417 

30 7*781 77890 82714 87284 91625 95759 99705 03479 

31 72869 77973 82792 87358 91696 95827 99769 *03540 

32 72957 .78050 S2870 87432 91706 *95894 99834 03002 ! 

33 73044 78138 82948 87506 91837 95961 1 99898 03663 

34 73132 78220 83026 S7580 91907 90028 99902 03725 

35 73219 78302 83104 87654 91977 96095 3 00026 03787 

30 73300 78385 .83182 87728 92048 96162 00090 03848 

37 73393 78+67 83260 87802 92118 96229 0015+ 03909 

38 73+80 78549 83337 .87876 92188 96296 00218 03970 

39 .73567, 78631 83414 87949. 92258 96362 00282^ 04031 

40 73654 78713 83492 88023 92328 96429 003461 0^092 I 

41 7^795 83570 88090 92398 96496 00409 04153 

42 73827 78877 83048 88170 92468 96563 00473 04214 I 

43 73914 78958 83^5 88243 9=^538 .96630 00537 04275 

44 .74001 79040 83802 88317 92008 96696 00600 04330 

45 74087 79121 83879 88390 92677 .96763 00664 04397 

46 *74173 79203 83957 88463 92747 96S29 00728 04458 

47 *74259 792S4 84034 .88530 92817 96890 00791 04519 

48 74346 79360 84111 88010 92880 96962 0085c 04580 

49 *74432 79+47 84188 88683 93^956 97028 00918 .04641 

50 74518 79528 84264 88756 .93026 97095 00981 04701 

51 74604 79009 84341 88828 93096 97161 0104c 04762 

52 74690 79690 Sij+iS 88901 93164 97227 01108 04823 

53 74775 79771 84495 88974 93233 .97293 oii7i> 04883 

54 7+861 79852 84571 890+7 93303 97359 01234 04944 

65 74947 79933 .84648 89119 93372 97425 01298 05004 

50 75032 80014 .84724 89192 93441 97491 01301 05065 

57 75118 .80094 .84801 .89265 93510 97557 01424 05125 

75^03 80175 .84877 *89337 93570 97623 ,01487 .95185 

69 75^88 80255 -84953 .89410 93648 97689 .01550 05246 

275373^ 280336 2.85029 2.89481 293717 297755 301613 305306 



Table VI. Logarithms of m and u 


2 sin^ J t 
' sm 1" 


2 sin* i- ^ 

11 = - 

sm r' 


log m 



** 

1 

ft 

1 

1 0 

3 05306 

11 

os_366 


05426 

3 

05487 

4 

05547 

5 

05607 

0 

05667 


.05727 

8 

05787 

1 0 

05847 

10 

05907 

11 

05566 

12 

06026 

13 

06086 

14 

06146 

15 

06205 

IG 
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J 7 

06324 

18 

06384 

10 

06444 

20 

06503 

21 
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22 
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23 
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24 

06740 

25 
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2 G 
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27 

06918 

28 

06977 

20 

.07036 

30 

07095 

31 

07154 

32 

.07213 

33 

07272 

34 

0733* 


35 

36 

37 

38 
30 

40 

41 
4 ^ 

43 

44 

45 

46 

47 

48 
40 

60 

61 

62 

53 

54 

65 

50 

67 

68 
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07380 

07448 

07507 

07566 

07025 

07683 

07742 

07801 

07859 

07918 

07976 

08035 

08093 

08151 

.082x0 

08268 

.08326 

08384 

08442 

.08501 

08559 

08617 

08675 

08733 

08791 


3 08848 
08906 
08964 
09022 
,09079 

.09137' 

09195 

.09252 

093x0 

.09367 

.09425 

09482 

09540 

09597 

09655 

09712 

.09769 

09826 

09883 

09941 

09998 

1005s 

I 0 IZ 2 

10169 

.10220 

.10283 

XO340 

.10396 

10453 
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10567 

10623 

10680 

10737 

.10793 
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.11413 

.11469 
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,11917 
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,12140 
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2252 3 15526 
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236; 
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2529 
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2640 
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2861 
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3246 

3301 

3356 
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3740 
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4177 
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4448 
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4611 

4665 

4719 

4773 

4827 

4881 

4935 

1989 

5043 
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5x50 
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5258 

5312 
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5419 

15472 


15793 

15847 

15900 

I59S3 

16007 

16060 

16x13 

i6i6d 

16210 

16373 

16326 

16379 

16432 

.16485 

16538 

.16591 

16696 

16749 

16802 

1685s 
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16960 

17118 

,17170 

17223 
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17327 
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17485 
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17694 
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.18319 
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.:igi 

.:is‘ 
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,2i€75 

n 4 T 41V f rt 
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” I 


321725 

21775 

21825 
21875 
21924 

21974 
22024 
22073 
22x23 
.22172 

.22222 10 0 
.22272 11 0 
.22321 
22371 
22420 


— 00 
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6 1747 

6 8791 
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7 7665 


in s 
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22470 
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9 3347 
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93580 
9 3810 
94037 


22716 
.22766 
22815 
.22864 
22913 

22963 
23012 
.23061 
.23110 
.23159 

.23208 

^ 3*57 
.23306 

•*3355 

.23404 

*3453 
*3501 10 0 
*355° 30 

•*3599 20 

.23648 so 

•*3697 rJ! 

*3745 60 

•*3794 17 
.23843 
.23891 


14 0 
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40 
50 

15 0 
IG 
20 
80 
40 
60 


23940 
23988 
.H037 
240S6 
.*4»34 
.24182 
.2423 1 
.24270 
.24328 
.24376 

24424 

*4473 

.24521 

.24569 

24617 


0 

10 
20 
SO 
40 
60 

18 0 
10 
20 
SO 
40 
50 

10 0 

10 

20 

SO 

40 

60 

20 nl 


23 0 
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20 
SO 
40 
50 

24 0 

in 
20 
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40 
50 

25 0 
10 
20 
SO 
40 
50 

26 0 
10 
20 
30 
40 
60 

2T 0 
10 
20 
30 
40 
60 

28 0 
10 
20 
U) 
40 
6'J 

29 0 
10 
20 
80 
40 
60 

n T'T/ii !10 fl 


9 4262 
94483 
94701 

94917 

9 5130 

95341 

9 5549 
9 5754 
9 5957 
9 0158 
9 fi 3 S 6 
96553 

9 6747 
9 “939 
97118 
9.7316 
97501 
9 7686 

9.7867 
9 8047 
9 8225 
o 8402 
98576 
9.8749 

9 8920 
9 9089 
9 9*57 

Util 

9 975* 
9 99*3 

Q 0072 

o 0231 
o 038 
00544 
o 0698 

o 0851 
o 1003 
ans 3 
0.1302 
o 1450 
01597 


lug 71 


o 1712 
o 1S86 
o 2029 
o 2170 
o 2311 
o 2450 

o 2589 
o 2726 
o 2862 
o 2997 

03I3I 
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Table VII, limits of Oiroum-meridian Altitudes. 

A. Limiting hour angle at which the srcond reduction amonyiU to one second 


Declination, same sign ai* latitude I Declination different sign IVom latitude 
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B* Limiting hour angle at which the third reduction amounts to one second 
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The following approximate rules are Bufficiontly exact for pi'actical 
pn4*poHes . 

A. The limit at which the second reduction amounts to 0" 1 is J the hour 
angle of Table YII A. 

The limit at which the second reduction amounts to 0" 01 is J the hour 
angle of Table YII A. 

B. The limit at which the third reduction amounts to 0" 1 is 1 the hour 
angle of Table YII. B. 

The limit at which the third reduction amounts to 0" 01 is } the hour 
angle of Table YII. B. 
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F(yr reducing transiU over several threads to a common instant. 


f 

Arg Biderealtime. 



Proportional parts of log k 


Arg Mean ti 

ne 


I 

X 

Log h 

1* 

2* 

3 * 

4 ' 

5 * 

6* 

1* 

8* 

0* 

Log k 

X 


m 8 

8 







66 


88 


0.000 2660 



8 0 

I 46 

0.000 2646 

1 1 

22 

33 

44 

55 

77 

100 


47 

10 1 

I ss 

2757 

1 1 

^3 

34 

45 

56 

68 

79 

90 

102 

2772 


57 

20 

1 65 

2871 

II 

23 

34 

46 

57 

69 

81 

92 

104 

2886 


67 

30 

I 75 

2987 

12 

23 

35 

47 

s» 

70 

82 

94 

106 

3003 


77 

40 

I 86 

3105 

12 

24 

36 

48 

60 

72 

84 

96 

108 

3122 


88 

60 

I 97 

3225 

12 

as 

37 

49 

62 

74 

86 

98 

110 

3243 


99 

9 0 

2 o 3 

33+8 

13 

as 

37 

SO 

63 

75 

88 

100 

112 

3367 

2 

10 

10 

2 20 

3+73 

*3 

26 

3 « 

51 

64 

76 

89 

102 

1 14 

3492 

2 

22 

20 

2 32 

3601 

*3 

2 v 3 

38 

5 

64 

77 

90 

103 

1 16 

3621 

2 

34 

80 

2 45 

3731 

13 

26 

2 J 

5 * 

6 s 

78 

9a 

105 

1 18 

3751 

2 

47 

40 

z58 

3S63 

13 

20 

40 

S 3 

66 

79 

93 

107 

120 

3884 

2, 

,60 

60 

2 72 

3997 

14 

27 

41 

54 

68 

82 

95 

109 

122 

4019 

2 

74 

10 0 

2 86 

4134 

I ^ 

27 

41 

55 

69 

83 

96 

110 

124 

4156 

2 

88 

10 

3 00 

4272 


28 

42 

S6 

70 

84 

98 

1 12 

127 

4296 

3 

03 

20 

3 IS 

4414 

f 14 

28 

43 

57 

71 

85 

100 

114 

129 

4438 

3 

17 

80 

3 30 

4557 

IS 

29 

44 

58 1 

73 

87 

102 

117 

131 

4582 

3 

32 

40 

3 46 

4703 

15 

29 

44 

59 ‘ 

74 

88 

103 

118 

133 

4729 

3 

49 

60 

3 fi 3 

4851 

*5 

30 

45 

60 i 

75 

90 

105 

120 

135 

4878 

3 

66 

11 0 

3 80 

5001 

15 

31 

46 

61 

76 

92 

107 

122 

137 

5029 

3 

83 

10 

3 9* 

5154 

15 

31 

46 

62 

77 

93 

108 

124 

139 

5182 

4.0X 

20 

4.16 

5309 

16 

31 

47 

63 

78 

94 

110 

126 

141 

5338 

4 

19 

30 , 

4 34 

5466 

I j 

3a 

48 

64 

80 

96 

112 

128 

143 

5496 

4 

38 

40 ' 

453 

5626 

16 

32 

49 

64 

81 

97 

113 

129 

14s 

5657 

4 

57 1 

60 

4 73 

5788 

16 

3a 

49 

65 

82 

98 

114 

131 

147 

5819 

4 

77 

* 12 0 

4 93 

5952 

16 

33 

50 

66 

83 

99 

116 

133 

150 

5985 

4-97 

10 

5 14 

6118 

17 

34 

SI 

67 

84 

lOI 

[18 

13s 

152 

6152 

5 

18 

20 

s 36 

6287 

17 

34 

SI 

68 

85 

102 

120 

137 

154 

6322 

5 

40 1 

so 

5 58 

6458 

17 

34 

5a 

69 

86. 

104 

121 

138 

156 

6493 

S 


40 

5 80 

6631 

18 

35 

S 3 

70 

88 

105 

[23 

141 

158 

6668 

5 


60 

6 04 

6807 

18 

35 

53 

71 

891 

106 

124 

142 

160 

6844. 

6 

08 


TABLE vm. A. 

For correcting the mean log h found from the preceding table. 
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97059 

o 97162 
97263 
.97360 

97455 

.97546 

o 9763s 
97721 
97804 
97884 
97962 


o 98038 
.98110 
98181 
98 249 
98315 


098379 

98441 

98500 

98558 

.98613 


0,98667 

•98719 

98769 

98817 

98864 


o 98909 
98958 
•98994 
• 99=35 

99074 


o 99111 

99147 

9918a 

.99216 

.99248 


099279 

99309 

99338' 

99366 

9939a 

o 99418 

994^3 

99466 

.99489 

.99511 

o.99532j 


117 

**3 

111 

107 

103 

101 

97 

95 

9* 

89 

86 

83 

80 

78 

76 


72 

7* 

68 

66 

64 


62 


55 

54 


Sa 

SO 

48 


47 

45 

43 

42 

4* 

39 

37 


36 

35 

34 

32 

3* 


30 

29 

28 

26 

a6 

*5 

23 

as 

22 

21 

- 'I 



TABLE IX.A. Probability of Errors 

(Method of Least Squares ) 


2 

e{pt>)=— 

l/'Jo 




r 



0 (piO Diff r 


0(pO Dlff V 


e{pV) Diff I V 


e(pn 


iiiff 


0.00 

0 00000 

538 

538 

538 

538 

538 

0.60 

0.01 

00538 

0.51 

0.02 

01076 

0.62 

0.03 

01614 

0.53 

0.04 

02152 

0.54 

0,05 

0 02690 

538 

538 

537 

0.56 

0.06 

03228 

0.56 

0.07 

03766 

0.57 

0.08 

04303 

0.58 

0.09 

04840 

537 

538 

0.50 

0.10 

0 05378 

536 

0.00 

0.11 

05914 

0.01 

0.12 

06451 

S37 

536 

536 

536 

0.62 

0.13 

06987 

0.G3 

0.14 

07523 

0.G4 

0.16 

0 08059 

535 

0.65 

O.IG 

0859+ 

O.GG 

0.17 

09129 

535 

0.07 

0.18 

09663 

534 

0.G8 

0.10 

10197 

534 

534 

0.69 

0.20 

0 10731 

0.70 

0.21 

11264 

533 

0,71 

0.22 

11796 

53= 

0.72 

0.23 

12328 

53= 

0.73 

0.24 

12860 

53= 

531 

0.74 

0.25 

0 13391 

530 

530 

0.75 

0.26 

13921 

0.7G 

0.27 

14451 

0.77 

0.28 

14980 

5=9 

528 

5=7 

0.78 

0.20 

15508 

0.79 

0.30 

0 16035 

5=7 

526 

526 

0.80 

0.31 

16562 

0.81 

0.32 

17088 

0.82 

0.33 

1761+ 

0.83 

0.34 

18138 

5=4 

5=4 

0.84 

0.35 

0 18662 

5=3 

0.85 

0.38 

19185 

0.8G 

0,37 

19707 

522 

0.87 

0.38 

20229 

522 

0.88 

0.39 

=0749 

520 

519 

0.89 

0,40 

0 21268 

0.90 

0.41 

21787 

519 

0.01 

0.42 

22304 

517 

0.92 

0.43 

22821' 

517 

0.93 

0.44 

13336 

515 

515 

0.94 

0.45 

0 23851 

0.95 

0.46 

24364 

513 

0.96 

0.47 

24876 

512 

0.97 

0.48 

25388 

512 

0.98 

0.49 

25898 

510 

509 

0.99 

0.50 

0 26407 

1.00 


o 26407 
26915 
27421 
27927 
28431 

o 2S934 
29436 
29936 

30435 

30933 

o 31430 
31925 

3^419 

3291 1 
33402 

o 33892, 
34380 
34866 
3535^ 
35^85! 
o 36317 

36798 

37^77 

37755 

38231 

o 38705 
39178 
39649 
40118 
40586 

o 41052 
41517 
41979 
42440 
42899 

043357 

43813 

44267 

44719 

45169 

o 4561S 
46064 
46509 
46952 
47393 
o 47832 
48270 
48705 
49139 

•49570 

o 50000 


508 

506 

506 

504 

503 

502 

500 

499 

498 

497 

495 

494 

492 

491 

490 

488 
486 
486 , 
483 ’ 
482 

481 

479 

478 

476 

474 

473 

471 

469 

468 

466 

465 

462 

461 


456 

454 

45= 

450 

449 

446 

445 

443 

441 

439 

438 

435 

434 

431 

430 


I 


1.00 

1.01 

1.02 

1.03 

1.04 

1.05 

1.00 

1.07 

1.08 

1.09 

1.10 
1.11 
1.12 

1.13 

1.14 

1.15 

1.10 

1.17 

1.18 

1.19 

1.20 
1.21 
1.22 

1.23 

1.24 

1.25 

1.26 

1.27 

1.28 

1.29 

1.30 

1.31 

1.32 

1.33 

1.34 

1.35 
1.30 

1.37 

1.38 

1.39 

1.40 

1.41 

1.42 

1.43 

1.44 


1.45 

1.46 

1.47 

1.48 

1.49 

1.50 


694 


o 50000 
50428 
50853 
51177 
51699 

o 52119 

5^537 
52952 
53366 
5377» 
o 54188 

54595 

55001' 

55404 

55806 

o 56205 
56602 
56998 

57391 

57782 

o 58171 
58558 
58941 

593^5 

59705 

o 60083 
60459 
60833 
61205 
61575 

o 61942 
62308 
62671 
63032 
63391 

o 63747 
64102 

64454 

64804 

65151 

o 65498 
65841 
66182 
66521 
66858 

o 67193 
67^26 
67856 
68184 
68510 

o 68833 


428 

425 

424 

422 

420 

418 

415 

414 

412 

410 


407 

406 

403 

402 

399 

397 

396 

393 

391 

389 

387 

384 

383 

380 

378 

376 

374 

372 

370 

367 

366 

363 

361 


355 

352 

350 

348 

346 


343 

341 

339 

337 

335 


333 

330 

328 

326 

3=3 


I 


1.50 

1.51 

1.52 

1.53 

1.54 

1.55 
1.5G 

1.57 

1.58 

1.59 

1.00 

1.61 

1.02 

1.03 

1.04 

1.05 

1.06 

1.67 

1.68 

1.09 

1.70 

1.71 

1.72 

1.73 

1.74 

1.75 
1.70 

1.77 

1.78 

1.79 

1.80 
1.81 
1.82 

1.83 

1.84 

1.85 

1.86 

1.87 

1.88 

1.89 

1.00 

1.91 

1.92 

1.93 

1.94 

1.96 

1.90 

1.97 
1.08 
1.90 

2.001 


o 68851 
69155 
69474 
69791 
70106 

o 70419 
70729 
71038 

71344 

71648 


322 

319 

317 

315 

313 

310 

309 

306 

304 

301 


o 71949 
72249 
72546 
72841 

73134I 

o 73425 
737I4I 
74000 
74285’ 

•74567! 


300 

297 

=95 

=93 

291 

289 

286 

285 

282 

280 


o 74847 
75124 
75400 

75674 

75945 


=77 

276 

=74 

271 

269 


o 76214 
76481 
76746 
77009 
77270 


267 

265 

263 

261 

258 


o 77528 

77785 

.78039 

78291 

7854= 


=57 

=54 

252 

=51 

248 


0.78790 

79036 

79280 

79522 

79761 


246 

=44 

242 

=39 

238 


o 79999 
80235 
80469 
80700 
80930 

o 81158I 

813831 

8I607I 

81828I 

82048 


236 

=34 

231 

230 

228 

225 

224 

221 

220 

218 


o 82266 



TABLE IX.A. Probability of Errors, 

(Method of Least Squares ) 


nt ')= r - 





^dt 



r 


DifiT V e(pO Diir 


l ' © ( pf ) Dlff f 


© (pO DilT 


66 

8i 

95 

07 

17 

24 

30 

34 

36 

37 

35 

31 

26 

^9 

09 

98 

86 

71 

54 

36 

x 6 

94 

70 

45 

17 

S8 

58 

2-5 

55 
[8 
78 

37 
)S 

;o 

>7 

38 
)7 
H 


aiS 

214 

212 

210 

107 

206 

204 

202 

201 

198 

196 

19s 

193 

190 

189 

188 

i8s 

183 

182 

180 

37S 

176 

175 

172 

171 

170 

167 

166 

164 

163 

x6o 

159 

158 

155 

155 

152 

151 

149 

147 

146 



2.50 

2.51 

2.52 

2.53 

2.54 


2.50 

2.57 

2.58 
2.50 


2.00 

2.01 

2.0^ 

2.03 

2.04 

2.05 

2.00 

2.07 

2.08 

2.00 

2.70 

2.71 

2.72 

2.73 

2.74 

2.76 
2.70 

2.77 

2.78 

2.79 

2.80 
2.81 
2.82 

2.83 

2.84 

2.85 
2.80 

2.87 

2.88 

2.89 


2.90 

2.91 

2.92 

2.93 

2.04 

2.05 
2.98 

2.97 

2.98 

2.99 


3.00 


o 90825 
90954 
91082 
91208 
91332 

o 91456 
91578 
91698 
91817 

91935 


129 

128 

126 

124 

124 

122 

120 

II9 

118 

I16 


3.00 

3.01 

3.02 

3.03 

3.04 

3.05 
3.00 

3.07 

3.08 

3.09 


o 92051 
92166 
92280 
92392 
92503 

o 92613 
92721 
92828 
92934 
93038 


o 93141 

93143 

«93344 

•93443 

93541 


o 93638 


93734 


.93828 


.93922 

94014 


o 94105 

94195 

94284 

94371 

.94458 

o 94543 
94627 
947 n 
94793 
.94874 


IIS 

114 

112 

III 

110 

108 

107 

106 

104 

103 

102 

101 

99 

98 

97 

96 

94 

94 

92 

91 

90 

89 

87 

87 

85 

84 

84 

82 

81 

80 


3.10 

3.11 

3.12 

3.13 

3.14 

3.15 
3.10 

3.17 

3.18 

3.19 

3.20 

3.21 

3.22 

3.23 

3.24 

3.25 
3.20 

3.27 

3.28 
3.20 

3.30 

3.31 

3.32 

3.33 

3.34 

3.30 

3.30 

3.37 

3..38 

3.30 


o 94954 
95033 

95111 

95187 

95263 


o 95338 


95412 

•95485 

•95557 


95628 


0,95698 


76 

76 

75 

74 

73 

79, 

71 

70 


3.40 

3.41 

3.42 

3.43 

3.44 

3.45 
3.40 

3.47 

3.48 

3.49 

3.50 




o 95698 
95767 

95833 

95902 

95968 

o 96033 
96098 
96161 
96224 
96286 

o 96346 
96406 
96466 
96524 
96582 

o 96638 
96694 
96749 
96804 
96857 

o 96910 
96962 

97013 

97064 

97II4 

o 97163 
97211 
97259 
97306 
973 Sa 
o 97397 

•9744a 
.97486 
9753° 
•97S73 
o 97615 

97657 

.97698 

97738 

97778 
o 97817 

97855 

97893 

.97930 

97967 

0.98003 

98039 

98074 

.98109 

.98143 

0,98176 


67 

66 

65 

65 

63 

63 

62 

60 


3.50 

3.00 
3.70 
3.80 
3.90 

4.00 
4.10 
4.20 
4.30 
4.40 


60 

60 

S8 

58 

56 

56 

55 

55 

53 

53 


4.60 

4.00 

4.70 

4.80 

4.00 

6.00 

00 


Sa 

51 

SI 

5 ° 

49 

48 

48 

47 

46 

45 


44 

43 

42 


42 

41 

40 

40 

39 

38 

38 

37 


36 

35 

35 

34 

33 


o 98176 
98482 

98743 

98962 

99147 

o 99302 

99431 

99539 

99627 

997C0 

o 99760 
99808 
99S48 
99879 
99905 

0 99926 

1 00000 


306 

261 

219 

185 

155 

129 

108 

88 

73 

60 

48 

40 

31 

26 

21 



TABLE X. Peirce’s Criterion, 


Values op ** for = 1 


n 



I 4 .!io 

1 91a 1 163 

a a78 i 439 

2 cga 1 687 

2 806 I 910 

3 109 a 112 

3327 1195 

3526 2464 

3 707 1 621 

3875 2766 

4 029 2 902 

4 173 3 o3<^ 

4309 3151 

4.436 3 164 

4 555 3371 

4 668 3 475 



5 157 
5 14^ 
5 3M 



3 9^3 

4 002 
4078 


5403 4151 

5 479 4 

5 551 4-^91 

5622 4358 

5 690 4422 

5756 4484 

5820 4 545 

S 882 4.004 

5 942 4 661 

6 001 ^717 

6058 4771 

6113 4823 

6 167 4 874 

6 aig 4915 

6 270 4 974 



5 022 
5069 
5114 
5 IS9 
5 202 


6 720 


Ipg 

5408 


6761 S447 

6 goo c 484 

6 838 5 sii 

6876 5559 

6 913 5 S95 

6 950 5 630 

6 986 5 665 

7 oai 5 699 

7056 5733 

7 C90 5 766 


B 4 


5 


U 



8 



1 208 


1 409 

I 045 






1 589 

I 229 






I 753 

1 388 

I 091 





I 904 

I 531 

I 242 



•• 


2045 

1 662 

I 373 

1 122 

1 018 



2 176 

1 785 

I A92 

I 2 A 9 



2299 

I 901 

1 604 

I 362 

I 145 



2416 

2 009 

I 709 

I 465 

I ^55 

I 053 

.. . 

2 526 

2 I II 

I 007 

I 561 

I 3 S 4 

I 163 


2 630 

2 207 

I 898 

1 651 

1445 

I 259 

I 080 

2729 

2 824 

2 300 
2389 

1 985 

2 069 

I p6 

I 817 

I 329 

I 609 

I 347 

I 428 

I 176 
1 ZOI 

2.914 

»474 

2 150 

I 895 

1 685 

I 504 

I 341 

3001 

2556 

2 227 

I 970 

I 757 

I 576 

I 415 

3 084 

2634 

1 301 

2 041 

I 827 

I 644 

1 483 

3 164 

2 709 

1373 

2 109 

1 893 

1 710 

1 549 

3240 

2 782 

2 442 

2 176 

1 9 S 7 

I 773 

X 612 

3315 

2 852 

1509 

2 240 

2 019 

I 833 

1 671 

3387 

2 920 

1573 

2 302 

2079 

I 89a 

1 729 

3456 

2 986 

2 636 

2 362 

2 137 

1 948 

^iH 

3 5 J 3 

3049 

2 697 

2 420 

2 194 

2 OOq 

I 838 

3588 

3111 

X756 

1477 

2249 

2 056 

I 891 

3 651 

3 171 

2813 


2 302 

2 108 

I 941 

3 711 

3229 

2 869 

2 586 

1 354 

2 158 

I 990 

3772 

3.285 

2 923 


2404 

a 207 

2 038 


3 340 

2 976 

2 689 

1454 

2255 

2 085 

3 ^^4 

3 394 

3 028 

2778 

2 502 

2 30a 

2 130 

3 939 

3446 

3078 

2787 

^549 

a 347 

217s 

3992 

3 497 

3 127 

2834 

2 594 

2392 

2 218 

4.044 

3 547 

3 174 

2 880 

2639 

2436 

2 261 

4095 

3 595 

3221 

2 926 

2 683 

1478 

2 30a 

4.144 

3 513 

3267 

2 970 

a 720 

a 520 

1-343 

4.192 

3689 

3312 

3013 

2 768 

2 561 

2383 

4239 

3 734 

3356 

3055 

2 809 

2 601 

2 42a 

4.285 

4 33 ‘ 

3 779 

3 822 

3398 

3-440 

3097 

3 138 


2 640 
2678 

2 460 

1497 


3 865 

3 906 

3481 

3 Sai 

3 178 

3 1J7 

*■ 9*7 

1965 

a 716 

1 753 , 

1534 

1570 

4.460 

3 947 

3 561 

3^55 

3 002 

2789 

Z.606 

4.501 

3987 

3 600 

3.293 

3039 

*§?5 

2.641 

4 54 ^ 
4581 

4.026 

4065 

3638 

367s 

3.330 

3 366 

307s 

3. no 

2 860 

2 89A 

267J 

2.708 

4 620 

4103 

3 714 

3.401 

3 HS 

2 928 

1 - 74 * 

4657 

4140 

3748 

3436 

3-179 

2.962 

2.774 

469s 

4.176 

3.784 

3471 

3 113 

2994 

2.806 

jpi 

4.2IZ 

4^47 

3 i *9 

3 -Soj 

3538 

3*140 

3 179 

3 017 
3.059 

2 838 
2.809 

4 804 

4,282 

3 *»7 

3 571 

3 - 3 ” 

3 090 

2.899 

4839 

4.316 

3 920 

3,603 

3-341 

3 lax 

2.929 

4873 

4.907 

4-349 

4,382 

3 95 ^ 

3984 

lilt 

3 373 
3404 

3 iji 
3.181 

^959 

2980 

4941 

4 974 

5 006 

4-415 

4 447 
4.478 

^016 

4.047 

4078 

3697 

3.728 

3-758 

3 434 

3 403 

3491 

3 no 

3-017 

3*046 

3-074 





TABLE X. Peirce's Oriterioni 

Values or ac* roE /z = 2 




1 


n 


2 3 4 


5 6 7 


8 


0 


4 1 484 


5 

I 587 

1.235 

. 

0 

2 230 

* 479 

* 

7 

2 528 

1 705 

1.288 

8 

»793 

1 913 

1459 

9 

3029 

2 102 

1 620 

10 

3242 

2277 

r 771 

11 

iZ 


2 440 
2592 

1.913 
2 046 

13 

37*5 


2 171 

14 

3916 

2 867 

2 290 

15 

4.080 

2991 

2403 

10 

4.215 

3 109 

2 510 

17 

4.342 

3 221 

2611 

18 

440a 

3 3^8 

2 708 

10 

20 

ml 

3429 

3 

2.S01 
a 890 

21 


3 619 

a 975 

22 

4 885 

3 707 

3057 

23 

24 

4-979 

5069 

3 792 

3 874 

3 136 
3 211 

35 

S 15s 

3 953 

3.286 

2G 

5238 

4029 

3 357 

37 

5 3*7 

4103 

3.426 

28 

39 

118 

4.174 

4242 

3 - 49 * 
3 556 

30 

5 539 

4.309 

3 619 

31 

5 608 

4.373 

3 680 

33 

33 

567s 

Sl ¥> 

4 435 

4496 

3 73 ? 
3.796 

34 

35 

5*64 

4*555 

4.613 

3 85; 
3 906 

36 

5 9»4 

4.669 

3*959 

37 

38 

5981 

6.037 

4.725 

4.776 

4.01 1 
4 061 

3D 

40 

6 002 

6 145 

tkl 

4 III 

4 IS 9 

41 

6-197 

4927 

4.206 

43 

6.247 

4 975 

4251 

43 

6497 

5.012 

4297 

44 

6-345 

5 068 

4.341 

45 

6.392 

5*”3 

4384 

46 

47 

itn 

5 157 
5.Z00 

4426 
4 468 

48 

65*7 

5242 

4508 

49 

6.570 

5.283 

4-548 

50 

6 612 


4 - 5*7 

51 

6-653 

5,362 

4626 

52 

6694 

5401 

4.663 

53 

6-734 

5-449 

4700 

54 

6773 

5 47 * 

4736 

55 

6.8 II 

5 * 5>5 

4 - 77 * 

66 

6.848 

5 - 55 * 

4.807 

57 

6 855 

5 - 5*7 

484a 

58 

6.921 

5,S»2 

4.876 

59 

6957 

5.656 

4.909 

60 

6.993 

5.690 

4.942 


1 025 
1 163 
I 304 

1439 

1 566 
I 687 
X 802 

1 gio 

2 0x4 

2 112 
2 206 
2295 
2 382 
1465 


*S 44 
2 621 



1 835 


2.902 
2967 
3 030 
3 091 
3 150 

3.20S 
3 164 
3 3«9 
3 37 » 
3 4»4 


3-474 
3 S »3 
3 57a 
3.619 
3-665 


3 710 
3 755 
3.798 

3 *40 


3923 

3963 


4*002 

4.040 

4.078 


4*115 

4*151 

4*187 

4.222 

4.257 


4.291 
4 3*5 
4*357 

4.390 

4.421 



... 




1 066 

... 


. .. 

.. .. 

1 I9I 

.. 

. . 


... 

1.310 

I 098 


... 

• .. 

14^3 

I 208 

1 015 

. .. 

... 

1.529 

1.631 

I 310 

I 122 

, 

.. . 

I 409 

I 220 

I 045 

.. . 

I 727 

I 501 

I 312 

I 141 

.. . 

X 819 

1589 

1.308 

I 229 

I 070 

1907 

1673 

X 480 

* 3 “ 

I 157 

1991 

2 071 

' ZS 3 

I 830 

I 557 

1.631 

X 388 

X 461 

1.236 
I 310 

2 150 

1 904 

I 703 

1531 

I 380 

2 225 

1.976 

Ull 

icoS 

1447 

2208 

2 045 

1 663 

I SIX 

2 368 

2 111 

Z.90Z 

I 725 

I 57 » 

a. 43 S 

2.176 

1 964 

1785 

1843 

1.631 
I 688 

2 501 

2239 

2 024 

2686 

2 299 
2358 

^415 

2.082 

2 139 
2.19A 

2 248 

1 900 

* 955 

2 ooB 

I 743 

2 744 

2 8OX 

2471 

2 060 

1.898 

2525 

2.300 

2 III 

1 948 

2 856 

2578 

2620 

a.351 

2 x6o 

1 996 

2.909 

2 401 

1 208 

2 042 
2.058 

2.961 

2 680 

2449 

2496 

2 255 

3.012 

2729 

2.301 

2 132 

3062 

2777 

a 543 

»345 

2 176 

3 XII 

2 824 

2 588 

2.389 

2 219 

3 '58 

2 870 

2.632 

2.432 

2 260 

3205 

29IA 

2.958 

1675 

a.474 

2.301 

3 »So 

2717 

2515 

2.341 

2.380 

3.294 

3 001 

2759 

a 555 

3.338 

3 - 3 *» 

3.043 

3.084 

2 800 
2840 

a 595 

2634 

2.419 

»457 

3 - 4 “ 

3 IJ 4 

a 879 

2 672 

2494 

3463 

3 '64 

2.917 

a 709 

rpi 

3.503 

3.203 

»955 

2746 

3 p? 

3241 

2 992 

2.782 

2 601 

3 3.78 

3*019 

2.817 


3.619 

3 315 

3.064 

Ha 

3.036 

3-693 

IWe 

3099 

3.134 

2.886 

2,920 

2.703 
2 730 

3-728 

3421 

3.168 

nil 

3 018 

2768 

3764 

3.798 

111^7 

34^9 

3.aoi 

3^34 

2.800 

a.831 

3 - 5»3 

3 555 

3 266 
3298 

3049 

3 

2.862 
2 892 

3.900 

3-588 

3 3 J 9 

3.111 

2 922 

3.931 

3.94 

3619 

3 300 

3.141 

2.951 
a 980 

lii° 

3 390 

3.171 

3.996 

3419 

3.448 

3^.200 

3.009 

4.027 

3 - 7 n 

3 « 9 | 

5*037 


&Q7 



TABLE X. A. Peirce's Criterion. 

Log T 


n 


m 

1 


2 

93979 

3 

9 1707 

4 

5 

0 0231 
8 9134 

6 

8 8259 

7 

* 753 ® 

8 

86910 

0 

10 

86365 
8 5882 

11 

* 5447 

12 

13 

is; 

14 

*4355 

15 

*4044 

16 

17 

list 

18 

8 3227 

19 

8 2986 

20 

*1757 

21 

8 2540 

22 

23 

82333 
8 2136 

24 

25 

iini 

2G 

8 1592 

27 

* i 4®5 

28 

8 1264 

29 

8 1109 

30 

*0959 

31 

8 0814 

32 

33 

8 0674 

8 0538 

34 

8 0407 

35 

8 0279 

36 

80155 

37 

8 0034 

38 

39 

79917 

79803 

40 

79691 

41 

79583 

42 

7 9477 

43 

7 9373 

44 

79272 

45 

7 9*74 

46 

47 

7Q077 

78083 

48 

7 8S90 

49 

7 8800 

50 

78711 

51 

7 8624 

52 

7-*539 

53 

7*456 

54 

7*374 

55 

78293 

56 

7*114 

67 

7*137 

58 

7 8060 

59 

7.7986 

60 

7 - 791 ®, 


95853 

9 3979 

9 2693 

91707 
9 0906 

9 0231 

s 9648 
S9134 

8 8675 
8 8259 
87881 
87531 
0 7210 

8 6910 
8 6629 
86365 
8 6117 
8 5882 

85659 

*5447 

85245 

lltl] 

8 4689 
84519 

« 43 S 4 
84197 
8 4044 

83897 

*3754 

8 3617 
83483 

* 3353 

8 3217 


9 6744 
95129 


9 

9 3080 

92338 

9 1707 
9 “57 
9 0669 
9 0231 
89834 
8 9470 
8 9134 

8 8822 
8 8532 
8 8259 
8 8003 
8 7761 

* 763 ® 
87315 
8^07 
8 6910 
8.6721 

flHl 

8 6198 
8 6037 
8 5882 

llIB 

* 5447 
85311 
85179 

8 5051 


8 2q86 
8 2870 
8.2757 

8 2647 
8 2540 
82435 
82333 
8 2233 

8 2136 
8 2040 

am 

8 1706 
81678 

8 1508 
81425 
81344 

8 1264 
8 iz86 
8 1109 
81033 
80959 


8 4807 


84575 

84463 

*-4355 

84249 

84145 

84044 

83849 

Hut 

83572 

83483 

8339S 

8.3311 

83127 

8.314s 

* 3065 

8 2986 
8 2908 
8 2832 
82757 


9 7®*3 

9 5*53 
9 4810 

93979 
93287 
9 2693 

9 2172 
9 1707 
9 1288 
9 0906 

9055s 

9 0231 

i^Po 

8 9048 

89383 

89134 

8 8898 
8867s 
8 8462 
8 8259 
88066 

87881 

87703 

87II8 

8 7210 

87057 

8 6910 
86767 
8 6629 
86495 

86365 
8 6239 
86117 

III!! 

* 5769 

8 5659 
8.5552 
*5447 
*5345 
85145 
8 5147 

0 

am 

84603 

1 S 3 

*4355 

8427s 

* 4"97 
8 4120 
*4044 


97652 
9 6362 

95403 

94630 
9 3979 
93417 

9 2921 
92477 
9.2074 
9 1707 

9 1368 
910CS 
9 0762 
9 0489 
9 0231 


8975* 

89540 

*933® 

*9134 

Si 
8 876 
8 8588 
8 8421 
8 8259 

8 8104 

1 7954 

8 7809 
87668 
87532 

8 7400 
8 7272 
8 7148 
8 7027 
8 6910 

Hill 

IlSI 

86365 

8 6264 
8 6165 
8 6069 


*5 
*5791 

8.5 


8 561c 

*5530 

*5447 

iii‘i 

ilS! 

85051 


97922 

96744 98130 

9 5 »S 3 9 704a 
9 5129 9 6210 


94514 

9 3979 
93506 
9 308a 
9.2693 

92338 
9 2011 
9 1707 
9 1413 

91157 

9 0906 
9 0669 
90445 
9 0231 
9 0028 

I St 

89470 
89299 
8 9134 

!!275 
8 8822 
8 867s 
8 8532 

8*393 

8 8259 
8 8129 
8 8003 
87881 
8 7761 

8 7645 
8 7532 
8 7422 

* 73 >S 
8.7210] 

87107 
8 70071 
8691c' 
8 6814I 
8 6721 

8 6629 
86539 
86451 
8 6305 

8 6l8i 

8 6198 
8 6ii7 
8 6037 


8 5882 


9 55*7 
9 4943 
9 4433 
9 3979 
9 3570 
93197 
9 ®*S 4 
9®537 

9 22A2 

9 1906 
9 1707 
9 1463 
9 1*31 
9 1012 
9 0803 

9 0604 
90414 
90231 
9 0056 
8 9888 

8 9726 

iiu; 

89175 
8 9134 

8 8998 
88865 

* *737 

8 8613 

8 8492 

! 

8 8250 
88148 
8 8039 

8.7933 

8 7829 
8 7728 
8 7629 

f 753® 

8 7438 

*7345 

8 725A 
8 7166 
8 7079 
86993 

8 6910 

86828 

ll!ti 

8.6590 


9 8296 
97253 

9 6501 
9 S »53 
9 s; 9 » 
9 4810 

9 4374 

93979 
9 3019 
9 3*87 
9 2980 
92693 

9 2424 
9 2172 
9 1933 
9 1707 
9 149* 
9.1288 
9 1095 
9 0906 
9 0727 

90555 

9 0390 
9 0231 


89716 

8 9648 

! 55;3 
89383 
8 9257 

* 9134 

8 9014 
8 8898 
88785 
8 8675 
8 8567 

8 8462 
88360 
88259 
88162 
88066 

iiiii 

87791 

*7703 

8 7617 
8.7532 

ilS 

8 7288 
8.7210 


98431 

974*3 

9674J 

9 6128 

9-5597 

9.5129 

9.4710 

94328 

9-3979 
9 3658 

9-3359 
9.3080 
9 2818 
9 2571 

9 ® 33 * 
9.2II7 

9 *907 
9 1707 
9 1516 
9 * 33 * 
9 **57 
9 0988 
9 0826 


9 0518 
9 037a 

9 0231 
ooojs 
8 996a 
8 9834 
8 9709 

8 9588 
8 9470 
8 9355 ! 
* 9»43 

a.9134 

8.9028 
8 8924 
8 8822 
8 8723 
8 8626 

8.8532 

Util 

l-lpS9 

8 8172 

S.8087 
8.8003 
8 7021 
8 7840 
8.77P1 


698 



TA3LE X A, Peirce’s Criterion. 

Log T 


n 


1234 5078 9 | 


01 7 78^0 80886 82684 83970 84977 85806 86514 87133 87684^ 

02 77708 80814 82611 83897 84903 85732 86439 *7057 87607 

03 77098 80744 82540 8 3S25 8 4S30 85059 86365 86983 87532 

01 77629 8 067! 82470 83754 84759 85587 86293 86910* 87458 

05 77562 80606 82401 83685 84689 85516 86222 86838 87386 

00 7 7495 80538 82333 83617 84620 85447 8 6ip 86767 87315 

67 77429 80472 82260 83549 84552 85378 86082 86697 87244 

08 77364 80407 82200 83483 811485 85311 86015 8.6629 87175 

61 ) 77300 80342 82136 83418 84420 85245 8 594^ 86562 37107 

70 7 7»37 80279 82072 83353 84355 85^79 85882 86495 87040 

71 77175 80217 82009 83290 84291 8.5115 85817 86430 86975 

72 77114 80155 ^^947 ^ 3^*7 8 4228 85051 85753 86365 86910 

73 77054 80094 81886 83166 84166 8.4989 8 5690 86302 8 6S46 

74 76992 80034 81825 83106 84105 84927 S 5628 8.6239 86783 

76 76936 7 9975 81766 8.3045 84044 84867 8 556-^^ 8.6178 86721 

70 7 6878 7 9917 8 1707 8 2986 8.3985 8 4807 8 5506 8 6117 8 6659 

77 7.6820 79859 81649 82928 8.3026 84747 85447 86057 8.6599 

78 7 67 6a 79803 81592 82870 8.3868 84689 85388 85998 86539 

70 76708 79747 81536 82813 83811 84632 85330 85939 S6481 

80 76653 79691 8.1480 82757 83754 84575 ^5*73 85882 86423 


81 76599 79637 81425 8.2702 83699 84519 85216 85825 86365 

S'Z 76540 79503 81371 82047 S 36^ 811463 85161 85769 86309 

83 76493 7 95*9 81317 82593 84409 85106 85714 86253 

84 7 O440 79477 8.1264 82540 8'. 530 84355 8 <1051 85659 86198 

85 76389 79425 8,1212 82487 85483 84301 84998 85605 86144 


80 76337 7 9373, 8-"6o 82435 83431 84249 84945 85552 86090 

87 76287 79322 81109 82384 83379 84197 84892 85499 8.6037 

88 7 6»37 7 9»72 8 1058 8 2333 8.3328 8 4145 8 484* 8 5447 8.5985 

99 76187 7 9223I 81008 8 22S3 832771 84094 84790 853951 85033 

90 7 6139 7 9174; 8 0959 8.2233 8 3227 8 4044I 84739 8 5345] 8 5882 


Log It . 


a^ ojl 3 8 4 sjo 7 8 » 

, 1.0 9S0IS 9-499* 9 49^9 9 4947 9 49*4 9 49oa 9.4880 94857 94S35 94813 

1.1 9 479« 94709 9 4747 9 47*5 9-4704 9 40** 94661 94639 9461X 94597 

1.2 9 4575 9 4554 9 4533 9 451* 9 4491 9 447° 9 445? 9 44*9 9 44o8 94388 

1.3 94367 94347 94327 94306 94286 94266 9.4246 94226 9.4206 94186 

1.4 94167 94147 94127 94108 94088 94069 9.4050 94030 9.4011 9.3992 

1.5 9-3973 9 3954 9-3935 9 39i6 9 3^97 9 3?78 93860 9.3841 9.3823 93804 

1.0 93786 93767 93749 9373* 9-371^ 93094 93676 9-3658 93640 93622 

l.T 93604 93587 93569 9-3551 9 3534 9-35i6 93498 93481 93464 93446 

1.8 9-34^9 9341a 93395 93377 g.3360 93343 9 33^6 93310 93293 93276 

1.0 9 3^59 9-3^4^ 93*^6 9.3209 93193 9.3176 93^60 9.3143 9-3*a7 9 3”^ 

I 2 mO 9309s 93078 93062 9.3046 9.3030 9.3014 9.2998 9.2082 92966 92951 

iz.i 92925 9.2919 92904 9 28S8 9.2872 9.2857 9.2841 92826 92811 9.2795 

22.2 92780 9.2765 92750 9.2734 9.27x9 9.270A 92689 92674 9.2659 92644 

2.3 9.2630 92615 9.2600 9.2585 92571 9.2556 9.2541 92527 9.2512 92490 

2.4 9 *483 9 *469 9-a4S5 9-a44o 9 2412 9,2398 9 2383 9 2369 9 2355 

2.5 9*2341 92327 92317 92209 92285 92272 9.2258 9.2144 9.2230 92217 

2.7 92207 92189 92176 9.2162 9.2149 92135 92122 92108 9.2095 92082 

2.7 9.2068 92055 9.2042 92029 9.2016 92002 91989 91976 9x903 9*1950 

2.8 9*1937 919*4 9.1912 91899 9.1886 91877 91860 91848 91035 9.1827 

I 2,0 91^10 91797 91785.9*773 9 -* 76 o 9 -* 74 e 9-*735 9 * 7*3 9 * 7 ** 9-*698 

ij 3.0 9*686 ' 
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TABLES 

FOR OOSREOTIUa 

lUNAR DISTANOia 





TABLE n. 


TABLE Xn. 


TABLE Xin. 


Dip of the Sea 
Horizon 


Augmentation of the Moon’s Semidiameter 


Correction of the 
Moon’s Eq Parallax 


Holfrht 
of tliu 
Eyo 

Dip nf tho 
llorlzua 

Appa- 
rent 
Altitmlf 
of J) 

14 ' 

30 ' 

Foet 

/ // 

0 

// 

0 

o 

o 

o 

0 

0 1 

1 

o 59 

2 

0 6 

2 

I 23 

4 

1 0 

3 

I 42 

6 

^ 5 

4 

I 58 

8 

2 0 

5 

2 11 

10 

2 4 

6 

2 24 

12 

a 9 

7 

2 36 

14 

3 4 

6 

2 46 

16 

3.8 

9 

2 56 

18 

4 3 

10 

3 06 

20 

4 7 

H 

3 15 

22 


12 

3 a 4 

24 

56 

13 

3 3a 

26 

6 0 

14 

3 40 

28 

6 5 

15 

3 48 

30 

6 9 

16 

3 S 5 

32 

7 3 

17 

4 02 

34 

7 7 

18 

4 09 

36 

8 I 

10 

4 16 

38 

8 4 

20 

4 as 

40 

8 8 

21 

4 a9 

42 

9 a 

22 

4 36 

44 

9 S 

23 

4 4 i 

46 

98 

24 

4 48 

48 

10 2 

25 

4 S 4 

60 

10 5 

20 

5 00 

52 

10 8 

27 

5 06 

54 

II I 

28 

5 ” 

56 

II 3 

20 

5 17 

58 

11.6 

30 

5 a2 

60 

II 8 

35 

S 48 

02 

12 I 

40 

6 12 

04 

12 3 

45 

6 34 

60 

125 

50 

6 56 

08 

12 7 

55 

7 16 

70 

12 9 

GO 

7 35 

72 

13 0 

65 

I 5+ 

74 

13 1 

70 

8 12 

76 

13 3 

75 

8 29 

78 

13 4 

80 

'8 46 

80 

13 5 

85 

9 02 

82 

13 S 

90 

9 18 

84 

13 6 

95 

9 33 

86 

13 6 

100 

9 48 

88 

13 7 



90 

13 7 


Uorlzuiitul Semldiamator 


15 ' 16 ' 


0" I 

30 " 

0" 

30 " 

1’ 

If 

// 

// 

n 

0 I 

0 1 

0 I 

0 a 

0 6 

07 

0 7 

0 8 

I I 

1 2 

* 3 

I 4 

I 6 

I 7 

I 9 

2 0 

2 I 

a 3 

a 4 

2 6 

2 6 

2 8 

3 0 

3 a 

3 I 

3 3 

3 6 

38 

3 6 

39 

4 I 

4 4 

4 I 

44 

4 7 

5 0 

46 

49 

5 a 

5 6 

S I 

54 

58 

6 1 

5 5 

5 9 

6 3 

6 7 

6 0 

64 

6 8 

7.3 

65 

6 9 

7 4 

78 

6 9 

74 

7-9 

84 

7 3 

7 9 

8 4 

89 

78 

83 

8.9 

9-4 

8 2 

8 8 

9 4 

10 0 

8 6 

9 a 

98 

10 5 

90 

97 

10 3 

10 9 

94 

10 I 

10 7 

II 4 

9 8 

10 5 

11 2 

II 9 

10 2 

10 9 

II 6 

12 3 

10 5 

II 3 

12 0 

12 8 

xo 9 

II 6 

12 4 

13 2 

II 2 

12 0 

12 8 

13 6 

” 5 

12 3 

13 I 

14 0 

II 8 

12 7 

13 5 

14.4 

12 1 

13 0 

13 8 

*4 7 

124 

13 3 

14 I 

15 I 

12 7 

13 5 

14.4 

*5 4 

12 9 

138 

147 

'5 7 

13 2 

141 

15.0 

16.0 

13 4 

143 

15,2 

16 2 

13 6 

14 5 

15 -S 

16.5 

138 

14,7 

15 7 

16 7 

13 9 

14.9 

15 9 

16 9 

14.1 

150 

x6 0 

17 I 

14.2 

152 

16.2 

17.2 

14.3 

^5 3 

16.3 

17 4 

14 4 

154 

16.4 

*7 5 

14.5 

* 5 ‘S 

16.5 

17*6 

14.6 

15.6 

16 £ 

17.6 

14.6 

15 6 

16 6 

17 7 

14.6 

15.6 

16.7 

17 7 

14.6 

15 6 

16.7^ 

17.7 


Equatorial Parallax 


ir 

0" 

Lati- 

tude 

53' 

67' 

61' 

n 

0 

« 

II 

If 

0 2 

0 

0 0 

0 0 

0 0 

0 8 

2 

0 0 

0 0 

0 0 

I 5 

4 

0 1 

0 I 

0 I 

2 I 

G 

0 1 

0 1 

0 I 

2 7 

8 

0 2 

0 2 

0 2 

3 4 

10 

0 3 

0 3 

04 

40 

12 

0 5 

0 5 

0-5 

4-7 

14 

0 6 

0 7 

07 

5 3 

10 

0 8 

09 

0.9 

5 9 

18 

1 0 

I 1 

I 2 

65 

20 

1 2 

I 3 

I 4 

7 I 

22 

I 5 

1 6 

I 7 

7 7 

24 

I 8 

I 9 

2 0 

83 

26 

2 0 

2,Z 

24 

89 

28 

a 3 

a 5 

27 

9 5 

30 

a 7 

a 9 

3 I 

10 0 

32 

3 0 

3 a 

3 4 

10 6 

34 

3 3 

36 

38 

IX 1 

30 

3 6 

3 9 

4 I 

6 

38 

4.0 

43 

46 

12 I 

40 

44 

47 

5 I 

12 6 

42 

4.8 

5 I 

S 5 

^3 I 

44 

5 I 

5 5 

5 9 

13 6 

40 

5 5 

5 9 

£ 3 

14 0 

48 

5-9 

6 3 

£ 8 

144 

50 

£ 2 

6.7 

7 a 

14.9 

52 

£ 6 

7 I 

7 6 

^5*3 

54 

£.9 

7 5 

8.0 

15.6 

66 

7 3 

7*9 

8 4 

160 

68 

7 5 

8 0 

8 6 

16.3 

60 

8.0 

8 6 

9.2 

16 6 

02 

83 

89 

9 5 

x6 9 

04 

8 6 

9 » 

9.9 

17 2 

60 

89 

9 5 

10.2 

^ 7-5 

68 

9.1 

98 

105 

17 7 

70 

94 

10 I 

10 8 

17 9 

72 

9 6 

10 3 

11 1 

j8 I 

74 

98 

X0.6 

II 3 

183 

76 

lO.O 

10 8 

”5 

18 4 

78 

10 2 

10 9 

II 7 

18.6 

60 

10.3 

XI. I 

II 9 

187 

82 

10 4 

XI. 2 

12 0 

18 7 

84 

10.5 

11.3 

12 I 

18 8 

86 

xo.£ 

11.4 

12.2 

18.8 

88 

10 6 

n 4 

J2.2 

18.8 

90 

10. £ 

11 4 

12.2 


m 



TABLE XIV I Meaji Eeduoed Eefraotion for Lunars. 

Barometer 80 inches Fnhrenbeit’s Thermometer 60 ® 
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0258 0263 0269 0274 0280 0285 

0256 0262 0267 0273 ^^7^ 0284 
0255 0261 0266 0271 0277 0282 
0254 025Q 0265 0270 0275 0281 
0252 0258 0263 0269 0274 0279 
0251 0257 0262 0267 0273 <^5^70 

0250 0255 0261 0266 0271 0276 
0249 0254 0259 0264 02.70 0275 
0247 0253 0258 0263 0268 0274 
0246 0251 0257 0262 0267 0^72- 
0245 0250 0255 0260 0260 0271 

0244 0249 0254 02,59 ^^^4 0270 
0242 0248 0253 0258 0263 0268 

0241 0246 0251 0257 0262 0267 

0240 0245 0250 0255 0260 0266 

0239 024410249 0254^0259 0264 

0238 0243 02481 0253 0258 0263 
0236 0241 02461 0252 0257 0262 
0235 0240 0245 0250 0255 0260 

0234 0239 0244 0249 0254 0259 

0233 0238 03^43 0248 0253 0258 

0232 0237 0242 0247 0252 0257 

0231 0230 0241 0246 0250 0255 

0230 0235 0239 0244 0249 02,54 

0229 0233 0238 0243 0253 

0227 0232 0237 0242 0247 0252 

0226 02‘Z1 0226 0241 0246 02 Cl 


51' 52' 53' 54' ' 55' 


0355 

0361 

0368 

1 

0352 

0359 

0366 


0350 

0357 

0363 


0348 

0354 

0361 


0346 

0352 

0359 


0344 

0350 

0356 

1 

0341 

0348 

0354 

I 

0339 

0346 

0352 


0337 

0344 

0350 


0335 

0341 

0348 


0333 

0339 

0346 


0331 

0337 

0344 


0329 

0335 

0341 

. 

0327 

0333 

0339 

0346 

0325 

0331 

0337 

0344 

0323 

0329 

0335 

0342 

0321 

0327 

0334 

0340 

0320 

0326 

0332 

0338 

0318 

0324 

033c 

0336 

0316 

0322 

032S 

0334 

0314 

0320 

0326 

0332 

0312 

0318 

0324 

0330 

0311 

0316 

0322 

0328 

0309 

0315 

0320 

0326 

0307 

0313 

0319 

0324 

0305 

0311 

0317 

0323 

0304 

0309 

0315 

0321 

0302 

0308 

0313 

0319 

0300 

0306 

0312 

0317 

0299 

0304 

0310 

0316 

0297 

0303 

0308 

0314 

J 295 

0301 

0307 

0312 

0294 

0299 

0305 

0310 

J292 

0298 

0303 

0309 

J291 

0296 

0302 

0307 


0295 

0300 

0306 

0288 

0293 

0299 

0304 

0286 

0292 

0297 

0302 

0285 

0290 

029s 

0301 

0283 

0289 

0294 

0299 

0282 

0287 

0292 

0298 . 

0280 

oz86 

0291 

0296 

0279 

0284 

0289 

0295 

0277 

0183 

0288 

0293 

0276 

0281 

0286 

0292 0297 

0275 

0280 

0285 

0200 0295 

0273 

0278 

0284 

0289 0294 

0272 

0277 

0282 

0287 0292 

0271 

0-76 

0281 

oz86 0291 

02691 

0274 

0279 

02841 

0268 

0273 

0278 

0283 0288 

0267 

0272 

0277 

0282 0287 

0265 

0270 

0275 

0280 0285 

0264, 

0269 

0274 

0279 02.84 

0263 

0268 

0273 

0278 0283 

0262 

0266 

0271 

0276 0281 

0260 

0265 

0270 

0275 0280 

0250 

0264 0269 

0274 0279 

0258 

0263 

0267 

027a 0277 

0257 

0261 

0266 

0271 0276 


02CC 0260 n26r nnnn 



App 
A)t 
of J> 

1 “ 

44' 

TABLE XV. Log A. 

For correcting Lunnr Ivistaiioos. 

BEDUCED PAEALLAX AND EEFBACTION 

45' 46' 47' 48' 1 49' 50' 51' 53' 53' 54' 

OF J 

55' 

56 ' 

sr 

C t 

7 0 

0122 

0226 0231 

0236 024X 

0246 

0251 

0 X 55 

0260 

02^ 

0270 

0X75 



.3 

0220 

0225 0230 

0134 

0239 

0244 

0249 

0254 

0258 

0263 0268 

0273 



6 

02i8 

0223 0228 

0233 

0238 

0242 

0247 

0252 

0257 

0261 

0266 

0271 



9 

0217 

0222 0226 

0231 

0236 

024X 

0145 

0250 

0255 

0260 0264 

02^ 



12 

0215 

0220 0225 

0230 

“34 

0239 

0244 

0248 

0253 

0258 

0262 

0267 



7 15 

0214 

0219 0223 

0228 

0233 

0237 

0242 

0247 

0251 

0256 0161 

02^ 



18 

.0213 

0217 0222 

0226 

0231 

0236 

0240 

0245 

0250 

0254 

0259 

0*63 



21 

0211 

0216 0220 

0225 

0230 

0234 

0239 

0243 

0248 

0x53 

0257 

0202 


{ 

21 

0210 

0214 0219 

0223 

0228 

0233 

0237 

0242 

0246 

0251 

oxSS 

0260 



27 

0208 

0213 0217 

0222 

0227 

0231 

0236 0240 

0245 

0249 

0254 

0258 



7 flO 

0207 

0211 02 I 6 

0220 

0225 

0230 

0234 

0139 

0243 

0248 

0252 

0257 



83 

0206 

0210 02 1 5 

0219 

0224 

0228 

0232 

0237 

0241 

0246 0250 

0255 



33 

0204 

0209 0213 

02x8 

0222 

0227 

0231 

023s 

0240 

0244 

0249 

“S 3 



.39 

0203 

0207 0212 

02 X 6 

0221 

0225 

0229 

0234 

0238 

0143 

0247 

0252 



42 

0202 

0206 0210 

02x5 

02x9 

0224 

0228 

0232 

0237 

0241 

0246 

0250 



T 45 

0200 

0205 0209 

02x3 

02X8 

0222 

0227 

0231 

0235 

0140 

0244 

0248 



48 

0190 

0203 0208 

02X2 

02X6 

0221 

0225 

0229 

0234 

0238 

0242 

0147 

. . . 


51 

0198 

0202 0206 

02X1 

0215 

021 Q 

0224 

0228 

0232 

0137 

0241 

0145 

0249 


51 

0196 

0201 0205 

0209 

0214 

0218 

0222 

0227 

0231 

0235 

0239 

0X44 

0248 


57 

.019s 

0200 0204 

0208 

0212 

0217 

0221 

0225 

0229 

0234 

0238 

0242 

0^40 


8 0 

,0194 

0198 0203 

0207 

0211 

02X5 

0219 

0224 

0228 

0232 0236 

0241 

“45 


.3 

.0193 

0197 0201 

0200 

0210 

02X4 

0218 

0222 

0227 

023X 

023 s 

0239 

0243 


6 

0192 

0190 0200 

0204 

0208 

0213 

0217 

0221 

0225 

0220 

0233 

0238 

0242 


9 

. 

019^ oigo 

0203 

0207 

0211 

0215 

0220 

0224 

0228 

0232 

0236 

0240 


12 

. ... 

0193 0195 

<^202 

0200 

0210 

0214 

0218 

0222 

0227 

0231 

0 X 35 

0239 


8 15 


0192 0196 

0201 

0205 

0209 

0213 

0217 

0221 

0225 

0229 

0233 

0237 


18 


0191 0195 

0199 

0203 

0207 

OZI.b 

0216 

0220 

0224 

0228 

0232 

0236 


21 


0190 0194 

0198 

0202 

0206 

02X0 

OZ14 

02X8 

0222 

0226 

0231 

0235 


21 


0150 0193 

0197 

0201 

0205 

0209 

021 3 

0217 

02ZZ 

0225 

0229 

0233 


27 


0x83 0192 

0X96 

0200 

0204 

0208 

0212 

0216 

0220 

0224 

0228 

0232 


8 30 


0x87 0191 

0195 

0X99 

0203 

0207 

02X1 

0215 

OZI9 

0223 

0226 

0230 


33 


0x80 0190 

0193 

0x97 

0201 

OZO5 

0200 

02 1 3 

02X7 

0221 

0225 

0229 


30 


0184 0188 

0192 

0X96 

0200 

OZO4 

0208 

02X2 

0210 

0220 

0224 

0225 


39 


0x83 0187 

0191 

019s 

0190 

0203 

0207 

021 X 

0215 

0219 

0223 

02z6 


' 42 


0182 0186 

0190 

0194 

0X98 

0202 

0200 

02 X 0 

OZX4 

0217 

0221 

0225 


8 45 


0181 0185 

0189 

0193 

0197 

0201 

0205 

0208 

02 X 2 

0216 

0220 

0224 


48 


0180 0184 0188 

0192 

0196 

0200 

0203 

0207 

02X1 

0x15 

0210 

0223 


51 


0x79 

01^ 

0191 

0*95 

0198 

0202 

0200 

02 X 0 

0214 

0218 

0221 


54 


017s 0182 

0180 

OXQO 

0*93 

0197 

0201 

0205 

0209 

0212 

OZI6 

0220 


57 


0177 0181 

0185 

0189 

0x92 

0196 

0200 

0204 

0205 

021 X, 

02X5 

0219 


0 0 


0x76 0180 

0184 0188 

0x91 

0*95 

0199 

0203 

0206 

0210 

OZX4 

0218 


.3 


0175 0179 

0183 

0186 

OXQO 

0194 

0198 

0201 

OZO5 

0209 

0213 

0216 


6 


0174 0178 

OIS2 

01^ 


0193 

0197 

0200 

0204 

0208 

021 X 

0215 


9 


0173 0177 

0181 

0184 

0x88 

0x92 

0X96 

0190 

0203 

0207 

0210 

0214 


12 


01721 0176 

oz8q 

0x83 

0x87 

0x91 

0 X 94 

0X98 

0202 

0206 

0209 

0213 


0 15 


0171 0x75 

0179 

01 8z 

0186 

OXQO 

0*93 

0197 

020 X 

0204 

0208 

02 X 2 


18 


OI70I 0174 

0178 

0181 

0185 


0192 

0196 

0200 

0203 

0207 

QIXI 


21 


0x70 0x73 

0177 

01 So 

0184 

01 88 

0191 

0195 

0190 

02(^2 

0200 

0200 


24 



01^ 

0*79 

0183 


OXQO 

0*94 

0198 

0201 

0205 

0208 


27 



0175 

0179 

0182 

0186 

0189 

0193 

0196 

0200 

OZO4 

0207 


0 30 


0170 

0174 

0x78 

oi8x 

0185 

0188 

0x92 

0*95 

0190 

0203 

OZ06 


33 


0170 

0173 

0*77 

0180 

0184 

0187 

0x91 

0*94 

0198 

0201 

0205 


36 


0160 

0172 

0176 

0179 

0183 0186 

QIQO 

0193 

0X97 

0200 

0204 


89 


0169 

0171 

PI 7 S 

0178 

0x82 

QI« 

OX8Q 

0x92 

0196 

0190 

0203 


42 


0167 

0170 

0174 

0177 

0181 

0184 0x88 

0x91 

0195 

0198 

0202 


0 45 


0166 

oi6q 017^ 

0176 

0180 

0183 

0187 

0x90 

0194 

0*97 

0201 


48 


0165 

0160 

0172 

0x76 

0170 

01^2 

oz8o 


0J93 

Q196 

0200 

0203 

51 


0164 

0168 

Q171 

0 X 75 

0178 

0182 

01^ 

0x88 

0X92 

0*95 

0X90 

0202 

54 


0163 

C1167 

0170 

PI 74 

0177 

oj8i 

0184 0x87 

QX9I 

0194 

0198 

0201 

57 


0163 

0160 

Q169 

9173 

QI70 

qi8o QX.83 

0186 

01 90 

0 X 93 

0197 

0200 

*kO 0 

1 

[ 1 

0165 

0169 0x72 

0175 9179 

pi 81 

0X86 

0X89 

0192 

QI96 0199 


App 


TABLE XY* Log A. 

For oorreoting Lunar Distances 
REDUCED PARALLAX AND REFRACTION OF D 


1 Alt 1 
of D 

46*' 

1 

47' 

48' 

40' 

50' 

51' 

52' 

5B' 

0 f 

10 0 

01621 

01^ 

0169 0172 

0x75 

0179 

0182 

0186 

, 6 

OI60I 

0164 

0167 

0171 

0x74 

0177 

0181 

0184 

1 10 

0150 

0162 

0x66 

oxbo 

0x72 

0176 

0179 

0182 


OlS 

0161 

0164 0168 

0171 

0174 

0178 

0181 

20 

0156 0160 0163 

0166 

0170 

0173 

0176 

0*79 

2o 

015s 

0158 0162 

0x65 0168 

0171 

0*75 

01 , 8 

10 30 

0154 

0157 

0160 0164 

0167 

0170 

0173 

0x77 

35 

0153 

0156 

0150 

0162 

0166 

0169 

0172 

0175 

4(1 

0151 

0155 

oip 

0161 

0x64 0167 

0171 

0174 

45 

0150 

0*53 

0*57 

0160 

01^ 

0166 

OI^ 

0172 

51 ) 

0149 

0152 

0*55 

0158 

0x62 

0165 

0168 

0171 

55 

0148 

0151 

0*54 

0 X 57 

0160 0163 

0167 

0170 

11 0 

0147 

0150 

0*53 

0156 

0150 

0x62 

ox^ 

0168 

5 

0146 

0149 

0152 

0155 

oip 

0x61 

0x64 

0x67 

10 


0148 0151 

0*54 

0157 

0160 

or^ 

0x66 

15 


0146 

0*49 

0T52 

0x55 

0158 

oi6x 

0164 

2U 


0145 

0148 

0151 

0154 

0157 

0160 

0163 

2 o 


0144 

0147 

0150 

0153 

0x56 

-ofS 9 

0x62 

11 30 


0143 

0146 

0149 

0152 

0*55 

0158 

0161 

85 


0142 

0145 

0148 

0I5X 

0*54 

0157 

0160 

40 


0x41 

0144 

0147 

0150 

0*53 

0156 

0x58 

45 


0140 

0*43 

0146 

0 X 49 

0151 

0*54 

0*57 

50 


0139 

0142 

0145 

0148 

0150 

0153 

0156 

5 o 


0138 

0141 

0144 0146 

0149 

0152 

0155 

12 0 


0137 

0140 

0143 

0*45 

0148 

0151 

0*54 

5 


0136 

0139 

0142 

0144 

0147 

0150 

0*53 

10 


0*35 

0138 

0141 

0143 0146 

0149 

0152 

35 


0134 

0*37 

0140 

0142 

0145 

0148 

015. 

20 


0133 

0*30 

0130 

0141 

0*44 

0*47 

0150 

2^ 


0132 

0135 

0138 

0140 

0143 

0x46 

0148 

12 80 


0131 

0*34 

0137 

0130 

0142 

0*45 

0147 

85 


0130 

0133 

0136 

0x38 

0141 

0144 

0146 

40 


0129 

0*32 

013s 

0137 

0x40 

0*43 

0145 

45 


0X20 

0131 

0134 

0136 

0139 

0142 

0144 

50 


0128 

0130 

0*33 

0136 

0138 

0141 

0143 

65 


0127 

OT29 

0132 

013s 

0137 

0140 

0142 

13 0 


0X26 

0129 

0131 

0*34 

0136 

0130 

014X 

5 


0125 

0128 

0130 

0133 

0*35 

0138 

0141 

10 


0124 

0127 

0129 

0132 

0*35 

0137 

0140 

16 


0123 

0126 

0129 

0131 

013+ 

0136 

0139 

20 


0123 

0125 

0128 

0130 

0133 

0*35 

0138 

25 


0122 

0124 

0x27 

0129 

0x32 

0134 

0137 

13 30 


0X21 

0124 

0126 

0129 

0131 

0133 

0136 

35 


0120 

0123 

0125 

012&1 

0130 

0*33 

0*35 

40 


0120 

0122 

0124 

0127’ 

0x29 

0132 

0*34 

46 


• 

0121 

0124 

0x26 

0128 

0131 

0133 

50 



0120 

0123 

0x25 

0128 

0130 

0132 

65 



0X20 

0122 

0x24 

0127 

0129 

0132 

14 0 



OIIQ 

0X21 

0124 

0126 

0128 

0131 

5 



0118 

OX 2 X 

0123 1 0125 

01281 

01301 

10 



0117 

0 X 20 

OI 22 | 

0124 

0127 

0120 

15 



0117 

orxQ 

OI 2 X 

0124 

0126 

0128 

20 



orx6 

0118 

OI 2 X 

0123 

0125 

0128 ' 

25 



orxs 

01x8 

0120 

0122 

0124 

0127 1 


57' 58' 


14 80 
35 
40 
46 
50 1 
55 

115 0 


0162 0165 
0161 0164 


0150 ors3 0155 


0114 

0114 

0H3 

OH2 

0112 

OXII 

OHO 


0117 OH 
OllA OH 

0115 ori8 


139 0142 0144 0146 
138 0141 0143 0*45 


0132 0134 0*36 0*39 0141 
0131 0133 0135 0138 0140 


0121 0124 0126 0128 0131! 0133 0135 0137 

0121 0123I 01251 0128 0130 0132 0134 0137 

0120 0122 0124' 0127 0120 0131' 0134 01361 


I 


0115 0117 OHO 0121 0124 0126 0128 0130 0133 0135 
0114 0116 0118 0121 0123 0125 0127 0130 0132 0134 
0113 oh6 0118 0x20 0122 0124 0x27 0129 0131 0x33 

0113 0115 0117 0x19 0121I 0124 0x26 0128, 0130 0x33 



TABLE 3T ■ Log A, 

For correoting Lunar Distances. 


of J) 


15 0 
10 
20 
SI) 
40 
50 

IG 0 

10 

20 

SO 

I 40 
50 

17 0 
10 
20 
SO 
40 1 
fiO 

18 0 
10 
20 
.SO 
40 
50 

10 0 
10 
20 
30 
40 
60 

20 0 
10 
20 
.SO 
40 
50 

21 0 
10 
20 
30 
40 
50 

22 0 
10 
20 
30 
40 
60 

23 0 
10 
20 

I 80 
40 
50 

24 0 

10 

20 

80 

40 

50 

25 0 


48 ' 


REDUCED PARALLAX AND REFRACTION OF J) 

I I 

49 ' 50 ' 51 ' 52 ' 53 ' 54 ' 55 ' 56 ' 5T 58 ' 59 ' 


Olio 0113 0125 01*7 0*19 0121 0124 0126 0128 0130 0133 
0109 0211 0113 0118 0120 0122 0124 0127 0129 0131 
,0108 OIIO 0112 0114 0116 0119 0121 0123 0125 0127 0129 
0107 0109 OIII 0113 0215 0117 0119 0121 0124 0126 0120 
0105 0107 OIIO 0 JI 2 0114 0116 0118 0120 0122 OI24 012-6 
0104 0106 0108 OIIO 0112 0115 0117 0119 0121 0123 0125 

0103 0105 0107 oiop Oin 0113 0115 OII7I0119 0121 0124 
0102 0104 0106 OIOO OIIO 0112 0114 0116' 0118 0120 0122 


oioi 0103 0105 0107 0109 OIII 0113 0^15 


OIOO 0102 0103 0105 
0098 OIOO 0102 0104 

,0097 0099 OIOI 0103 

0096 0098 OIOO 0102 
0095 OO97I 0099 OIOI 


0107 OIOO OIII 0113 
0106 0108 OIIO 0112 
0105 0107 0109 01 III 

0104 Q106 oioS OIIO 


0117 0119 
0115 0117 
0114 0116 
0113 


0121 

0119 

0118 

0117 


0112 0114 0116 
0103 0105 0107 0109' OIIO 0112 0114 

0094 0096 0098 OIOO 0102 0104 0106 010710109 OIII 0113 

009510097 0099 OIOI 0103 0104 0106' 0108 OIIO 0112 


0094 0096 0098 OIOO OIOI 0103 0105 

0093 0095 0097 ^099 OIOO 0102 OIO4I 

0092 0094 0096 0098 0099 OIOI 0103 

0091^ 0093 °®95 0097 0098 Cl 00 0102 


0000 

0089 

0088 

0088 

0087 

0086 

0085 

0084 

0083 


0092 0094 0096 0097 0099 OIOI 
0091 009 3 1 0095 0096 0098 OIOO 
0090 0092 0094 0095 0097 0090 
0089 0091 0093 0094 0096 0098 

0088 0000 0092 0093 0095 0097 1 
0087 0089 0091 0092 0094 00961 

0087 0088 0000 0092 0093 0095 

0080 0087 0000 0091 0092 0094 0096 0097 0099 
0085 0087 0088 0090 0091 0093 ®°9S 0096 0098 


0107 OIOO 
0106 0105 


OIII 

0109 

0105 0107 0108 . 
0104 0105 0107, 0109 
0103 QI04 0106, 0108 
0102 0103 0105(0107 
OIOI 0102 0104' 0106 
«««« '0105 


0099 OIOI 0103 

0098 OIOO 0102I 
0098 0099 [ OIOI 
0097 0098 OIOO 


0104 

0103 

0102 

OIOI 

OIOO 


0082 0084 0086 0087 0089 0090 0092! 0094 0095 0097 0099 

0082 0083 Q085 0086 0088 0090 0091 0093 0094 0096 0098 

0081 0082 0084 0086 0087 0089 0090 0092 0093 0095 0097 
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0327 

42 

. .. 

0154 

0260 

0266 

0272 

0277 

0283 

0289 

029 s 

0301 

0306 

0312 

0318 

0324 

5 45 


0252 

0258 

02^ 

02^ 

0275 

0281 

0287 

0292 

0298 

0304 

0310 

0315 

0321 

4 S 


0250 

ozss 

0261 

0267 

027J 

0278 

0284 

0290 

0295 

0301 

0307 

0313 

0318 

51 


0247 

0253 

02^9 026^ 

0270 

0276 

0282 

0287 

0293 

0299 

0304 

0310 

0316 

54 


024s 

0251 

0257 

0262 

0268 

0274 

0279 

0285 

0290 

0296 

0302 

0307 

0313 

67 


0143 

0249 

0254 

0260 

0266 

0271 

0277 

0282 

0288 

0294 

0299 

0305 

0310' 

6 0 


0241 

0247 

0252 0258 

02^ 

02^ 

0275 

0280 

0286 

0291 

0297 

0302 

0308 

8 


0239 

024s 

0250 0256 

oz6i 

0267 

0272 

0278 

0283 

0289 

0294 

0300 

0305 

6 


0237 

0243 

0248 

0254 

0259 

02^ 

0270 

0275 

028 11 

0286 

0292 

0297 

030Z 

9 


0235 

0241 

0246 0252 

0257 

0262 

0268 

0273 

0270 

0284 

0289 

029 s 

0300 

12 


0233 

0239 

0244 

0249 

025 s 

0260 

0266 

0271 

02^1 

0282 

0287 

0292 

0298 

6 15 


0231 

0237 

0242 

0247 

0253 

0158 

02^ 

02^ 

0274 

0279 

02^ 

029P 



IS 


0230 0235 

0240 

0245 

0251 

0256 0261 

0267 

0272 

0277 

0282 

oz88 

0293 

21 


0228 

0233 

0238 

0243 

0249 

0254 

0259 

0264 0270 

027s 

0280 

0285 

0200 . 

24 


0226 

0231 

0236 0242 

0247 

0252 

0257 

0262 

0267 

0273 

0278 

0283 

0288 

27 


•• 

0229 

0134 

0240 

0245 

0250 

0255 

0260 

0265 0271 

0276 

0281 

0286 0291 

6 30 



0227 

0233 

0238 

0243 

0248 

0253 

02£8 

02^ 

0268 

0274 

0179 

0284 0289 

83 



0226 

0231 

0236 

0241 

0246 

0251 

0256 

0261 

0266 

0271 

0276 

0281 0287 

36 



0224 

0229 

0234 

0239 

0244 

0249 

0254 

0259 

0264 0269 

0274 

0279 0284 

39 



0222 

0227 

0232 

0237 

0242 

0247 

0252 

0257 

0262 

0267 

0272 

0277 

42 



0220 

0225 

0230 

0235 

0240 

0245 

0250 

0255 

0260 

0265 

0270 

0275 0280 

6 45 



0219 

0224 

0229 

0234 

0239 

0244 0248 

0253 

0238 

0263 

0268 

0273 0278 

4S 



0217 

0222 

0227 

0232 

0237 

0242 

0247 

0251 

0256 

0261 

0266 

0271 0276 

51 



0210 

0220 

0225 

0230 

0135 

0240 

0245 

0250 

0254 

0259 

0264 

02^ 0274 

54 



0214 

0219 

0224 

0228 

0133 

0238 

0243 

0248 

0253 

0257 

0262 

0267 0272 

57 



0212 

0217 

0222 

0227 

0232 

0236 

0241 

0246 

0251 

0255 

oz6o 

0265 0270 

7 0 



0211 

0216 

0220 

0225 

02^ 

0235 

0239 

0244 

0249 

0254 

0258 

0263 oz68 

3 



0209 

0214 

0219 

0223 

0228 

0233 

0238 

0242 

0247 

0252 

0256 

0261 0266 

6 



0208 

0212 

0217 

0222 

0227 

0231 

0236 

0241 

0245 

0250 

0255 

0259 0264 

9 




021 X 

0210 

0220 

0225 

0230 

0234 

0239 

0143 

0248 

0253 

0257 0262 

12 


1 


0209 

0214 

0219 

0223 

0228 

0232 

0237 

0242 

0246 

0251 

0255 0260 

7 16 




0108 

0212 

0217 

0222 

0226 

0231 

0235 

0240 

0245 

0249 

0254 0258 

18 




0206 

0211 

0Z16 

0220 

0225 

0229 

0234 

0238 

0243 

0247 

0252 0256 

21 




0205 

0209 

0214 

0219 

0223 

0228 

0232 

0237 

0241 

0246 

0250 0255 

24 




0204 

0208 

0213 

0217 

0222 

0226 

0230 

023s 

0239 

0244 

0248 0253 

27 




0202 

0107 

0211 

0216 

0220 

0224 

0229 

0233 

0238 

0242 

0247 0251 

7 30 




0201 

OZO5 

0210 

0214 

0218 

0223 

0227 

0232 

0236 

0241 

0245 0249 

33 




0190 

0204 

0208 

0213 

0217 

0221 

0220 

0230 

0234 

0239 

0243 0248 

36 




0198 

0202 

0207 

021 z 

0215 

0220 

0224 

0229 

0133 

0237 

0242 0246 

39 




0197 

020 X 

0205 

0210 

0214 

0218 

0223 

0227 

0231 

0236 

0240 02^ 

42 




0195 

0200 

0204 

0208 

0213 

0217 

0221 

0225 

0230 

0234 

pa 3 8 0243 

7 45 




0194 

0198 

0203 

0207 

021 1 

0215 

0220 

0224 

ozz8 

0231 

0237 0241 

48 




0193 

0197 

0201 

0205 

0210 

0214 

02X8 

0222 

0227 

0231 

pass 0139 , 

51 




0191 

0196 

0200 

0204 

0108 

0213 

P2I7 

0221 

02%S 

0220 

9234 0238 ' 

64 




0100 

0194 

0198 

0203 

0207 

021 1 

0215 

02x9 

0224 

022B 

0232 0236 

57 




0189 

0193 

0197 

0201 

0206 

0210 

0214 

02x8 

0222 

0226 

Q230 0235 

B 0 




0x88 

0192 

0196 

0200 

0204 

0208 

ozia 

0217 

G2ZI 

0225 

0129 0233 


TABLE XV. LogD. 

For eorreoling Lunar Distances. 

, UBDUCED PARALLAX AND REFRACTION OF J 

® 45 ' 46 ' 47 ' 48 ' 49 ' 60 ' 61 ' 62 ' 53 ' 64 ' 56 ' 66' 57 ' 58 ' 


o r 

8 0 OI9Z 0196 0200 0104 OZ08 02IZ OZI7 
5 0190 0194 0198 ozoz ozo6 ozio 0Z14 

10 018S 01 9Z 0196 0200 0204 OZ08 OZIZ 

lA 0186 OIQO 0194 0198 OZOZ 0206 OZIO 

20 0184 0188 01 92 0196 ozoo OZ04 0Z07 

25 oi8z 0186 0190 0194 0197 0201 0005 

> 8 30 0180 0184 0188 0x92 0195 0199 0203 

35 >0178 Ol8z 0186 0100 0193 0197 0201 

40 0176 0180 0184 0x88 0191 0195 0199 

45 0x74 ^193 ^<97 

50 .0173 0176 0180 0184 0x88 0191 0195 
55 0x71 0175 ^'7^ °^93 


9 0 .0169 0x73 °^77 °I9^ 

5 0167 0171 0175 01781 oi8z 0186 0189 

10 0x66 oxoQ 0173 0177I 0180 0184 0187 

15 .0164 0x68 0171 0x75 0x79' 0182 0186 

20 0x63 0x66 0170 0173 0177 0180 0184 

25 .ox6x 0165 0168 Q172 0175 0179 0182 

9 30 0163 0166 0170 0173 0177 01^0 

35 oi6x 0x65 0168 017Z 0175 0179 

40 0x60 0163 0167 0170 0174 0x77 

45 0x58 oi6z 0165 0169 0172 0175 

60 0x57 0160 0164 0x67 0170 0174 

55 0156 0159 oi6z 0165 0169 0172 

10 0 0x54 0157 ox6x 0x64 0167 017X 

5 0K53 0156 0x59 0169 

]0 015X 0155 0155 0161 0164 0167 

15 0150 0x53 0156 0x60 0163 0166 

20 0149 0152 0x55 0158 0161 0164 

25 0147 0150 0154 0157 0160 0163 

10 30 0x46 014Q 0152 0x55 

85 0145 0148 0151 0x54 0157 0x60 

40 0143 0x47 0x50 0153 0156 0159 

45 0142 0145 0148 0X5X 0154 0157 

50 0x41 0144 0147 0150 0153 0156 

55 0140 0143 Q146 0x49 ^^55 


0221 0225 0229 
02x8 0222 0227 
02 16 0220 0224 
0214 OZ18 0222 
OZII 0215 0219 
0209 0213 0217 

0207 0211 0215 
OZO5 0209 021 3 
OZ03 0207 0210 
0201 0205 0208 
0199 0202 0206 
0197 0200 0204 

0195 0198 0202 
0193 0197 0200 
0191 0X95 0198 
0189 0193 0196 
0187 0191 0194 
0x86 0189 0193 

0184 0187 0191 
0182 0185 0x89 
0180 0184 0187 
0179 0x82 0185 
0177 0180 0184 
0175 ®*79 

0174 0177 0180 
0172 0175 0179 
oxyr 0174 0177 
0169 0172 0175 
0168 0171 0174 
0x66 0169 0x72 

0165 0168 Q171 
0163 0x66 0169 
0162 0x65 0168 
0160 01-63 0x66 
0159 0162 0165 
0158 0161 0164 


0233 0*37 
023 X 0235 
0228 0232 
0226 0230 
0223 0227 
0221 0225 

0210 0223 
02x6 0220 
02x4 02x8 

02 X 2 OZI6 
02X0 0214 
0208 02 X 2 

0206 OZO9 
0204 0207 
0202 0205 
0200 0203 
0198 0201 
0196 0199 

CI94 0x98 , . 
0192 0196 . .. 

OIOX 0194 . ... 

0189 0192 0195 
0187 0190 0194 
0185 0189 0192 

0184 0187 0X90 
ojSz 0185 0188 
0180 0x83 0187 
0179 0x85 
0177 0180 0x83 
0175 0179 0182 

0X74 0177 0180 
0172 0x75 0179 
0171 0174 0177 
0169 0172 0175 
0x68 0171 0174 
0167 0x70 0172 


11 0 0139 0142 0145 

5 0137 OZ4D 0143 

1(T 013Q 0142 

15 0138 0141 

26 0137 0x40 

25 0136 0139 


11 8Q 

85 

46 

. ( 4& 

, - 6® 
‘ m 

} 

I ' 

" f ^ j2(| 




' 0135 0137 

0133 0x36 

0x32 013s 

, 0131 0134 

t \ 0130 0133 

, A ^ ^ ' 0x29 0132 

' ^ : f I ' 0128 0131 

^ - I ) ^ 0x27 0130 
’ i i - ^ 0x26 0120 
r ^ ' M 0x25 0128 

It e h ] j ^124 0127 

* I i M 0 x 23 0 x 26 

* I ? M 0x12 0x25 

t i H I 0x24 

> 5 I t J L1OI20 0113 

Of IQ 0122 

QXI8 0X21 

OfiS 0120 

I 

»Q^I 7 0119 



0x47 0x50 0153 
0x461 0x40 0152 
0145I 0148 0x51 
0x44 0147 0150 
0x43 0145 0148 
0141 0144 0147 

0140 0143 0146 
0x39 0x4a 0x45 
0x38 0141 QI43 
0137 0140 0x42 
0136 0138 0x41 
0135 0137 0140 


0156 0x59 0162 

0155 0x58 0x61 
OIS4 0x57 0x59 
0152 0155 0158 
0151 0154 0157 

0156 0153 0150 

0x49 0x51 0154 
0x47 0x50 0x53 
0x46 0149 0152 
0145 0148 0150 
QI44 0147 0140 
Q143 0145 0148 


0165 0x68 0171 
0164 0167 0170 
0162 0165 0108 
0161 0164 0x67 
0160 0163 0x65 
0158 0161 0164 

0157 0160 0x63 
0156 0159 oi6x 
0154 0157 0x60 
0153 0156 01591 
0152 0155 0157 
0151 0x53 0x50 


0134 0x36 0x39 
0132, 0x35 0138 
Q131 0134 0137 
0130 0133 0136 
0129 0132 0x35 
0x28 0131 0x33 


0142 0x44 0147 
0140 0143 0x40 
Q139 0x42 0145 
0138 0x41 0143 
0x37 0140 0142 
0136 0x39 0x41 


0150 0x52 0155 
0148 0x51 0x54 
Q147 0150 0152 
0140 0x49 
014s 0x47 0x50 
01^ 0x40 0x49 


0127 0130 
0x16 0129 
0125 0128 
0124 0127 
Q123 0120 
0123 0125 

0122 0124 


0x32 

0 X 35 

01 

3 ? 

0x40 

0 H 3 

0145 

0148 


0131 

0134 

01 

3 ^ 

0130 

0141 

0144 

0147 


0x30 

0133 

ox 

35 

0138 

0140 

0143 

0145 


0129 

Q132 

ox 


0157 

OI3Q 

0142 

0144 

0X47 

0x28 

013X 

01 

hi 

0136' 

0138 

0141 

0143 

0146 

Q127 

0130 

03 

32 

013^ 

PI 37 

01^ 

0X42 

0145 

' 

ox^ 

01 


9 is<|i 

6X36 

0139 

0141 

0 X 43 


II 



TABLE XY. LogD. 

For correcting Lunar Distances 


REDUCED PARALLAX AND REFRACTION OP 5 


Alt 
of D 

4 r 

48 ' 

40 ' 

_ 

1 50 ' 

51 ' 

53 ' 

53 

54 ' 1 

55 ' 

56 ' 

1 

1 51 ' 

'5. 

50 ' 

0 1 

^13 0 

0117 

0119 

1 

0122 

0124 

QI26 

1 

oi3i> 

! 

0134 

0136 

0139 

!oi4I 

0143 


10 

0115 

0117 

0120 

0122 

0123' 

0127 

0129! 

01321 

0134 

0137 

, 0139 

1 0141 


, 20 

0113 

0116 

0118 

0120 

0123 

0125 

0127! 

i °* 3 o 

0132 

01341 0137 

0139 


30 

OIIZ 

0114 

0116 

0119 

0121 

0123 

0125; 

OI 28 j 

OI^O 

0132 

1 0135 

0137 


40 


0112 

0114 

0117 

0119 

i 0121 

0124] 

1 OI26I 

0128 

0131 

, 0133 

013s 


60 


01 11 

0113 

0115 

0117 

0120 

0122 

0124 

0126 

OI29| 0131 

0133 


14 0 


0109 

on 1 

0113 

01x6 

0118 

0X2^ 

1 0122 

0125 

0127 

' 0129 

0131 


, 10 


0107 

OIIQ 

0112 

01 14 

0116 

0118 

0121 

0123 

0125 

1 0127 

; 0129 


20 


0100 

0108 

01 10 

0112 

0114 

0117 

0119 

0121 

0123 

! 012^1 0127 


30 


0104 

0106 

0109 

OIII 

0113 

0115 

0117 

Olio 

oizx 

0123 

0126 


40 


0103 

oio<; 

0107 

0109; 

OIII 

0113 

0115 

0118 

0120 

0122 

1 01^4 


50 


0101 

1 oic)3 

0106 

0108 

01 10 

0112 

ox >4 

CI16 

0118 

1 0120 

1 0122 


15 0 


0100 

0102 

0104 

0106 

0108 

Olio 

0112' 

Ot 14 

OI 16 

! 0118 

0120 


10 


0099 

OIOl 

0103 

0105 

0107 

0109 

1 OIII ' 

OI 13 

0115 

0117 

0119 


20 


0097 

0099 

0101 

0103 

01^5 

0107 

1 0109 : 

1 OIII 

0113 

' oiiq 

01X7 


30 


0096 

0098 

0100 

0102 

0104 

0106 

Oio8| 

1 OI 10 

OIIZ 

1 0113 

0115 


40 


0094 

0096 

0098 

0100 

0102 

0104 

0106' 

1 0108 

Olio 

0112 

0114 


50 


0093 

0095 

Q097 

0099 

Olwl 

0103 

* 0105 

0107 

0108 

0110 

0112 


16 0 


0092 

0094 

0096 

0098 

0099 

0101 

0103 

' Oloq 

0107 

0109 

OIII 


10 


0091 

0093 

0094 

0096 

0098 

0100 

0x02 

! 0104 

0106 

1 0107 

0109 


20 


00S9 

0091 

0093 

0095 

0097 

0099 

0100 

1 0102 

OI 04 

0106 

QlOb 


30 


00S8 

0090 

0092 

0094 

0096 

0097 

0099 

1 0101 

0103 

' 0105 

0106 


40 


0087 

00^ 

0091 

0092 

0094 

0096 

0098 

1 01L.0 

0101 

0103 

1 0^05 


50 


0086 

OOS8 

0089 

0091 

0093 

009s 

0096 

0098 

0100 

0102 

1 0104 


17 0 


00^ 

0087 

0088 

0090 

0092 

0093 

0095 

0097 

0099 

0100 

1 o;o2 


10 


0084 

0085 

0087 

0089 

0091 

0092 

0094 

' CK^gO 

0097 

0099 

; oii_i 


20 


0083 

0084 

0086 

0088 

00^ 

0091 

1 0093 

0 - 9 + 

0096 

. ooq 8^ cogg 


30 


• 

00^ 

0085 

0086 

0088 

0090 

OOqi 

0093 

009s 

' ocg6 

' 0GQ8 


40 


• 

0082 

0084 

0085 

0087 

008 g 

0090 

0092 

0094 

' 0095 

0097 

1 

30 


•• 

008 X 

0083 

0084 

0086 

0087 0089 

0091 

0092 

0094 

0096 


18 0 



0080 

0082 

0083 

0085 

0086 

0088 

0090 

0091 

0093 

0094 

1 

20 



0078 

0079 

0081 

0083 

0084 

0086 

0087 

00^ 

0090 

0092 

0093 

40 



0076 

0077 

0079 

0080 

0082 

00^ 

0085 

00^ 

0088 

0090 

OOQI 

19 0 



0074 

0075 

0077 

0078 

0080 

0081 

00S3 

0084 

, oo 26 

0087 

0089 

20 



0072 

0073 

0075 

0076 

0078 

0079 

0081 

008 2 

0084 

, ooS , 

0086 

40 



0070 

0072 

0073 

0074 

0076, 

0077 

0079 

oo8q 

1 0081 

' 0083 

0084 

20 0 



0068 

0070 

0071 

0073 

0074 

0075 

0077 

0078 

0029 

ocSi 

oo8z 

20 



0067 

0068 

0069 

0071 

0072 

0073 

0075 

0076 

0077 

0079 

0080 

40 



0065 

0066 

0068 

0069 

0070 

0072 

0073 

0074 

0075 

0077 

0078 

21 0 



0063 

0065 

0066 

0067 

0068 1 

1 0070 

0071 

0072 

0074 

0075 

0076 

20 



0062 

0063 

0064 

0065 

0067! 

0068 

0069 

0070 

0072 

0073 

0074 

40 



0060 

006 1 

0063 

0064 

0065! 

0066 

0067 

0069 

C 070 

0071 

0072 

22 0 

1 


0059 

0060 

0061 

0062 

0063 1 

0065 

0066 

0067 

0068 

00^ 

0070 

20 



0057 

005 S 

I 0050 

0061 

oo6z| 

0063' 

0064 

0065 

0066 

0068 

0069 

40 



0056 

0057 

0058 

0059 

0060! 

0061 

0062 

0064 

1 0065 

0066 

0067 

23 0 



0054 

005s 

|ooS 7 

0058 

0059! 

0060 

oc6i 

0062 

, 0063 

0064 

0065 

20 , 



0053 

0054 

,005s 

0056 

00571 

0058 

0059 

0060 

, 0061 

0063 

0064 

40 1 



0052 

0053 

0054 

0055 

0056 1 

0057 

0058 

0059 

I 0060 

0061 

0062 

24 0 



0050 

0051 

0052 

0053 

0054 

005s 

0056 

00571 OOq8 

0059 

0060 

20 

1 



0050 

0051 

0052 

0053 

0054 

0055 

0056 

0057 

0058 

0059 

40 



• • 

0049 

0050 

0051 

0052 

0053 

0053 

0054 

10055 

0056 

0057 

25 0 

1 



0047 

0048 

0040 

0050 

0051 

0052 

0053 

I0054 

0055 

0056 

20 




0046 

0047 

0048 

0049 

0050 

0051 

0052 

0053 

0053 

0054 

40 



.... 

004s 

00461 

0047 

0048 

0049 

0049 

0050 

0051 

0052 

0053 

26 0 




0044 

0045 

0046 

0046 

0047 

0048 

0049 

0050 

0051 

0052 

20 




00431 

0043. 

0044 

0045 

0046 

0047 

0048 

0048 

0049 

0050 

40 




0041 

0042 

0043 

0044 

0045 

0046 

0016 

00^1 

00^ 

0049 

27 0 




00401 

0041 

0042 

0043 

0044 

00^ 

0045 

0046 

0047 

0047 

20 




0030 

0040 

0041 

0042 

004A 

0043 

0044 

004s 

004s 

0046 

40 




Q038 

0039 

0040 

0040 

0041 

0042 

0043 

0043 

0044 

0045 

28 0 

' 



Q037 

ooj8| 

0039 

0039 

0040 

0041 

0042 

0&421 

0043 

oo 44 | 



TABLE XV. LogD. 

For oorreoting Lunar Dia lances 


REDUCED PARALLAX AND REFRACTION OF D 


^ 50' sr 52' 58' 54' 

O I 
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For finding Ihe Value of JV’for correcting lunar distances for the compression of the earth 
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dLBBRHATiON, of a Star in the direction of 
the obaerver’a motion, found, I , 020 , 
annual aberration of a star in longi- 
tude and latitude, found, 030, in ri^t 
asoaiisiou and deolmatioa, 088; G-auss’h 
tablGB, 085, of the Hun, 688, diurnal 
aberration m right asoension and de- 
olmation, found, 088; velocity of light, 
640, planetary, 641; ooiiBtaut of, 680, 
effect upon the angular distance of two 
stars, found, 11 , 408 ; offoob upon the 
position angle of two stars, 407 Aber- 
ration of lenses, spliorioal and ckro- 
matio, II , 18 
Auams, 1 , 555, 584 
Airy, I, 323, II , 802, 381. 

/Vlidade; II , 32 , elliptioity of the pivot, 47 
Almnoantars, defined, 1 , 19 
Altazimuth, XI , 815 

Altitude, defined, 1,20; parallels of, 1 , 10 
AlbiMide and azimuth as oo-ordinates, L, 
18 

Altitude and azimuth instrument, II., 816 , 
azimuths observed with, 319, zenith 
distanoes, 826 , oorreotion for defective 
illumination, 888. 

Amio£, II , 449 

Amplitude, defined, I , 20; of a star, 
found when the star is in the horizon, 
1,88 . 

AaoBLAKna/ 1 , 08, 182, 141, 159, 646, 
705, 706/II , 881 

Axis of the heavens, defined, 1 , 21. 
Azimuth, defined, 1 , 20 ; azimuth of a 
star, found from its deollnation and 
hour angle, and the latitude of tho 
observer, 81; found wheu the star is 
on the SIX hour oirole, 86, when the 
star IS at its greatest elongation, 87, 
from its zenith dlstanoe, 39. 

Daohh, 1 , 824, 842. 

Baily, 1 , 98, 050 
BaoEHR, XL, 104. 

Bbbh, 1 , 648 
Bbutrand, II., 469 

IBbssbl, I., 85, 87, 02, 93, 96, 97, 181, 182, 
184, 186, 145, 158, 169, 160, 101, 106, 
107, 168, 171, 896, 406, 489, 448, 460, 
461, 607, 612, 666, 674, 676, 678, 606, 
011, 616, 688, 640, 646, 060, 661, 662, 
666, 602, 666, 068, 698, 694, 697, 698, 
702; IL, 86, 60, 69. 61, 148, 144, 171, 
176, 178, 188, 192, 197, 199, 228, 284, 
288, 265, 268, 260, 271, 28S, 280, 298, 
294, 296, 296, 801, 802, 804, 807, 809, 
840, 875, 888, 405, 406, 407, 414, 482, 
449. 460. 468, 469. 489, 494 


Biot, 1 , 169, II , 9. 

Bohnhnbbrger, II , 08, 469 
Bonn, 1 , 824, II , 79, 87, 92, 869, 460 
Borda, 1 , 398 , II , 126 
Bougubr, 1 , 186, 138, II , 403. 
Bowuitoh, 1 , 168, 180, 269, 276, 800, 307, 
308, 816; II , 126 

Bradley, 1 , 130, 188, 160, 161, 167, 666, 
692, 700, 702, 706, 706, II , 489. 
Bruuns, 1 , 136 
Buunnow, II , 487, 440, 446. 
Burokhardt, 1 , 448, 686 
Busan, I., 692, 700, 701, 

Caqnoli, 1 , 286 
Caillet, L, 266, 298. 

Celestial latitude and longitude as oo-ordl 
nates, 1 , 24 
Colostial sphere, 1 , 17 
Chronograph, electro, 1 , 842 et seq , II , 
86 

Chronometers, winding, II, 77, trans- 
porting, 78 , correction for temperature, 
79, comparison of, 79, by comoidonl 
beats, 80, probable error of an inter 
polated value of a oorreotion, 88 
Ohronometrio expeditions, 1 , 828 
Ciroles See graduated oirolea, meridian 
OLTOleS, &c 

Circummeridian altitudes, 1 , 286 (see 
time), more aoouratoly reduoed, 288, 
of tho Sun, Gauss’s method, 244, limits 
of the methods, 261. 

Clark, II , 460 

Clooks, II., 84, olook oorreotion, 1 , 198. 

II , 174, rate, I., 198. 

OODDINOTON, II , 9 
COPPIN, 1 , 628, II , 296, 297, 

Colures, defined, 1 , 28 
Compass, variation of, 1 , 420 
Connaifisanoe (La) des Temps, I., 68 
Constants, astronomioal, determined by 
observation, 1 , 671 , constants of refrac- 
tion, 671, of solar parallax, 078, of 
lunar parallax, 680 , of aberration, 688, 
689; of nutation, 698, ofpreoeBsion, 701. 
Co-ordinates, rectangular, 1 , 48, trans- 
formation of, 48 , apherioal, 18, trans- 
formation of, 27 ; differential variations 
of, 60. 

Cusps in a solar eclipse, II., 482. 

Bamotbbau, 1 , 674, 676, 686. 

Dausst, n-, 120, 127. 

Day, sidereal, 1 , 62, solar, 68. 

Dbak, n , 849, 869. 

Declination, ciroles of. parallels of, de- 
fined, L, 21; of a star, found from its 
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altitude and azimuth, and the latitude 
of the obBerver, 27, found from the 
star's latitude and longitude, amd the 
obliquity of the ecliptic, 42; of the sun 
at the time uf his transit over a given 
meridian, 71 , of the moon or a planet 
at the time of transit over a given me- 
ridian, 78, reduction of, 116, of stars, 
found by transits over the prime ver- 
tical, II , 271 , absolute declination of 
the hxed stars, determined, 1 , 665 
Decimation and houi ang\e as oo-ordi- 
nates, 1 , 21 

Deohnation and right ascension as co- 
ordinates, 1 , 22. 

Dblambre, I , 177, 289, 689, 092 
De Lange, 1 , 801 

Derivatives of a tabulated function, I , 80 
Dip, of the horizon, I , 172, ITS , of tlio 
sea at a given distance from the ob- 
server, found, 170 
Dollond, II , 403 
Dovati, 1 , 120 
Doitwes, 1 , 316, 310. 

Earth, figure and dimensions of, 1 , 05 , 
compression of, 90 , eccentricity of ihe 
meridian, 96, radius found for a given 
latitude, 99, length of normal teimi- 
natmg in the axis, found for a given 
latitude — distance from the centre to 
the intersection, of the noimal -with the 
axis — radius of ourve^ture of meridian, 
101; reduction of observations to the 
centre, 108 

Eohpsea of Jupiter’s satellites, 1 , 889 
Eohpses, tolar^ prediction foi^ the earth 
generally, 1 , 486 ; fundamental equa- 
tions — invesiigation of the condition of 
beginning or ending of a solar eclipse 
at a given place on the earth’s surface, 
489 , position of the axis of the shadow, 
found for any given time, 441 , distance 
of a given place of observation from the 
axis of the shadow at a given time, 
found, 444, radius of the shadow found, 
448, outline of moon’s shadow upon 
the earth at a given time, found, 460 , 
rising and setting limits, 466 , curve of 
maximum m the horizon, 476 , northern 
and southern limits, 480, cuiwe of 
central eclipse, 491, duration of total 
or annular eclipse, 498 , place where the 
central eclipse occurs at noon, found, 
494, northern and southern hunts of 
total or annular eclipse, 498, prediction 
for a given place — tune of a given phase 
computed, 505, instant of maximam 
obscuration, and degree of obscuration, 
found, 608, method of the American 
Ephemeris, 612, oorrection for refrac- 
tion. 516, reduction to the sea level, 
617; longitude of a place found from 


the observation of a solar eclipse, 518, 
longitude corrected, 621, observations 
upon the sun’s cusps, II, 482, lunar, 

I , 642. See Ocoultations 

Ecliptic, defined, 1 , 22, obliquity of, de- 
fined, 28, fouid, 669 
Ellis, XI , 194, lu6 
Emoey, 1 , 889 

Enoke, 1 , 91, 90, 100, 448, 698, 640; II , 
409, 476 

Ephemeris, American, French, German, I , 
68, Peirce's method of correcting, 368 
Equation of time, 1 , 64, 71 , of equal al- 
titudes, 200, personal equation, II., 189 
Equator, celestial, defined, I , 21 
Equatorial telescope, II , 867 , general 
theoiy of, 870, instrumental declination 
and hour angle of an observed point, 
found, 871, flexure, 878, instrumental 
decimation and hour an^e, reduced to 
the celestial deohnation and hour angle, 
876, fK^ustment of, 879 
Equinoctial, defined, 1 , 21 ; points, de- 
fined, 28, determined, 606 
Equinoxes, defined, 1 , 28 
Eetel, II , 132, 816, 816, 829 

Ferguson, 1 , 126 

Fixed Btais, proper motion of, 1 , 620, 
hehocentrio or annual parallax of, de- 
fined, 648, found m longitude and 
latitude, 644, found in right oaoension 
and deolinatioq, 646, mean and appa- 
rent places of, 646 
Franklin, Sir John, 1 , 688 
Fraunhofer, II , 867, 868 

Galloway, 1 , 706 
Gambet, II , 126 

Gauss, 1 , 81, 84, 199, 244, 246, 282, 280, 
300, 889, 627, 628, 686, 648, 674, 706, 

II , 28, 66, 148, 469. 

Gay Lussac, L, 148 
Geocentric place, 1 , 108 
Gerling, I , 679, II , 469. 

Gilliss, 1 , 862, 680 
Goetze II 9 

Gould/ I, 342, 344, 346, 850, 680, II. 
804 

Graduated circles, II , 29; eocentrioity of 
87, 89, periodic functions, 42, errors 
of graduation, 61 

Hadley, II , 92, 

Halley, II , 181 

Hansen, 1 , 86, 182, 489, 476, 686; 

II , 69. 144, 171. 174, 218, 216, 219, 220, 
249, 261, 267, 804, 407, 409 
Heliometer, II , 408, general theory of, 
407 ; determination of constants of, 428 
Henderson, 1 , 686, 706. 

Hbrsohbl, 1 , 698, 694, 708, 706 ; IL> 9, 
27. 126. 
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HirPARonua, 1 , 08G 

Horizon, defined, 1 , 18; dip of, defined, 
172, dip found, 173; distance of, at sea, 
found, 178 

Hour angle, defined, I , 21 , numerical 
expression of, 27 , of a star, found from 
its altitude and azimuth, and the lati- 
tude of the ohaerver, 27, found when 
the star is at Us greatest elongation, 87 , 
when tlio atai is on the prime vertioal 
of a given place, 87 , when the star is 
m the horizon, 88, from its zenith dis- 
tanoo, 89, found at a given time, 64 
Hour oiroles, defined, 1 , 21 
IIuDBAnn, 1., 028, 651 
Hulsbb, 1 , 211 

Tutorpolatiou, simple, 1 , 00, by second 
differences, 78, by diffoionoes of any 
order, 70 ; Bbssei/s formula, 86 , into 
the middle, 87, formula arranged ac- 
cording to the powers of the fractional 
part of the argument, 80 

Jahrbuoh, Borllnoi Astronomisches, 1., G8 
Johnson, 1 , 700 

Jupiter's satellites, oolipsea of, I , 889. 

Kaisbr, I., 801. 

Kanb, L, 588 
Khith, 1 , 628 
Kbndail, 1 , 852 
Kbi»lbe, 1 , 592, 678. 

Kbbsbl, II , 285, 268. 

ECnorrk, TI , 102. 

Kramp, 1 , 163, 158 

Lacaillb, 1 , 680, 706 
LAORANaB, L, 148, 503, 606. 

La LANDS, 1 , 98, 428. 

LAMBBaT, L, 542 

Laplaob, 1 , 148, 168, 16G, 169, II., 469 
Latitude, oeloalial— oirclos of— parallola 
of, 1., 24 , geographioal, 26 , of a star, 
found from its uoolmation and right 
asoenaion, and the obliquity of tho 
ecliptlo, 89; reduction of, for the oom- 
preaslon of the earth, 97 ; diatmotion 
between ffoodetio and aatronomioal, 108 , 
aatrononnoal latitude found by meridian 
altitudes, or zenith diatanoea, 228; by 
a aiiigle altitude at a given time, 220 ; 
by r^uotion to the mendian when the 
time 18 given, 288 ; by oiroummeridian 
altitndeB, 285; by the polo star, 258, 

& two altitudea of the same atnr, or 
erent stars, and the elapsed time 
between the oheervatione, 267 ; by two 
il^tndes of the sun, 206 ; by two equal 
^ ^ f M < ti^tudes of the aajne star, or of the 
4 I S ' Bah, 270; by two altitudes of the same 
' T f ' or 'different stars, with the difference of 
their azimuths, 277; by two different 



stars observed at the same altitude 
when the time la given, 277. by three 
or more different stars observed at the 
same altitude when tlie time is not 
given, 280, by Caq noli’ s formulae, 286, 
by tho transits of stais over veiticjil 
circles, 293 , by altitudes near tho me- 
ridian when the time is not known, 29G, 
by the rate of change of altitudes near 
the prime voiLical, 80S; found at bla, 
by moi'idian altitudes, 804, by reduo- 
tion to tho moiidian when the time is 
given — by two altitudes near the me- 
ridian when the time is not known, 807 , 
by threo altitudes near the mendian 
when tho lime is not known, 809, by a 
single nldtudo at a given time, 810; by 
tho change of altitude near the prime 
vertical— by the pole star, 811; by two 
altitudes with the elapsed time, 818, 
Douweh’b method of “double altitudes,” 
816, deteimmed by a transit instru- 
ment 111 the prime vertical, II , 288, 242, 
262, 264, 200, 265, by Taioott’b method, 
842. 

Least squares, method of, Appbndix, II , 
409. 

Lkokndrh, II , 409 

Level, II , 70, value of a division found — 
radius of ourvaturo— effects of oliaugoa 
of temperature, 76, radius of ouiva 
turo of different ports of the tube, 76, 
level constant, 158 
Lb Ybrbibii, I., 578, 601 
Liaore, XL, 409 
Libusson, L, 883, II , 79. 

Light, velocity of, 1 , 640 
LiNDBNAtr, I., 692, IL, 469. 

Littrow, 1 , 800, 802 ; II , 9 
Llovb, II., 9 
Lookb, II , 80 

Longitude, oelostial, defined, L, 24, ot n 
tor, found fi’om its declinntioa and 
right ascension, and the obliquity of 
the ooliptio, 89; terrestrial longitude, 
found by astronomical observations — 
by portable chronometers, 817 ; by ter- 
restrial signals, 887; by celestial sig- 
nals, 889 ; by the electric telegraph, 
841; by moon oulminations, 860; by 
azimuths of the moon, or transits of the 
moon and a star over the same vertical 
circle, 871 ; by altitudes of the moon, 
382, by lunar diatanoes, 898; by an 
eollpso of the sun, 618 , by ocoultations, 
660; terrestrial longitude found at sba, 
by chronometers, 420; by lunar dis- 
tanoes, 422, by the eoUpses of Jupiter’s 
satellites — by the moon’s altitude, 428; 
by the ocoultations of stars by the 
moon, 424 ; by the observed contact of 
the moon’s limb with the limb of a 
planet, 578 
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Lanar distance, found at a giTen time, I , 
76 , longitude fbund by, 898 
Lundahl, 1 , 698, 701, 706 
Lyman, II , 866 

MAniBR, I , S70, 642, 648, 606, 708, 706 

Mahleb., II , 867 

Mastins, II , 106, 119, 127, 180. 

Mayer, 1 , 542 , II , 146 
Measurement of angles, II , 29 
Meridian, celestial, defined, 1 , 19 
Meridian circle, II , 282, reduction to 
the meridian, 289 ; observation by re- 
fi.eotion, 298, flexure, 802, observations 
of the decimation of the moon, 804, 
decimation of a planet, or the sun, 809, 
correction of the observed declination 
of a planet’s or the moon’s limb for 
spheroidal figure and defective illumi- 
nation, 310 

Meridian line, defined, 1,19, direction 
found by the meridian passage of a star, 
by shadows, 429, by single altitudes of 
a star, 480, by equal altitudes of a star, 
481, by the angulai distance of the 
sun from any terrestrial object, 482, by 
two measuies of the distance of the sun 
from a terrestrial object, 434, by the 
azimuth of a star at a given time, 484, 
by the greatest elongation of a circum- 
polar star, 434 
Meridian mark, II , 187. 

Merz, II , 367 

Micrometer, filar, II , 69, 891 ; value of a 
revolution, found, 60, 860, effect of 
temperature upon the value of a revolu- 
tion, 68 , position micrometer, 69 , ring 
micrometer, 486, other micrometers, 449. 
Micrometrio observations — filar microm- 
eter — distance and position angle of 
two stars, found, II , 891 , correction 
of the observed position angle for errors 
of the equatorial instrument, 892, ap- 
parent difference of right ascension and 
decimation of two stars, found, 397, 
correction for refraction. 460, correc- 
tion for precession, nutation, and aber- 
ration, 466. 

Microscope, rwading, n , 88 , error of 
runs, 85 

Mitchbl, n , 87 
Moon oulminationa, L, 850 
Morse, II , 86, 87 
Mural oirole, II , 282 

Nadir, defined, 1,19; pomt, II , 286 
Nautical Almanac, British, 1 , 68 
Newton, IL, 92 
Nicolai, 1 , 864, 627, 686 
Nonagesimal, 1., 26 
Nonius, II , 80. 

Noon, apparent, mean, 1 , 68 
Nutation, 1 , 624, in right ascension and 


declination for a given star at a glv4> 
time, found, 625, general tables 
explained, b26, constant of, 624, 6111: 
effect upon the position angle of t yit 
stars, found, II , 467 

Obliquity of the ecliptic See ecliptio 

Oocultationa, of fixed stars by the moou, 1 
649, longitude found by, 660, 678, |»r4 
diction for a given place, 667, IimjiSt* 
parallels of latitude found, 601 , • « 

planets, 566, form of a planet’s (lm 4 
666, curve of illumination of a pltinoC ' 
surface, found, 669, of Jupiter, 57 f 
Saturn, Saturn’s King, Mars, Vent 1 4 
and Mercury, 676, Neptune, Uranii* 
588, of fixed stars by a planet, (jOX 
of Jupiter’s satellites, 840 

Olbers, 1 , 107, II , 16. 

Olupben, 1 , 686 

OuDEMANS, 1 , 891, 448, 661, 655. 

Pape, 1 , 601 

Farallactio angle, defined, 1 , 80, of a h( tt 
on the prime vertical of a given plac*4 
found, 87, found from a star’s zoiiil 
distance, 89 

Parallax, defined, I, 104, found in all’ 
tude or zenith distance, the earih r4 
garded as a sphere, 106, of a star, i 
zenith distance nnd azimuth, when til 
geocentric zenith distance and aziniut 
are given nnd the earth la regard e(l li 
a spheroid, 107, of a star m zenith 
tance and azimuth, when the appam' 
zenith distance and azimuth are givt^x: 
the earth regarded as a spheroid, 1 1 
reduced, reduction of, 118, of tli 
planets or the sun, 118 , m zenith (lit) 
tance, for the pomt m which the nortn H 
meets the earth’s axis, 116, m zenit 
distance for the same pomt, when (Ik 
apparent zenith distance is given, 1 1 H 
of a star in right ascension and docliiifk 
tion when its geocentno right nsocriM i »9 
and decimation are given, 110; (jC i 
star in right ascension and declination 
when Its observed right ascension an 4 
declination are given, 128; inlatituilt 
and longitude, 126, solar, constant iif 
678, of a planet, or the sun, found !»j 
meridian observations, 674, of the Him 
found by extra-meridian obscrvatiimi 
of a planet, 677, lunar, constant nt 
680, of a fixed star, found by miora* 
metric measures, 698 

Pearson, II , 9, 460 

Peirce, I, 148, 847, 861, 868, 861, 

866, 869, 678, II , 198, 202. 207, 25fS, 
261, 867, 469, 490. 

Periodic functions, II , 42. , 

Personal equation, II , 189 ; peraonfk^ 
scale, 198. 
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PbturSi 0. A F., 1 , 606, 624, 626, 026, 
627, 660, 661, 662, 662, 666, 698, 698, 
699, 701, Jl, 69, 818, 319, 497. 
Pbtbrbbn, 1 , 266, 601 , II , 440. 

PiAZzi, 1 , 94, 702 

PiSTOH, n., 106, 119, 127, 130. 

Planets, oooultations of, 1 , 665 
Plumb line, abnormal deviations of, I , 
102. 

Poisson, II , 469 

Polar distance, defined, 1 , 22. 

Portable transit instrument (see transit 
instrument) as a zenith telescope, II , 
866. 

POTTBE, 11 , 9 

Precession, luni-solar, planetary, I, 604, 
change in the obhquity of the ecliptic, 
605, general precession in longitude, 
and the position of the mean ecliptic, 
found, 605, in longitude and latitude 
of a given star, from the epoch 1800, 
found, 608, between any two given 
dates, 610, annual precession m longi- 
tude for a given date, 611; m right 
ascension and declination, between any 
two given dates, 618; annual precession 
in right asoension and declination, 616, 
position of the pole of the equator at a 
given time, found, 618 , constant of, 701 , 
effect upon the position angle of two 
stars, found, II , 467 
Pb-bchtbl, II , 9. 

Prime vertical, defined, 1 , 19 
Prismatic circle, II , 127 
Proper motion of the fixed stars, 1 , 620; 
reduced from one epoch to another, 
621 , on a great cirole, 628 
Proportional logarithms, 1 , 76. 

Puissant, 1 , 217, 250 

Bamsden, II , 28, 449 
Eaper, 1 , 422, 306; U , 104. 

Reduction of a planet’s place, 1 , 667. 
Reduction to the meridian for ciroum- 
m endian altitudes, 1 , 236, 288, for 
meridian circle observations, II , 289 
Refraction, general laws of, I , 127, as- 
tronomical, 128, tables of, explained, 
130, 169, formula investigated, 184, 
differential equation of, 186, Siaifson’s 
or Bouqubb’s formula, Beadlby’b, 
188; first hypothesis, 186; second hy- 
pothesis, 148 ; of a star in right asoension 
and deohnation, found, 171; constants 
of, determined, 671; effect in transit 
observations, II , 186 
Rbgnault, L, 141, 148, 160, 161. 
Repeating cirole. 11 , 119 
Rbpsold, H , 167, 272, 288, 808 
Bight asoension, defined, 1 , 23 ; of a star, 
found from the star’s hour angle, 89, 
from its latitude and longitude, and the 
obliquity of the ecliptic, 42, of the sun 


at the time of his transit over a gfren 
meridian, 71 ; of the moon or a planet 
at the time of transit over a given me- 
ridian, 78, of the fixed stars, deduced 
from transits. II , 176 ; of the moon, 
deduced from an observed transit, 214 
Determination of the absolute R A. of 
fixed stars 1 , 666 

Ring micrometer, II , 486, correction for 
curvature, 438 ; correction for the proper 
motion of one of the objects, Ml; 
radius of the ring, found, 446 ; oorreo- 
tion for refraction, 461. 

Rittenhousb, II , 66, 187. 

Rochon, II , 449 
Rudbbeg, 1 , 143, 160. 

Ruubbb, 1 , 98 

Sapford, 1 , 612. 

Santini, 1 , 94 

Sawitsoh, II , 9, 212, 221, 264. 

Saxton, II , 87, 91 
Schott, 1 , 688 

SOHUMAOHBR, I, 84, 266, 627, 686, II, 
ISO 

Semidiameters of oelestial bodies, 1 , 180; 
augmentation of, 188, contraction of 
the vertical semidiameter of the sun or 
moon, produced by refraction, found, 
184, contraction of any inclined semi' 
diameter, produced by refraction, 186, 
contraction of horizontal, 187; planets' 
mean, 687 

Sextant, II, 92, adjustments, 95, 96; 
index correction, by a star, by the sun, 
98, method of observation, 99; altitude 
from artificial horizon, 101, from the 
sea horizon, 108 , equal altitudes, 104 , 
how to examine the colored glasses, 
106, parallax, 107 ; errors of the index 
glass, 108; error of the sight line, 112, 
eccentricity, 117. 

Simpson, 1 , 188 

Six hour circle, defined, 1 , 26 

Solstices, defined, 1 , 28 

Spherical astronomy, defined, 1 , 18. 

Star catalogues, 1 , 91, 

Steinheil, II , 182, 284, 268 
Stbuvb, 1 , 93, 824, 826, 828, 829, 881, 
832, 576, 678, 606, 682, 640, 692, 706, 
707, II, 84, 167, 192, 262, 272, 276, 
282, 288, 818, 867, 881, 886, 460 
Sumner’s method of finding a ship’s place 
at sea, L, 424 

Sun, right ascension of, 1 , 71; meridian 
zenith distances of, 228; mean motion 
of, 662, epoch of mean longitude of, 
668, motion in space, 708, observations 
upon the cusps in a solar eolipae, II., 
482. 

Talcott, 1 , 226; 11 , 840, 866, 867, his 
method of finding the latitude, 842 
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TeleBoapQt 11 , 9 ; magnifying power, 12 , 
field of view, 14 , brightness of images, 
und intensity of their light, 16 , spher- 
ical and chromatic aberration, 18, 
achromatic eye pieces, 20, diagonal 
eye pieces, 22, magnifying powejr 
measured, first method, 22, second 
method, 23, third method, 26, fourth 
method, 26, reflecting, 27, finding, 28, 
zenith, II , 340 , equatorial, 867 . 

Time, apparent, mean, sidereal, solar, I , 
63, civil, astronomical, 64, conversions 
of, 64, 67, 69, 60, 62, 666 , local mean, 
found, 65, equation of, 64, 71, local, 
Greenwich, defined, 66; Greenwich, 
correspondmg to a given right ascen- 
sion of the moon on a given day, found, 
75, corresponding to a given lunar 
distance on a given day, found, 77, 
found by astronomical observations, 
193, by transits, 196, by equal altitudes 
of a star, 196, by equal altitudes of the 
sun befofe and after noon, 198, before 
and after midnight, 201 , correction for 
small inequalities m the altitudes, 202 , 
piobable error of observation of equal 
altitudes, 206, found by a smgle alti- 
tude, or zenith distance, 206, mean of 
times reduced to mean of zenith dis- 
tances, 216, found by the disappear- 
ance of a star behind a terrestrial 
object, 217, true and apparent rising 
or setting of a star — beginning and 
ending of twilight, 218, found at sea, 
by a single altitude, 219, by equal 
altitudes, 220, found with a portable 
transit instrument in the meridian, II , 
200, out of the meridian, 215 

Transit, I , 52, time of the moon’s or a 
planet’s transit over a given meridian, 
found, 72 

Transit circle, II., 282 

Transit instrument, II , 131 ; method of 
observation, 138, general formulm, 
189, in the meridian, 140, thread in- 
tervals, 146, reduction to the middle 
thread, 149, reduction to the mean of 
the threads, 151; level constant, 168; 
inequality of pivots, 156; oollimation 
constant, 160, azimuth constant, 169, 
portable, in the meridian, 200, m any 
vertical plane, 209, adaptation as a 
zenith telescope, II , 866 

Transit instrument in the prime vertical ; 
geographical latitude determmed, 11 , 
238, 242, 260, 252, 254, 265; a(^ustment 
in the prime vertical, 289; correction 
for molination of the axis, 241 , decima- 
tions determmed, 271. 


END OP 


Transits, of the moon, II , 176. of the sun 
or a planet, 182, correction of the 
transit when the planet’s defective limb 
has been observed, 186, effeot of re« 
fraction, 186 , probable error of observa 
tion, 194, of Jupiter’s satellites o\er 
the planet’s disc, and of shadows of the 
satellites, 1 , 840, of Venus and Mer- 
cury over the sun’s diso, 691 
Troughton, II , 119, 127 
Twilight, time of begmnmg and ending; 
1 , 218 

Twining, 1 , 602. 


Valz, II , 26 
Vega, 1 , 211 
Vernier, II , 80 
Vernier, Peter, II , 80 
Vertical ciroles, lines, and planes, defined, 
I, 19 


Walker, 1 , 842, 866, 864; II , 898, 402 

Warnstorfp, 1 , 84, 266, 627, 686 

Weisse, 1 , 98 

Wichmann, n 486 

WoLPBES, I , 98, 662 

Weight, 1 , 604 

WUEDEMANN, L, 844, 11. , 136 


Year, length of, I, 6^2, fictitious, 661) 
begmnmg of fictitious, found, 664 i 


Zach, 1 , 802 
Zeoh, I., 98, 211, 662 
Zenith, defined, 1 , 19. 

Zenith distance, defined, 1 , 20 , of a star, 
found fbom its declination and hour 
angle, and the latitude of the observer, 
81 , found when the star is on the six 
hour circle, 86 , found when the star is 
at its greatest elongation, 87, found 
when the star is on the prune vertical, 
87; reduction of observed zenith dis- 
tanoes to the centre of the earth, 189; 
change of, in a given interval of time, 
218 ; mean of the zenith distances re- 
duced to tJie mean of the tunes, 214 . 
of the sun, 228 (see II , 826). 

Zenith telescope, II , 840 , oorreotion for 
refraction, 844, for level, for micro- 
meter, 846, reduction to the meridian, 
selection of stars, 847, discussion of 
the results, 860 , value of a division of 
the level, 868 ; value of a revolution of 
the micrometer, 360, extra-mendiaq 
observations for latitude, 864. 
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